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P.  S k a n d s

Recap: Quantum Field Theory

The elementary interactions are encoded in the Lagrangian 
QFT → Feynman Diagrams → Perturbative Expansions (in αs)
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Gauge Covariant Derivative: makes L 
invariant under SU(3)C rotations of ψq

Gluon-Field Kinetic Terms 
and Self-Interactions

mq: Quark Mass Terms 
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THE BASIC ELEMENTS OF QCD: QUARKS AND GLUONS
๏gs2 = 4παs
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Beyond Fixed Order

• QCD is more than just a perturbative expansion in αs 
• The relation between αs, Feynman diagrams, and the full QCD 
dynamics is under active investigation. Emergent phenomena: 

Jets (the fractal of perturbative QCD) ⟷ amplitude structures 
in quantum field theory ⟷ factorisation & unitarity. 
Precision jet (structure) studies. 

Strings (strong gluon fields) ⟷ quantum-classical 
correspondence. String physics. String breaks. 
Dynamics of hadronization phase transition. 

Hadrons ⟷ Spectroscopy (incl excited and exotic states), 
lattice QCD, (rare) decays, mixing, light nuclei. Hadron 
beams → multiparton interactions, diffraction, … 

3The emergent is unlike its components insofar as … it cannot be reduced to their sum or their difference." G. Lewes (1875)
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+ … … … ?

 There are more things in heaven and earth, Horatio, than are dreamt of in your philosophy
 Hamlet.

LHC Run 1: still no explicit “new physics” 

→ we’re still looking for deviations from SM 

Accurate modeling of QCD improve searches & precision

LHC RUN 2 IS ON!
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QCD - there’s a lot of it

๏High-cross section physics 
•Total σpp ~ 100 mb = 1011pb 

๏σEW ~ 108 fb = 105 pb
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NJ=
106 pb

100 pb

ATLAS, Eur.Phys.J. C71 (2011) 1763  
|η|<2.8, pT1 > 80 GeV, pT > 60 GeV

100-GeV 
Jets

mcplots.cern.ch

http://arxiv.org/pdf/1107.2092.pdf
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1: JETS

	
   •	
   1st	
  jet:	
  pT	
  =	
  520	
  GeV,	
  η	
  =	
  -­‐1.4,	
  φ	
  =	
  -­‐2.0	
  	
   	
  	
  
	
   •	
   2nd	
  jet:	
  pT	
  =	
  460	
  GeV,	
  η	
  =	
  	
  2.2,	
  φ	
  =	
  	
  1.0	
  	
   	
  	
  
	
   •	
   3rd	
  jet:	
  pT	
  =	
  130	
  GeV,	
  η	
  =	
  -­‐0.3,	
  φ	
  =	
  	
  1.2	
  	
   	
  	
  
	
   •	
   4th	
  jet:	
  pT	
  =	
  	
  50	
  GeV,	
  η	
  =	
  -­‐1.0,	
  φ	
  =	
  -­‐2.9	
   	
  	
  



Jets as Projections
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QCD lecture 4 (p. 19)

Jets Jets as projections

jet 1 jet 2

LO partons

Jet Def n

jet 1 jet 2

Jet Def n

NLO partons

jet 1 jet 2

Jet Def n

parton shower

jet 1 jet 2

Jet Def n

hadron level

π π

K
p φ

Projection to jets provides “universal” view of event

Illustrations by G. Salam
   

Projections to jets provides a universal view of event

LO partons NLO partons Parton Shower Hadron Level
Jet Definition Jet Definition Jet Definition Jet Definition

Let’s start by considering some of the basic ingredients of 
calculations for processes with QCD jets (~partons).
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Interactions in Colour Space

Colour Factors 
All QCD processes have a “colour factor”. It counts the 
enhancement from the sum over colours. 

i,j ∈ {R,G,B}

Z Decay:
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= NC
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Drell-Yan:

qj

qi

δij

qi

qj

δij
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Interactions in Colour Space

Colour Factors 
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(Drell & Yan, 1970)
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Drell-Yan:
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Interactions in Colour Space

Colour Factors 
All QCD processes have a “colour factor”. It counts the 
enhancement/suppression from the sum/average over colours. 
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(Drell & Yan, 1970)
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Interactions in Colour Space

Colour Factors 
All QCD processes have a “colour factor”. It counts the 
enhancement/suppression from the sum/average over colours. 
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Quick Guide to Colour Algebra

Colour factors (squared) produce traces

13

Trace	


Relation

Example Diagram

(from ESHEP lectures by G. Salam)
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Trace	


Relation

Example Diagram

(from ESHEP lectures by G. Salam)
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Quick Guide to Colour Algebra

Colour factors (squared) produce traces
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Trace	


Relation

Example Diagram

(from ESHEP lectures by G. Salam)
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The Gluon

Gluon-Gluon Interactions 

Unitarity (white)

SS† = 1

Optical Theorem (white)

σtot(s) =
∑

X
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dΦX|MX |2 =
8π√

s
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The Lagrangian of QCD
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Gluon field strength tensor: 
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2

Gluons

2.1 Commutator

Studying infinitesimal transformations gives a complete information about
the structure of the group. The most important characteristics of the
group is the commutator of two transformations U(�!1) and U(�!2).
Comparing two small rotations (1.3) performed in di↵erent order, we get
a mismatch

[U2U1 ] ⌘ U2U1 � U1U2 = (i�!a

2)(i�!b

1)
h

tatb
i

+ O�

�!3
�

.

Two matrices ta and tb and, therefore, two group transformations, gen-
erally speaking, do not commute. If this is the case, the group is called
non-Abelian. (Familiar examples of Abelian groups – translations, phase
transformations U(1); non-Abelian – 3-dimensional rotations O(3).)

The matrix [tatb] is obviously traceless (Tr(tatb) = Tr(tbta)). Therefore
it may be represented as a linear combination of the same tc-matrices:

[tatb] = if
abc

tc ; a, b, c = 1, 2, . . . , N2 � 1 . (2.1)

Expansion coe�cients f
abc

are real (since [tatb] is anti-Hermitian, and we
have explicitly extracted the imaginary unit in the r.h.s. of (2.1)). So
defined, f

abc

are called the structure constants of the group.
By their very nature, gluons are intimately related with infinitesimal

SU
c

(3) rotations. To construct the QCD Lagrangian one invokes the
heuristic principle of invariance under local colour transformations. This
means that one is looking for the theory invariant with respect to colour
rotations with parameters !a(x) depending on the space-time coordinate
xµ.

Changing the rotation angles from point to point introduces a mismatch

18

The Non-Abelian piece!
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Digression: Colour Interference

๏In general, many different diagrams will contribute to 
each process, with different colour structures, e.g.:

17

๏→ diagrams squared                   

If this was all: 
could define a 
positive definite 
probability for 
each colour 
structure ~ “LC”

Mixed signs, do 
not correspond to 
a unique colour 
structure (squared) 
~ “Subleading 
Colour”; hard to 
treat in MCs!

๏  + quantum interferences

“non-planar”
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Color Flow in MC generators

MC generators use a set of simple rules for color flow,  
based on large-NC limit

18Illustrations from: P.Nason & P.S., PDG Review on MC Event Generators, 2012

q ! qg

Figure 1.1: Color development of a shower in e+e� annihilation. Systems of color-connected
partons are indicated by the dashed lines.

1.1.5 Color information

Shower MC generators track large-Nc color information during the development of the
shower. In the large-Nc limit, a quark is represented by a color line, i.e. a line with an
arrow in the direction of the shower development, an antiquark by an anticolor line, with
the arrow in the opposite direction, and a gluon by a pair of color-anticolor lines. The rules
for color propagation are:

. (1.9)

At the end of the shower development, partons are connected by color lines. We can have
a quark directly connected by a color line to an antiquark, or via an arbitrary number of
intermediate gluons, as shown in fig 1.1. It is also possible for a set of gluons to be connected
cyclically in color, as e.g. in the decay �� ggg.

The color information is used in angular-ordered showers, where the angle of color-
connected partons determines the initial angle for the shower development, and in dipole
showers, where dipoles are always color-connected partons. It is also used in hadronization
models, where the initial strings or clusters used for hadronization are formed by systems of
color-connected partons.

1.1.6 Electromagnetic corrections

The physics of photon emission from light charged particles can also be treated with a shower
MC algorithm. A high-energy electron, for example, is accompanied by bremsstrahlung
photons, which considerably a⇥ect its dynamics. Also here, similarly to the QCD case,
electromagnetic corrections are of order �em ln Q/me, or even of order �em ln Q/me ln E�/E
in the region where soft photon emission is important, so that their inclusion in the simulation
process is mandatory. This can be done with a Monte Carlo algorithm. In case of photons
emitted by leptons, at variance with the QCD case, the shower can be continued down
to values of the lepton virtuality that are arbitrarily close to its mass shell. In practice,
photon radiation must be cut o⇥ below a certain energy, in order for the shower algorithm to
terminate. Therefore, there is always a minimum energy for emitted photons that depends
upon the implementations (and so does the MC truth for a charged lepton). In the case of
electrons, this energy is typically of the order of its mass. Electromagnetic radiation below
this scale is not enhanced by collinear singularities, and is thus bound to be soft, so that the
electron momentum is not a⇥ected by it.
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g ! gg

(Never Twice Same Color: true up to O(1/NC2))

→ a system of “colour dipoles” 

+ Inside each dipole, interference effects can be included (coherence, more later)  

Also tells us between which partons confining potentials will arise (more in lecture 3)
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Color Flow

For an entire Cascade

19

Example: Z0 → qq

Figure 1.1: Color development of a shower in e+e� annihilation. Systems of color-connected
partons are indicated by the dashed lines.

1.1.5 Color information

Shower MC generators track large-Nc color information during the development of the
shower. In the large-Nc limit, a quark is represented by a color line, i.e. a line with an
arrow in the direction of the shower development, an antiquark by an anticolor line, with
the arrow in the opposite direction, and a gluon by a pair of color-anticolor lines. The rules
for color propagation are:
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terminate. Therefore, there is always a minimum energy for emitted photons that depends
upon the implementations (and so does the MC truth for a charged lepton). In the case of
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Singlet #1 Singlet #2 Singlet #3

Coherence of pQCD cascades → not much “overlap” between singlet subsystems  
→ Leading-colour approximation pretty good 

!
LEP measurements in WW confirm this (at least to order 10% ~ 1/Nc2 )

1 1
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2

2 2

4

4 4

3

3 3

5

5 5 6

7
7

Note: (much) more color getting kicked around in hadron collisions → more later
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QCD at Fixed Order

Distribution of observable: O 
In production of X + anything

20

Truncate at                     , 
→ Born Level = First Term 

Lowest order at which X happens

k = 0, ` = 0

Phase Space

Cross Section 
differentially in O

Matrix Elements	


for X+k at (l) loops

Sum over identical	


amplitudes, then square

Evaluate observable 
→ differential in O

Momentum	


configuration

d�

dO
����
ME

=
X

k=0

Z
d�X+k

�����
X

`=0

M (`)
X+k

�����

2

�
�O �O({p}X+k)

�Fixed Order 
(All Orders)

Sum over 
“anything” ≈ legs
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P. Skands Introduction to QCD
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Figure 12: Coefficients of the perturbative series covered by LO calculations. Left: F pro-
duction at lowest order. Right: F + 2 jets at LO, with the half-shaded box illustrating the
restriction to the region of phase space with exactly 2 resolved jets. The total power of ↵s for
each coefficient is n = k + `. (Photo of Max Born from nobelprize.org).

The essence of the point is that, if the regularization scale is taken too low, logarithmic
enhancements of the type

↵n
s ln

m2n

✓
Q2

F

Q2
k

◆
(45)

will generate progressively larger corrections, order by order, which will spoil any fixed-order
truncation of the perturbative series. Here, QF is the hard scale associated with the process
under consideration, while Qk is the scale associated with an additional parton, k.

A good rule of thumb is that if �k+1 ⇡ �k (at whatever order you are calculating), then the
perturbative series is converging too slowly for a fixed-order truncation of it to be reliable. For
fixed-order perturbation theory to be applicable, you must place your cuts on the hard process
such that �k+1 ⌧ �k. In the discussion of parton showers in Section 3.2, we shall see how the
region of applicability of perturbation theory can be extended.

The virtual amplitudes, for ` � 1, are divergent for any point in phase space. However,
as encapsulated by the famous KLN theorem [51, 52], unitarity (which essentially expresses
probability conservation) puts a powerful constraint on the IR divergences16, forcing them to
cancel exactly against those coming from the unresolved real emissions that we had to cut out
above, order by order, making the complete answer for fixed k + ` = n finite17 Nonetheless,
since this cancellation happens between contributions that formally live in different phase
spaces, a main aspect of loop-level higher-order calculations is how to arrange for this cancel-
lation in practice, either analytically or numerically, with many different methods currently on
the market. We shall discuss the idea behind subtraction approaches in section 2.4.

A convenient way of illustrating the terms of the perturbative series that a given matrix-
element-based calculation includes is given in figure 12. In the left-hand pane, the shaded
box corresponds to the lowest-order “Born-level” matrix element squared. This coefficient
is non-singular and hence can be integrated over all of phase space, which we illustrate by
letting the shaded area fill all of the relevant box. A different kind of leading-order calculation

16The loop integrals also exhibit UV divergences, but these are dealt with by renormalization.
17Formally, the KLN theorem states that the sum over degenerate quantum states is finite. In context of fixed-

order perturbation theory, this is exemplified by states with infinitely collinear and/or soft radiation being degen-
erate with the corresponding states with loop corrections.
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Born

!
(1882-1970)	



Nobel Prize 1954

Truncate at                      , → Born Level 
Lowest order at which X happens

k = 0, ` = 0
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Note: (X+1)-jet observables only correct at LO

P. Skands Introduction to QCD

F @ NLO
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F+1 @ NLO
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Figure 13: Coefficients of the perturbative series covered by NLO calculations. Left: F produc-
tion at NLO. Right: F + 1 jet at NLO, with half-shaded boxes illustrating the restriction to the
region of phase space with exactly 1 resolved jet. The total power of ↵s for each coefficient is
n = k + `.

is illustrated in the right-hand pane of figure 12, where the shaded box corresponds to the
lowest-order matrix element squared for F + 2 jets. This coefficient diverges in the part of
phase space where one or both of the jets are unresolved (i.e., soft or collinear), and hence
integrations can only cover the hard part of phase space, which we reflect by only shading the
upper half of the relevant box.

Figure 13 illustrates the inclusion of NLO virtual corrections. To prevent confusion, first a
point on notation: by �

(1)
0 , we intend

�
(1)
0 =

Z
d�0 2Re[M(1)

0 M(0)⇤
0 ] , (46)

which is of order ↵s relative to the Born level. Compare, e.g., with the expansion of equa-
tion (44) to order k + ` = 1. In particular, �

(1)
0 should not be confused with the integral over

the 1-loop matrix element squared (which would be of relative order ↵2
s and hence forms part

of the NNLO coefficient �
(2)
0 ). Returning to figure 13, the unitary cancellations between real

and virtual singularities imply that we can now extend the integration of the real correction in
the left-hand pane over all of phase space, while retaining a finite total cross section,

�NLO
0 =

Z
d�0 |M(0)

0 |2 +

Z
d�1 |M(0)

1 |2 +

Z
d�0 2Re[M(1)

0 M(0)⇤
0 ]

= �
(0)
0 + �

(0)
1 + �

(1)
0 ,

(47)

with �
(0)
0 the finite Born-level cross section, and the positive divergence caused by integrating

the second term over all of phase space is canceled by a negative one coming from the inte-
gration over loop momenta in the third term. One method for arranging the cancellation of
singularities — subtraction — is discussed in section 2.4.

However, if our starting point for the NLO calculation is a process which already has a
non-zero number of hard jets, we must continue to impose that at least that number of jets
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(includes X+1 @ LO)



P.  S k a n d s

Loops and Legs

23

Note: X+2 jet 
observables 

only correct at 
LO

Note: X+1 jet 
observables 

only correct at 
NLO

P. Skands Introduction to QCD

F @ NNLO
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Figure 14: Coefficients of the perturbative series covered by an NNLO calculation. The total
power of ↵s for each coefficient is n = k + `. Green shading represents the full perturbative
coefficient at the respective k and `.

must still be resolved in the final-state integrations,

�NLO
1 (p?min) =

Z

p?>p?min

d�1 |M(0)
1 |2 +

Z

p?1

>p?min

d�2 |M(0)
2 |2 +

Z

p?>p?min

d�1 2Re[M(1)
1 M(0)⇤

1 ]

= �
(0)
1 (p? > p?min) + �

(0)
2 (p?1 > p?min) + �

(1)
1 (p? > p?min) ,

(48)
where the restriction to at least one jet having p? > p?min has been illustrated in the right-
hand pane of figure 13 by shading only the upper part of the relevant boxes. In the second
term in equation (48), the notation p?1 is used to denote that the integral runs over the phase
space in which at least one “jet” (which may consist of one or two partons) must be resolved
with respect to p?min. Here, therefore, an explicit dependence on the algorithm used to define
“a jet” enters for the first time. This is discussed in more detail in the 2009 ESHEP lectures by
Salam [53].

To extend the integration to cover also the case of 2 unresolved jets, we must combine the
left- and right-hand parts of figure 13 and add the new coefficient

�
(2)
0 = |M(1)

0 |2 + 2Re[M(2)
0 M(0)⇤

0 ] , (49)

as illustrated by the diagram in figure 14.

2.4 The Subtraction Idea

According to the KLN theorem, the IR singularities coming from integrating over collinear and
soft real-emission configurations should cancel, order by order, by those coming from the IR
divergent loop integrals. This implies that we should be able to rewrite e.g. the NLO cross
section, equation (47), as

�NLO
= �Born

+ Finite

⇢Z
d�F+1 |M(0)

F+1|2
�

+ Finite

⇢Z
d�F 2Re[M(1)

F M(0)⇤
F ]

�
,(50)

with the second and third terms having had their common (but opposite-sign) singularities
canceled out and some explicitly finite quantities remaining.
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Cross sections at LO

Born @ LO 
!
!
!
!

Born + n @ LO 
!
!
!

Infrared divergent → Must be regulated 
R = some Infrared Safe phase space region 

(Often a cut on p⊥ > n GeV) 

Careful not to take it too low!
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LO, NLO, etc

⇥Born =

⇤
|M (0)

X |2

⇥LO
X+1(R) =

⇤
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|M (0)

X+1|
2
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�
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X M (0)�
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�
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⇥NNLO
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⇤ ⇥
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X M (0)�

X ]
⇧
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⇤
2Re[M (1)

X+1M
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⇤
|M (0)

X+2|
2
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LO, NLO, etc
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⇤
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Z decay:

q

q q

q

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z � 3 jets:

qk

qi

qi

gjk
a

qk

qi

qi

gik
a

8

X X+1 …

X X+1 …

Born X+1 X+2

X X+1 …

X X+1 …

Born X+1 X+2
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๏Naively, QCD radiation suppressed by αs≈0.1 
•Truncate at fixed order = LO, NLO, … 
•E.g., σ(X+jet)/σ(X) ∝ αs

Example: Pair production of SUSY particles at LHC14, with MSUSY ≈ 600 GeV 

The Infrared Strikes Back

25

► Naively, brems suppressed by αs ~ 0.1 
•  Truncate at fixed order = LO, NLO, … 
•  However, if ME >> 1  can’t truncate! 

► Example: SUSY pair production at 14 TeV, with MSUSY ~ 600 GeV 

•  Conclusion: 100 GeV can be “soft” at the LHC 
  Matrix Element (fixed order) expansion breaks completely down at 50 GeV 
  With decay jets of order 50 GeV, this is important to understand and control 

FIXED ORDER pQCD 

 inclusive X + 1 “jet” 

 inclusive X + 2 “jets” 

LHC - sps1a - m~600 GeV Plehn, Rainwater, PS PLB645(2007)217  

(Computed with SUSY-MadGraph) 

Cross section for 1 or 
more 50-GeV jets 
larger than total σ, 
obviously non-
sensical 

Alwall, de Visscher, Maltoni,  JHEP 0902(2009)017 

σ for X + jets much larger than 
naive estimate

► Naively, brems suppressed by αs ~ 0.1 
•  Truncate at fixed order = LO, NLO, … 
•  However, if ME >> 1  can’t truncate! 

► Example: SUSY pair production at 14 TeV, with MSUSY ~ 600 GeV 

•  Conclusion: 100 GeV can be “soft” at the LHC 
  Matrix Element (fixed order) expansion breaks completely down at 50 GeV 
  With decay jets of order 50 GeV, this is important to understand and control 

FIXED ORDER pQCD 

 inclusive X + 1 “jet” 

 inclusive X + 2 “jets” 

LHC - sps1a - m~600 GeV Plehn, Rainwater, PS PLB645(2007)217  

(Computed with SUSY-MadGraph) 

Cross section for 1 or 
more 50-GeV jets 
larger than total σ, 
obviously non-
sensical 

Alwall, de Visscher, Maltoni,  JHEP 0902(2009)017 

σ50 ~ σtot tells us that there will 
“always” be a ~ 50-GeV jet 
“inside” a 600-GeV process

All the scales are high, Q >> 1 GeV, so perturbation theory should be OK …
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Conformal QCD
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James Bjørken 
“Lightcone Scaling” 
aka Bjørken Scaling; 
Conformal invariance

๏The Lagrangian of QCD is scale invariant 
๏(neglecting small quark masses) 

•Characteristic of point-like constituents 
๏To first approximation, observables depend only on 
dimensionless quantities, like angles and energy ratios 

•Also means that when 
we look closer, 
patrons (quarks and 
gluons) must generate 
ever self-similar 
patterns = fractals 

๏Note: scaling violation is induced in full QCD, but only by renormalization: gs
2 = 4παs(μ) 

•Jets-within-jets-within-jets …



(some) Physics
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Charges Stopped, 
kicked, or created

Associated field 
(fluctuations) continues

RadiationRadiation

The harder they stop, the harder the 
fluctations that continue to become radiation

a.k.a.


Bremsstrahlung



Synchrotron Radiation

cf. equivalent-photon 
approximation



Weiszäcker, Williams 
~ 1934
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J e t s  ≈  Frac ta l s

Most bremsstrahlung is driven by 
divergent propagators → simple 
structure  

Amplitudes factorize in singular 
limits (→ universal “conformal” or 
“fractal” structure)

i

j

k

a

b

Partons ab → 
“collinear”:

|MF+1(. . . , a, b, . . . )|2
a||b! g2sC

P (z)

2(pa · pb)
|MF (. . . , a+ b, . . . )|2

P(z) = DGLAP splitting kernels, with z = energy fraction = Ea/(Ea+Eb)

/ 1

2(pa · pb)

+ scaling violation: gs
2 → 4παs(Q2)

Gluon j 
→ “soft”: |MF+1(. . . , i, j, k. . . )|2

jg!0! g2sC
(pi · pk)

(pi · pj)(pj · pk)
|MF (. . . , i, k, . . . )|2

Coherence → Parton j really emitted by (i,k) “colour antenna” (in leading colour approximation) 

Can apply this many times → nested factorizations  
Jets-within-jets-within-jets … → lecture on showers

28



Lessons:
• Each time we add a QCD parton, we get singularities



• Driven by intermediate propagators going “on shell”



• They are universal (process-independent) and imply 
that, in the singular limits (soft/collinear), QCD 
amplitudes factorize.



!

29

But then don’t we get infinite cross sections? 


And what about when we add loops?
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�NLO(e
+e� ! qq̄) = �LO(e

+e� ! qq̄)

✓
1 +

↵s(ECM)

⇡
+O(↵2

s)

◆

Cross sections at NLO

NLO: 

!
!

!

KLN Theorem (Kinoshita-Lee-Nauenberg) 
Sum over ‘degenerate quantum states’ :                
Singularities cancel at complete order (only finite terms left over)

30

Z � 2 1-loop:

qk

qi

qk

gik
a

qi

qk

qk

16

(note: this is not the 1-loop diagram squared)

LO, NLO, etc
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⇤
|M (0)

X |2

⇥LO
X+1(R) =

⇤
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2

⇥NLO
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X = ⇥Born(1 + K)

⇥NNLO
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X M (0)�
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X+2|
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Z decay:

q

q q

q

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

Z � 3 jets:

qk

qi

qi

gjk
a

qk

qi

qi

gik
a
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LO, NLO, etc

⇥Born =
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⇤
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X X+1 …

X X+1 …

Born X+1 X+2
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The Subtraction Idea

How do I get finite{Real} and finite{Virtual} ? 
First step: classify IR singularities using universal functions 

EXAMPLE: factorization of amplitudes in the soft limit 
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1 1
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j

k

I

i
j

k

I

m+1 m+1

K

K

Figure 3: Illustration of NLO antenna factorisation representing the factorisation of both the
squared matrix elements and the (m + 1)-particle phase space. The term in square brackets repre-
sents both the antenna function X0

ijk and the antenna phase space dΦXijk
.

+
∑

j

Dkj,i |Mm((p1, . . . , p̃i, p̃kj , . . . , pm+1)|2 J (m)
m (p1, . . . , p̃i, p̃kj , . . . , pm+1)

]

.

(2.7)

In the first term, the dipole contribution involves the m-parton amplitude which only

depends on the redefined on-shell momenta p1, . . . , p̃ij , p̃k, . . . , pm+1 and the dipole function

Dij,k which depends on pi, pj , pk. The momenta pi, pj and pk are respectively the emitter,

unresolved parton and the spectator momenta corresponding to a single dipole term. In

the second term, the role of emitter and spectator are exchanged. The redefined on-

shell momenta p̃ij, p̃k (p̃kj , p̃i) are different linear combinations of pi, pj and pl for each

dipole. In the antenna approach, the momentum mapping would be the same for each

dipole contribution and the two terms combine to form the tree antenna, X0
ijk. The two

dipoles combining to an antenna have a common unresolved parton, and contain the two

possible emitter/spectator combinations. In the antenna language, emitter and spectator

act as radiators. Note that we can always choose to divide the antenna and use different

momentum maps for the two parts.

The jet function J (m)
m in (2.6) does not depend on the individual momenta pi, pj and

pk, but only on p̃I , p̃K . One can therefore carry out the integration over the unresolved

dipole phase space appropriate to pi, pj and pk analytically, exploiting the factorisation of

the phase space,

dΦm+1(p1, . . . , pm+1; q) = dΦm(p1, . . . , p̃I , p̃K , . . . , pm+1; q) · dΦXijk
(pi, pj , pk; p̃I + p̃K) .

(2.8)

The NLO antenna phase space dΦXijk
is proportional to the three-particle phase space,

as can be seen by using m = 2 in the above formula and exploiting the fact that the

two-particle phase space is a constant,

P2 =

∫
dΦ2 = 2−3+2ϵπ−1+ϵ Γ(1 − ϵ)

Γ(2 − 2ϵ)

(
q2
)−ϵ

, (2.9)

such that

dΦ3 = P2 dΦXijk
. (2.10)
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Mm+1 MmSoft Limit	


(Ej → 0):
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Figure 2: Illustration of the dampening of the collinear singularity for Z ! Qg ¯Q: squared matrix elements with
(thick) and without (thin) mass corrections, normalized to the massless case, as a function of the opening angle
between the quark and the gluon, for constant Eg = 10GeV and mQ = 4.8GeV.

framework presented in [13, 14] (and in the dipole formalism [30] that predates it), the main building
blocks, massive antenna (dipole) functions and phase-space factorizations, are therefore constructed
so as to reproduce exactly the quasi-collinear and soft behaviours of real radiation matrix-elements in
the corresponding limits. For cross sections which are well-behaved in the massless limit, the explicit
cancellations of the ln(Q2/m2

)-terms also ensure numerical stability in the limit m ! 0.
For some observables which are not infrared safe in their massless limit, such as ones sensitive to

the details of the fragmentation process for example, the cancellation of the mass-dependent logarithms
is incomplete. Terms of the form ↵n

S ln

n
(Q2/m2

) appear in every order of the expansion. In the case
of a large hierarchy m ⌧ Q, these terms jeopardize the convergence of the perturbative series. It is
necessary to resum them to all orders to obtain a meaningful result, as is done, for example, for the b-
quark fragmentation process in [33], to which we compare the massive VINCIA dipole-antenna shower
in section 5. However, in order to construct this shower, we must first consider the soft and quasi-
collinear limits more carefully and define how the massless splitting functions and soft Eikonal factors
are generalized in the presence of massive particles.

The infrared singularity properties of tree-level colour-ordered matrix elements involving only mass-
less partons have been well studied in [31]. In the limit where a gluon j is soft with respect to its
neighbouring partons i and k, the colour-ordered matrix-elements squared |Mn+1

|2 for (n+1) partons
factorizes into a universal soft Eikonal factor Sijk and a colour-ordered tree-level squared amplitude
where gluon j has been removed. For the squared amplitudes we have,

|Mn+1

(1, · · · , i, j, k, · · · , n+ 1)|2 jg!0���! g2sCijk Sijk |Mn(1, · · · , i, k, · · · , n+ 1)|2 (28)

where g2s = 4⇡↵s is the strong coupling, Cijk is a colour factor that tends to NC in the leading-colour
limit, and the massless Eikonal factor is given by

Sijk =

2sik
sijsjk

. (29)

Similarly when two neighbouring gluons or a quark and a gluon become collinear the colour-ordered
matrix elements factorize. Depending on the nature of the partons involved different collinear factors

9

are obtained. Partons which are not colour-connected do not lead to singular behaviours of the colour
ordered matrix-elements squared, hence the soft or collinear factors only involve the neighbouring par-
ticles to which the unresolved particle is colour-connected.

In the massive case, essentially the same factorization properties still hold, provided the collinear
limit is generalized to the quasi-collinear limit (see below). For the emission of a soft gluon from
massive radiators, the factorization of the matrix element into a soft Eikonal factor times a reduced
matrix element with the soft gluon omitted works in the same way as for massless partons. The soft
Eikonal factor given in equation (29) needs however to be generalized. Written in terms of the parent
parton masses mI and mK and the invariants between the daughter partons i, j and k, the massive soft
Eikonal factor reads

Sijk(mI ,mK) =

2sik
sijsjk

� 2m2

I

s2ij
� 2m2

K

s2jk
(30)

which has two new mass-dependent terms compared to the massless Eikonal factor defined above.
The quasi-collinear limit of a massive parton with momentum pµ decaying into two massive partons

j and k is given by,
pµj ! z pµ, pµk ! (1 � z) pµ, (31)

p2 = m2

(jk). (32)

with the constraints,
pj · pk,mj ,mk,mjk ! 0 (33)

at fixed ratios,
m2

j

pj · pk ,
m2

k

pj · pk ,
m2

jk

pj · pk . (34)

The key difference between the massless collinear limit and the quasi-collinear limit is given by
the constraint that the on-shell masses squared have to be kept of the same order as the invariant mass
(pj + pk)

2, with the latter becoming small. In these corresponding quasi-collinear limits, the colour-
ordered (m + 1)-parton matrix element squared factorizes into a reduced m-parton matrix element
squared multiplied by quasi-collinear splitting functions, the latter are generalizations of the Altarelli-
Parisi splitting functions [34] from which they differ by mass-dependent terms. In four dimensions, they
read

Pqg!Q(z,mq, sqg) =
1 + (1 � z)2

z
� 2m2

q

sqg
,

Pqq̄!G(z,mq, sqq̄) = z2 + (1 � z)2 � 2m2

q

sqq̄ + 2m2

q
.

(35)

We now turn to a description of the full massive dipole-antenna functions as implemented in VINCIA.

2.5 Massive dipole-antenna functions

In general, the full forms of the dipole-antenna functions are obtained by normalizing a three-parton
tree-level matrix-element squared to a corresponding two-parton squared matrix element, stripped of all

10

Universal	


“Soft Eikonal” 

sij ⌘ 2pi · pj
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The Subtraction Idea

Add and subtract IR limits (SOFT and COLLINEAR) 

!

!

Choice of subtraction terms: 
Singularities mandated by gauge theory 

Non-singular terms: up to you (added and subtracted, so vanish)
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yield configurations where a certain number of essentially non-interacting particles are

emitted between a pair of hard radiators. By carrying out the colour algebra, it becomes

evident that non-ordered gluon emission inside a colour-ordered system is equivalent to

photon emission off the outside legs of the system [18,42]. For simplicity, these subleading

colour contributions are also denoted as squared matrix elements |Mm|2, although they

often correspond purely to interference terms between different amplitudes.

The precise definition depends on the number and types of particles involved in the

process. However, all colour orderings are summed over in
∑

m with the appropriate colour

weighting. The jet function J (n)
m defines the procedure for building m jets out of n partons.

The main property of J (n)
m is that the jet observable defined above is collinear and infrared

safe as explained in [39, 40]. In general J (n)
m contains θ and δ-functions. J (n)

m can also

represent the definition of the n-parton contribution to an event shape observable related

to m-jet final states.

From (2.1), one obtains the leading order approximation to the m-jet cross section by

integration over the appropriate phase space.

dσLO =

∫

dΦm

dσB . (2.3)

Depending on the jet function used, this cross section can still be differential in certain

kinematical quantities.

2.1 NLO infrared subtraction terms

At NLO, we consider the following m-jet cross section,

dσNLO =

∫

dΦm+1

(
dσR

NLO − dσS
NLO

)
+

[∫

dΦm+1

dσS
NLO +

∫

dΦm

dσV
NLO

]

. (2.4)

The cross section dσR
NLO has the same expression as the Born cross section dσB

NLO (2.1)

above except that m → m + 1, while dσV
NLO is the one-loop virtual correction to the m-

parton Born cross section dσB . The cross section dσS
NLO is a (preferably local) counter-term

for dσR
NLO. It has the same unintegrated singular behaviour as dσR

NLO in all appropriate

limits. Their difference is free of divergences and can be integrated over the (m+1)-parton

phase space numerically. The subtraction term dσS
NLO has to be integrated analytically

over all singular regions of the (m + 1)-parton phase space. The resulting cross section

added to the virtual contribution yields an infrared finite result.

A systematic procedure for finding NLO infrared subtraction terms is the antenna

formalism introduced in [10, 41]. The antenna subtraction terms are obtained as sum of

antennae:

dσS
NLO = N

∑

m+1

dΦm+1(p1, . . . , pm+1; q)
1

Sm+1

×
∑

j

X0
ijk |Mm(p1, . . . , p̃I , p̃K , . . . , pm+1)|2 J (m)

m (p1, . . . , p̃I , p̃K , . . . , pm+1) , (2.5)

– 6 –

Finite by Universality Finite by KLN

Dipoles (Catani-
Seymour)	


Global Antennae 
(Gehrmann, 
Gehrmann-de Ridder, 
Glover)	



Sector Antennae 
(Kosower)	



… 

|M(H0 ! qigj q̄k)|2

|M(H0 ! qI q̄K)|2 = g2s 2CF


2sik
sijsjk

+
1

sIK

✓
sij
sjk

+
sjk
sij

+ 2

◆�

|M(Z0 ! qigj q̄k)|2

|M(Z0 ! qI q̄K)|2 = g2s 2CF


2sik
sijsjk

+
1

sIK

✓
sij
sjk

+
sjk
sij

◆�SOFT

COLLINEARSOFT +F

COLLINEAR
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Structure of σ(NNLO)

NNLO

33

LO, NLO, etc

⇥Born =

⇤
|M (0)

X |2

⇥LO
X+1(R) =

⇤

R
|M (0)

X+1|
2

⇥NLO
X = ⇥Born +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X =

⇤
|M (0)

X |2 +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X = ⇥Born+Finite

⌅⇤
|M (0)

X+1|
2

�
+Finite

⌅⇤
2Re[M (1)

X M (0)�
X ]

�

⇥NLO
X = ⇥Born(1 + K)

⇥NNLO
X = ⇥NLO

X +

⇤ ⇥
|M (1)

X |2 + 2Re[M (2)
X M (0)�

X ]
⇧
+

⇤
2Re[M (1)

X+1M
(0)�
X+1]+

⇤
|M (0)

X+2|
2

15

1-Loop × 1-Loop

Z � 2 2-loop:
qk

qi

qj

gij
a

qk

gjk
b

qj

qi

qk

qk

17

Z � 2 1-loop squared:

qk

qi

qk

gik
a

qi

qk

qi

qk

gik
a

qi

18

Z � 2 1-loop squared:

qj

qi

qk

gik
c

qi
gjk

agij
b

qj

qk

qk

gjk
a

18

Z � 4:
qj

qi

qk

gik
a

qi
gij

b

qj

qi

qk

gik
a

qi
gij

b

19

X X+1 …

X X+1 …

Born X+1 X+2

Two-Loop × Born Interference

1-Loop × Real (X+1)

Real × Real (X+2)
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Infrared Safety

Definition: an observable is infrared safe 
if it is insensitive to

34

Note: some people use the word “infrared” to refer to soft only. Hence you may also hear  
“infrared and collinear safety”. Advice: always be explicit and clear what you mean.

SOFT radiation:  
Adding any number of infinitely soft particles (zero-energy)  

should not change the value of the observable

COLLINEAR radiation: 
Splitting an existing particle up into two comoving ones 

(conserving the total momentum and energy)  
should not change the value of the observable
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QCD lecture 4 (p. 30)

Jets

Cones
IRC safety & real-life

Real life does not have infinities, but pert. infinity leaves a real-life trace

α2
s + α3

s + α4
s ×∞ → α2

s + α3
s + α4

s × ln pt/Λ→ α2
s + α3

s + α3
s

︸ ︷︷ ︸

BOTH WASTED

Among consequences of IR unsafety:

Last meaningful order
JetClu, ATLAS MidPoint CMS it. cone Known at

cone [IC-SM] [ICmp -SM] [IC-PR]

Inclusive jets LO NLO NLO NLO (→ NNLO)
W /Z + 1 jet LO NLO NLO NLO
3 jets none LO LO NLO [nlojet++]
W /Z + 2 jets none LO LO NLO [MCFM]
mjet in 2j + X none none none LO

NB: 50,000,000$/£/CHF/e investment in NLO

Multi-jet contexts much more sensitive: ubiquitous at LHC
And LHC will rely on QCD for background double-checks

extraction of cross sections, extraction of parameters

Consequences of Collinear Unsafety

35

QCD lecture 4 (p. 29)

Jets

Cones
Consequences of collinear unsafety

jet 2
jet 1jet 1jet 1 jet 1

αs x (+ )∞nαs x (− )∞n αs x (+ )∞nαs x (− )∞n

Collinear Safe Collinear Unsafe

Infinities cancel Infinities do not cancel

Invalidates perturbation theory

Invalidates perturbation theory(KLN: ‘degenerate states’)
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Lessons: “Stereo Vision”

Use IR Safe algorithms 
To study short-distance physics 

These days, ≈ as fast as IR unsafe algorithms and 
widely implemented (e.g., FASTJET), including 

!
!
!

Use IR Sensitive observables 
E.g., number of tracks, identified particles, … 

To explicitly study hadronization and check models of 
IR physics

36

“Cone-like”: SiSCone, Anti-kT, …  
“Recombination-like”: kT,Cambridge/Aachen,Anti-kT… 

More about IR in lecture on soft QCD …

http://www.fastjet.fr/

Image Credits: Richard Seaman

http://www.fastjet.fr
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Factorization 2: PDFs
Parton Distribution Functions

Hadrons are composite, with time-dependent structure:

u
d
g
u

p

fi(x, Q2) = number density of partons i
at momentum fraction x and probing scale Q2.

Linguistics (example):
F2(x, Q2) =

∑

i

e2i xfi(x, Q2)

structure function parton distributions

→ Lifetime of fluctuations ~ 1/Mh
  

Hard incoming probe interacts over much shorter time scale ~ 1/Q 
On that timescale, partons ~ frozen  

Hard scattering knows nothing of the target hadron apart from the fact that it 
contained the struck parton → factorisation

Illustration from T. Sjöstrand

37

Partons within clouds of 
further partons, 
constantly emitted and 
absorbed

For hadron to remain intact, 
virtualities k2 < Mh

2 
 High-virtuality fluctuations 

suppresed by powers of 

↵sM2
h

k2

Mh : mass of hadron
k2 : virtuality of fluctuation
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Factorization Theorem

In DIS, there is a formal proof of factorization 

38

(Collins, Soper, 1987)

�Q2

Lepton
Scattered 
Lepton

Scattered 
Quark

Deep Inelastic 
Scattering (DIS) 

!
(By “deep”, we 
mean Q2>>Mh2)

Sum over 
Initial (i) 

and final (f) 
parton flavors

!
= Final-state  
phase space

�f Differential partonic 
Hard-scattering 

Matrix Element(s)

�

`h =
X

i

X

f

Z
dxi

Z
d�f fi/h(xi, Q

2
F )

d�̂

`i!f (xi,�f , Q
2
F )

dxi d�f

→ We really can write the cross section in factorized form :

= PDFs 
Assumption: 

Q2 = QF
2

fi/h

fi/h

�̂
xi

f
Note: Beyond LO, 

f can be more 
than one parton

Surprise Question:


What’s the color


factor for DIS?
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A propos Factorization

Trivially untrue for QCD 
We’re colliding, and observing, hadrons → small scales 

F.O. QCD requires Large scales : to guarantee that αs is small 
enough to be perturbative (not too bad, since we anyway often 
want to consider large-scale processes [insert your fav one here]) 

F.O. QCD requires No hierarchies : conformal structure implies 
that soft/collinear hierarchies are associated with on-shell 
singularities that ruin fixed-order expansion. 

But!!! we collide - and observe - low-scale hadrons, with non-
perturbative structure, that participate in hard processes, whose 
scales are hierarchically greater than mhad ~ 1 GeV.

Why do we need PDFs, parton showers / jets, etc.? 
Why are Fixed-Order QCD matrix elements not enough?

39

→ A Priori, no perturbatively calculable observables in QCD
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Lesson: Factorization → can still calculate!

Trivially untrue for QCD 
We’re colliding, and observing, hadrons → small scales 

Why is Fixed Order QCD not enough? 
: It requires all resolved scales >> ΛQCD AND no large hierarchies

40

Factorization

d⇤

dX
=

⇥

a,b

⇥

f

�

X̂f

fa(xa, Q
2
i )fb(xb, Q

2
i )

d⇤̂ab�f(xa, xb, f, Q2
i , Q

2
f)

dX̂f

D(X̂f � X, Q2
i , Q

2
f)

20

PDFs: needed to compute 
inclusive cross sections

FFs: needed to compute 
(semi-)exclusive cross sections

PDFs: connect incoming hadrons with the high-scale process 
Fragmentation Functions: connect high-scale process with final-state hadrons 
(each is a non-perturbative function modulated by initial- and final-state radiation)

Resummed pQCD:  All resolved scales >> ΛQCD AND X Infrared Safe
*)pQCD = perturbative QCD

Will take a closer look at parton showers in the next lecture
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Last Topic: Scaling Violation

Real QCD isn’t conformal 
The coupling runs logarithmically with the energy scale

41

Asymptotic freedom in the ultraviolet

Confinement (IR slavery?) in the infrared

Q2 @↵s

@Q2
= �(↵s) �(↵s) = �↵2

s(b0 + b1↵s + b2↵
2
s + . . .) ,

b0 =
11CA � 2nf

12⇡
b1 =

17C2
A � 5CAnf � 3CF nf

24⇡2
=

153� 19nf

24⇡2

1-Loop β function coefficient 2-Loop β function coefficient
b2

=
285

7�
503

3nf
+ 325

n
2
f

128
⇡
3

b3
=

k

n

o

w

n
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Asymptotic Freedom

+ B
-

+ +

-

++

-

B

Y

B

Y
-

B

Y

Y

B

But only dominant if > 16 flavors!

42

QED:  
Vacuum polarization	


→ Charge screening	



QCD:  
Quark Loops	


→ Also charge screening
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Asymptotic Freedom

+ B
-

+ +

-

++

-

B

Y

B

Y
-

B

Y

Y

B

Spin-1 → Opposite Sign

43

QED:  
Vacuum polarization	


→ Charge screening	



QCD:  
Gluon Loops	


Dominate if ≤ 16 flavors

B

Y

B

Y

B

Y

B

B

Y

b0 =
11CA � 2nf

12⇡
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UV and IR

At low scales 
Coupling αs(Q) actually runs 
rather fast with Q 

!
Perturbative solution diverges at 
a scale ΛQCD somewhere below  

     ≈ 1 GeV 

!
So, to specify the strength of the 
strong force, we usually give 
the value of αs at a unique 
reference scale that everyone 
agrees on: MZ

44

From S. Bethke, Nucl.Phys.Proc.Suppl. 234 (2013) 229	


See also PDG Review on QCD. by Dissertori & Salam

Freedom?
Unification?

Full symbols are results based on N3LO QCD, open circles are based on NNLO, open triangles and squares on NLO QCD. The cross-filled square is based on lattice QCD. 

pp –> jets (NLO)

QCD _  (S  ) = 0.1184 ± 0.0007s Z

0.1

0.2

0.3

0.4

0.5

_s (Q)

1 10 100Q [GeV]

Heavy Quarkonia (NLO)
e+e–   jets & shapes (res. NNLO)

DIS jets (NLO)

April 2012

Lattice QCD (NNLO)

Z pole fit (N3LO)

o decays (N3LO)
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The Fundamental Parameter(s)

QCD has one fundamental parameter 
!
!
!

… and its sibling 
!
!

… And all its cousins 

Λ(3) Λ(4) Λ(5) ΛCMW ΛFSR ΛISR ΛMPI , … 

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

b0 =
11NC − 2nf

12π

αs(Q
2) =

1

b0 ln Q2

Λ2

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

b0 =
11NC − 2nf

12π

αs(Q
2) =

1

b0 ln Q2

Λ2

Λ ∼ 200 MeV

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

b0 =
11NC − 2nf

12π

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)
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… + nf  and quark masses

9. Quantum chromodynamics 25

The central value is determined as the weighted average of the individual measurements.
For the error an overall, a-priori unknown, correlation coefficient is introduced and
determined by requiring that the total χ2 of the combination equals the number of
degrees of freedom. The world average quoted in Ref. 172 is

αs(M2
Z) = 0.1184 ± 0.0007 ,

with an astonishing precision of 0.6%. It is worth noting that a cross check performed in
Ref. 172, consisting in excluding each of the single measurements from the combination,
resulted in variations of the central value well below the quoted uncertainty, and in a
maximal increase of the combined error up to 0.0012. Most notably, excluding the most
precise determination from lattice QCD gives only a marginally different average value.
Nevertheless, there remains an apparent and long-standing systematic difference between
the results from structure functions and other determinations of similar accuracy. This
is evidenced in Fig. 9.2 (left), where the various inputs to this combination, evolved to
the Z mass scale, are shown. Fig. 9.2 (right) provides strongest evidence for the correct
prediction by QCD of the scale dependence of the strong coupling.

0.11 0.12 0.13
α  (Μ  )s Z

Quarkonia (lattice)

DIS  F2 (N3LO) 

τ-decays (N3LO)

DIS  jets (NLO)

e+e? jets & shps (NNLO) 

electroweak fits (N3LO) 

e+e? jets & shapes (NNLO) 

Υ decays (NLO)

QCD α  (Μ  ) = 0.1184 ± 0.0007s Z

0.1

0.2

0.3

0.4

0.5

αs (Q)

1 10 100Q [GeV]

Heavy Quarkonia
e+e?  Annihilation
Deep Inelastic Scattering

July 2009

Figure 9.2: Left: Summary of measurements of αs(M2
Z), used as input for the

world average value; Right: Summary of measurements of αs as a function of the
respective energy scale Q. Both plots are taken from Ref. 172.

July 30, 2010 14:57

(depends on nf, scheme, and # of loops)

From PDG Review on QCD. by Dissertori & Salam

Will return to these in 
lecture on Monte Carlos 
and parton showers
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Changing the scale(s)

Why scale variation ~ uncertainty? 
Scale dependence of calculated orders must be canceled by 
contribution from uncalculated ones (+ non-pert) 

46

Strong coupling
αs(mZ)MS

Λ
(nf )MS
QCD

αs(Q
2) = αs(m

2
Z)

1

1 + b0 αs(mZ) ln Q2

m2
Z

+ O(α2
s)

→   

→ Generates terms of higher order, but proportional to what you 
already have (|M|2)→ a first naive* way to estimate uncertainty  
*warning: some theorists believe it is the only way … but be agnostic! There are other things than scale dependence … 

�
↵s(Q

02)� ↵s(Q
2)
�
|M |2 = ↵2

s(Q
2)|M |2 + . . .

Expand in αs

= ↵s(m
2
Z)

✓
1� b0↵s(m

2
Z) ln

Q2

m2
Z

+O(↵2
s)

◆
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Asymptotic Freedom
Asymptotic Freedom 

“What this year's Laureates 
discovered was something that, at 
first sight, seemed completely 
contradictory. The interpretation of 
their mathematical result was that the 
closer the quarks are to each other, 
the weaker is the 'colour charge'. 
When the quarks are really close to 
each other, the force is so weak that 
they behave almost as free particles. 
This phenomenon is called 
‘asymptotic freedom’. The converse 
is true when the quarks move apart: 
the force becomes stronger when the 
distance increases.”  

1/r 

αS(r) 
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David J. Gross H. David Politzer Frank Wilczek

The Nobel Prize in Physics 2004
David J. Gross, H. David Politzer, Frank Wilczek

The Nobel Prize in Physics 2004 was awarded jointly to David J. Gross, H. David Politzer and Frank
Wilczek "for the discovery of asymptotic freedom in the theory of the strong interaction".
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charge

potential

*1 The force still goes to ∞ as r → 0 
(Coulomb potential), just less slowly

*2 The potential grows linearly as r→∞, so the force actually becomes constant 	


(even this is only true in “quenched” QCD. In real QCD, the force eventually vanishes for r>>1fm)

*1

*2


