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1. Leptonic Decays of Hadrons: from π → 𝓁 ν to B → 𝓁 ν  
QFT in Hadron Decays. Decay Constants. Helicity Suppression in the SM. 

2. On the Structure and Unitarity of the CKM Matrix 
The CKM Matrix. The GIM Mechanism. CP Violation. The Unitarity Triangle. 
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B → K(*) 𝓁+ 𝓁-. FCNC. Aspects beyond tree level. Penguins. The OPE. 
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Now, we move on to:



Semi-Leptonic Decays of Hadrons
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๏Simplifying factors: 
•These are all tree-level diagrams, in which one of the quarks acts as a pure “spectator”.
•There is only one hadron in the the final state
•Should be possible to write the amplitude as a lepton current interacting (via a virtual W) 
with the “active” quark, embedded in a “hadronic current”
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Cabibbo Favoured vs Cabibbo Suppressed

4

๏Which is Cabibbo Favoured vs Cabibbo Suppressed?
•
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And why.

And why.

➠ Our case study.  
Has gotten attention 

recently, as part of the 
“flavour anomalies”.

•B → π 𝓁 ν 
•

•B → D 𝓁 ν 
•

๏Which is CKM Favoured vs CKM Suppressed?

D0 → K−ℓ+ν D0 → π−ℓ+ν
D0 = |cū >

K� = |sū >

⇡� = |dū >
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B− = |bū >
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Starting Point for B→Dℓν: The Spectator Model
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๏Unlike B→ℓν, this is not an annihilation
•Looks like a weak decay of the heavy quark, accompanied by a non-
interacting spectator:

๏Suggests a simple starting point for semi-leptonic decays:
•Assume the quark(s) which accompany the heavy quark play no role.
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ℒ = −
GF

2
Vcb [c̄γρ(1 − γ5)b] [ℓ̄γρ(1 − γ5)νℓ]

Can give some insights (e.g., lepton spectrum) but is not a precision tool.



B→Dℓν with Hadronic Effects
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๏Can promote the spectator model's quark-level matrix 
element to a hadronic one by sandwiching it between initial 
and final hadronic states:
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ℳ =
GF

2
Vcb ⟨D(pD) | c̄γρ(1 − γ5)b |B(pB)⟩ [ℓ̄γρ(1 − γ5)νℓ]

=
GF

2
Vcb ⟨D(pD) | c̄γρb |B(pB)⟩ [ℓ̄γρνℓ]

Both B and D are pseudoscalars. To construct a vector, must 
use L=1 ⇒ negative parity ⇒ Axial part does not contribute.

Unlike for pion decay, we have two (independent) momenta 
here, pB and pD ⇒ a priori two Lorentz-covariant combinations

=
GF

2
Vcb [f+(q2)(pB + pD)ρ + f−(q2)(pB − pD)ρ] [ℓ̄γρνℓ]

 
They depend on q2 = (pB − pD)2 = p2

W = (pℓ + pν̄)2 = Momentum Transfer

f+ and f- are called Form Factors



(Alternative Parameterisation)
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ℳ =
GF

2
Vcb [f+(q2)(pB + pD)ρ + f−(q2)(pB − pD)ρ] [ℓ̄γρνℓ]

Another common parametrisation [Wirbel, Stech, Bauer, Z.Phys. C29 (1985) 637] is to 
write in terms of a “Transverse” F0 and a “Longitudinal” F1 form factor:

ℳ =
GF

2
Vcb [F1(q2)(pB + pD −

m2
B − m2

D

q2
q)

ρ
+ F0(q2)

m2
B − m2

D

q2
qρ] [ℓ̄γρνℓ]

with F1(0) = F0(0) and q = pB - pD

Thus:     f+ = F1

Note: for decays involving vector mesons, polarisations εμ ⇒ more form factors.

We wrote:

f− = (F0 − F1)(m2
B − m2

D)/q2
Exercise: 
prove this



Looks like we went from bad to worse?
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๏Our ignorance about non-perturbative physics is now cast as 
two whole functions. 

•How can we learn anything (precise) from this?
•Frustrating when the process looks so simple … 

๏Let’s take a second look at the problem, physicist style:
•The B meson is a heavy-light system; 

๏ mb ~ 4 GeV ≫ ΛQCD (confinement scale ~ 200 MeV)
•
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=
rhad ∼

1
ΛQCD Light-quark cloud. 

(Complicated 
confinement stuff.)

λQ ∼
1

mb
≪ rhad

Compton 
wavelength 

of heavy 
quark:

•➤ Large separation of scales!



Heavy Quark Symmetry
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๏➤ In limit mQ → ∞, the light degrees of freedom:
•Are blind to the flavour (mass) and spin of the heavy quark.
•Experience only the colour field of the heavy quark (which extends over 
distances large compared with 1/mQ)

๏➤ If we swap out the heavy quark Q by one with a different 
mass and/or spin, the light cloud would be the same.

•⇒ Relations between B, D, B*, and D*, and between Λb and Λc.
•For finite mQ, these relations are only approximate. 

๏ Deviations from exact heavy-quark symmetry: “symmetry breaking corrections”
๏ Can be organised systematically in powers of αs(mQ) (perturbative) and 1/mQ (non-

perturbative) in a formalism called HQET (heavy-quark effective theory).
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Soft gluons exchanged between the heavy quark and the light 
constituent cloud can only resolve distances much larger than λQ ~ 1/mQ



Physics of heavy-quark symmetry
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๏Before we consider decays, consider just elastic scattering* of a B meson 
Induced by giving a kick to the b quark at time t0:
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Isgur & Wise , Phys. Lett. B 232 (1989) 113; Phys. Lett. B 237 (1990) 527
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*Elastic Scattering: means 
B meson does not break up.

•After t0: If v=v’ (spectator limit), nothing happens; light degrees 
of freedom have no way of knowing anything changed.  
•But if v≠v’, the light cloud will need to be rearranged (sped up), 
to form a new B meson moving at velocity v’.

๏ ➤ Form-factor suppression. (Large Δv ⇒ elastic transition less likely.)

•Before t0: light degrees of freedom orbit around the heavy 
quark, which acts as a static source of colour. 
•On average, b quark and B meson have same velocity, v.

•At t0: instantaneously replace colour source by one moving at 
velocity v’ (possibly with a different spin). 
•



Elastic Form Factor of a Heavy Meson (Isgur-Wise Function)
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๏In limit mb → ∞, form factor can only depend on the difference 
between v and v’:

•Lorentz invariance ☛ use the relative boost between the rest frames of the 
initial- and final-state mesons.

•➤ In this limit, a dimensionless probability amplitude ξ(γ) describes the 
transition amplitude. (ξ is called the Isgur-Wise function.)
•➤ The hadronic matrix element can be written as:
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Using                   and                  the relative boost is γ = v ⋅ v′� ≥ 1vμ =
pμ

mb
v′�μ =

p′�μ

mb

Exercise: prove this

Isgur & Wise , Phys. Lett. B 232 (1989) 113; Phys. Lett. B 237 (1990) 527

ξ is the elastic form factor of a heavy meson. Only depends on γ = v.v’, not mB. 
Constraint: at γ=1 (zero momentum transfer), current conservation ⇒ ξ(1)=1 

⟨B̄(p′�) | b̄p′ �γμbp | B̄(p)⟩ = ξ(γ)(p + p′�)μ

Question: why is ξ(1)=1 intuitive?



Implications
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๏Using heavy-quark symmetry, we can replace the b quark in 
the final-state meson by a c quark:

๏Compare with the general expression from before: 
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⟨D̄(v′�) | c̄v′ �γμbv | B̄(v)⟩ = mBmC ξ(v ⋅ v′�) (v + v′�)μ

Writing it terms of velocities, v and v’, instead of momenta

ℳ =
GF

2
Vcb [f+(q2)(pB + pD)ρ + f−(q2)(pB − pD)ρ] [ℓ̄γρνℓ]

Same Isgur-Wise functions!

(This corresponds to the field definitions in HQET)

⇒ the functions f+ and f- are not independent. Both are related to ξ. 

Assignment Problem 3: derive expressions for f+(ξ) and f-(ξ)



The Partial Widths
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๏In the limit that mb,mc ≫ ΛQCD, the differential semileptonic decay 
rates become:

•Reminder: corrections from finite mQ (breaking of heavy quark symmetry).
๏ Perturbative: order 
๏ Non-perturbative: order  analysed in HQET (effective QFT with 

velocity-dependent Q fields, expansion in powers of  starting from )

αn
s (mQ)

(ΛQCD/mQ)n

1/mQ mQ → ∞

Peter Skands UniversityMonash

502 Semileptonic Decays and the Extraction of and

In terms of the recoil variable , the differential semileptonic decay rates in this limit
become [13]

(8.5)

These expressions receive symmetry-breaking corrections, since the masses of the heavy quarks are
not infinite. Perturbative corrections of order , where or , can be calculated
order by order in perturbation theory. A more difficult task is to control the nonperturbative power
corrections of order . The HQET provides a systematic framework for analyzing
these corrections [7, 14, 15].3 An important result obtained in this way is that the leading (first-
order) corrections to the decay rate vanish at zero recoil (known as Luke’s
theorem). A similar statement is, however, not true for the decay [17].

Expressions similar to Eq. (8.5) can also be derived for the semileptonic decays of other heavy
hadrons, such as the baryon decay , or -meson decays into excited charm mesons.
Since the configuration of light degrees of freedom involved in these transitions is different from
that in the ground-state mesons, new “Isgur-Wise functions” will appear in these expressions. For
the case of decays, this will be discussed in more detail in Section 8.1.5.

8.1.2 Determination of

A model-independent determination of the element of the Cabibbo-Kobayashi-Maskawa ma-
trix can be obtained by measuring the recoil spectrum of mesons produced in
decays [13]. In the heavy-quark limit, the differential decay rate for this process has been given in
(8.5). In order to allow for corrections to that limit, it can be written

(8.6)

where the hadronic form factor coincides with the Isgur-Wise function up to small symmetry-
breaking corrections. The idea is to measure the product as a function of , and to

3See also [8, 16]–Editors

REPORT OF THE BABAR PHYSICS WORKSHOP

… in terms of the “recoil variable” w = v ⋅ v′�

(Similar expressions can be derived for semi-leptonic  or  
Different clouds so different Isgur-Wise functions .)

Λb → Λcℓν̄ B̄ → D**ℓν̄
ξ



Determination of |Vcb| from B̄ → D*ℓν̄
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๏An important result in HQET is “Luke’s Theorem”
•The leading 1/mQ correction to  vanishes at zero recoil 
(not true for ).
•We write:

•Idea is to measure the product  as a function of w and then 
extrapolate to zero recoil, w=1 where the B and D* mesons have a 
common rest frame, and  

B̄ → D*ℓν̄
B̄ → Dℓν̄

|Vcb |ℱ(w)

Peter Skands UniversityMonash

502 Semileptonic Decays and the Extraction of and

In terms of the recoil variable , the differential semileptonic decay rates in this limit
become [13]

(8.5)

These expressions receive symmetry-breaking corrections, since the masses of the heavy quarks are
not infinite. Perturbative corrections of order , where or , can be calculated
order by order in perturbation theory. A more difficult task is to control the nonperturbative power
corrections of order . The HQET provides a systematic framework for analyzing
these corrections [7, 14, 15].3 An important result obtained in this way is that the leading (first-
order) corrections to the decay rate vanish at zero recoil (known as Luke’s
theorem). A similar statement is, however, not true for the decay [17].

Expressions similar to Eq. (8.5) can also be derived for the semileptonic decays of other heavy
hadrons, such as the baryon decay , or -meson decays into excited charm mesons.
Since the configuration of light degrees of freedom involved in these transitions is different from
that in the ground-state mesons, new “Isgur-Wise functions” will appear in these expressions. For
the case of decays, this will be discussed in more detail in Section 8.1.5.

8.1.2 Determination of

A model-independent determination of the element of the Cabibbo-Kobayashi-Maskawa ma-
trix can be obtained by measuring the recoil spectrum of mesons produced in
decays [13]. In the heavy-quark limit, the differential decay rate for this process has been given in
(8.5). In order to allow for corrections to that limit, it can be written

(8.6)

where the hadronic form factor coincides with the Isgur-Wise function up to small symmetry-
breaking corrections. The idea is to measure the product as a function of , and to

3See also [8, 16]–Editors

REPORT OF THE BABAR PHYSICS WORKSHOP

Coincides with the Isgur-Wise function up to small symmetry-breaking corrections

8.1 Exclusive Semileptonic Decays to Charmed Mesons 503

extract from an extrapolation of the data to the zero-recoil point , where the and
the mesons have a common rest frame. At this kinematic point, heavy-quark symmetry allows
us to calculate the normalization of the form factor, , with small and controlled theoretical
errors.

The general structure of the symmetry-breaking corrections to the form factor at zero recoil is

const (8.7)

where is a short-distance correction arising from the finite QCD renormalization of the flavor-
changing axial current at zero recoil, accounts for QED corrections (in leading
logarithmic order) [18], and parameterizes second-order (and higher) power corrections.
The absence of first-order power corrections at zero recoil is a consequence of Luke’s theorem
[14]. The one-loop expression for has been known for a long time [2]:

(8.8)

An optimization of the scale in the running coupling constant, using the BLM prescription [19],
gives [20]. With this choice, the above result is an excellent approximation to
the exact two-loop expression for , which gives the value [21, 22]

(8.9)

where the error is taken to be the size of the two-loop correction.4 The analysis of the power
corrections is more difficult, since it cannot rely on perturbation theory. Three approaches have
been discussed: in the “exclusive approach,” all operators in the HQET are classified and
their matrix elements estimated, leading to [15, 26]; the “inclusive approach”
has been used to derive the bound , and to estimate that [27];
the “hybrid approach” combines the virtues of the former two to obtain a more restrictive lower
bound on , leading to [28]. This result has been confirmed, using a
similar approach, in Ref. [29].5 Combining this value with the results for and given above
yields

(8.10)
for the normalization of the hadronic form factor at zero recoil. The first error accounts for the
remaining perturbative uncertainty, while the second one reflects the uncertainty in the calculation

4The calculations of [23] suggest that higher-order terms lead to a larger uncertainty in , . Note however
that technical differences in definitions in various calculations lead to differences as to which parameter is assigned
certain parts of the higher-order uncertainties. See also [24, 25] –Editors

5The “exclusive approach” has also been referred to as the “symmetry approach”; matrix elements in this approach
are estimated in a nonrelativistic quark model. Earlier estimates with this approach gave , the
number quoted above is an updated estimate by the same authors. The “inclusive approach” is also known as the
“dynamical approach” and is based on sum rules [10]. The lower bounds of [28, 29] are disputed in [30, 25]. –Editors
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QED 
η ~ 1.007

Perturbative QCD: renomalization of flavour-changing axial current at zero recoil η ~ 0.96

Luke’s Theorem



Summary: B→D(*) 𝓁 ν decays
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๏First approximation: “spectator model”
•The other quark is a pure “spectator”; plays no role; ignore it.

๏More realistic: embed quark-level amplitude inside hadronic one → Form factors
•One form factor for each L.I. combination of relevant 4-vectors.
•They parametrise the difference between spectator model (form factors =1) and real world.

๏Use Heavy Quark Symmetry: exploit mQ ≫ ΛQCD
•Light-quark cloud insensitive to mass (and spin) of heavy quark: B(*) cloud ~ D(*) cloud.
•Physics depends only on velocity change, L.I.: , reflected by Isgur-Wise function 
+ heavy-quark-symmetry-breaking corrections of order (αs)n and (Λ/mQ)n   ➠   HQET.
•“Luke’s Theorem”: the leading 1/mQ corrections are zero in B→D* 𝓁 ν  (but not in B→D 𝓁 ν). 

w = v ⋅ v′�

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts

Vtb

CKM matrix in the Standard Model

•B → D(*) 𝓁 ν 
•



➨ The “Flavour Anomalies” — Part 1
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๏Apart from measuring Vcb, we can also use these decays to 
test “Lepton Universality”; compare different leptons:

Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts

Vtb

CKM matrix in the Standard Model

τ-

The only difference are the lepton masses: (mτ, mμ, me) ∼ ( 1.8 , 0.1 , 0.0 ) GeV

μ- e-,

mB ∼ 5.3 GeV mD ∼ 1.9 GeV

Different masses ⇒  Expect R≠1 but should be well approximated by calculable 
functions of the lepton masses; see eg the dΓ expressions we wrote down previously

Form two ratios: R(D) =
BR(B → Dτν)
BR(B → Dℓν)

R(D*) =
BR(B → D*τν)
BR(B → D*ℓν)

,



What does the data say?
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Theory (SM) 
R(D)

Theory (SM) 
R(D*)

Data 
(HFLAV Average)

Eureka?

The Experimental Situation

world average from the heavy flavor averaging group

RD =
BR(B ! D⌧⌫)

BR(B ! D`⌫)

RD⇤ =
BR(B ! D⇤⌧⌫)

BR(B ! D⇤`⌫)

` = µ, e (BaBar/Belle)
` = µ (LHCb)

bla

Rexp
D = 0.407 ± 0.039 ± 0.024 , Rexp

D⇤ = 0.304 ± 0.013 ± 0.007

discrepancies with the SM by 2.3� and 3.4�, respectively

Wolfgang Altmannshofer (UC) Implications of B Physics Anomalies March 29, 2018 6 / 24

Discrepancies with 
SM “only” ~ 2-3σ. 
Much activity now to 
understand if theory 
could be that wrong 

(QED effects? HQET 
expansion, sum rules, lattice 

all believed to be small) 
and to provide 

complementary  exp 
measurements.

… but this is not the only anomaly!
Interesting…



Summary of Problems and Exercises for Self Study
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๏Prove that γ = v ⋅ v′ �
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You will present your progress on these in the next lesson 
and we will discuss any questions / issues you encounter.

๏Assignment Problem 1: B→τν

๏Assignment Problem 3 : B→Dℓν

๏Prove the relation between (f+,f-) and (F0,F1)

๏

๏Assignment Problem 2: B→μν


