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1) Units in Particle Physics
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๏The main particle-physics units of energy is eV (& MeV, GeV) 
•1 electron-Volt = kinetic energy obtained by a unit-charge particle (eg an 
electron or proton) accelerated by potential difference of 1 Volt 

•(So for accelerators, the beam energy in eV is a measure of the 
corresponding electrostatic potential difference) 

๏ Planned linear accelerators (ILC, CLIC) could reach ECM ~ 1,000 GeV = 1 TeV 
๏ The highest-energy (circular) accelerator LHC ~ 6500 GeV/beam. 

๏Using E=mc2 we typically express all masses in units of eV/c2
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1 eV = Qe · 1V = 1.602176565(35)⇥ 10�19 C · 1 J/C = 1.6⇥ 10�19 J

me = 9.11⇥ 10�31kg = 0.511 MeV/c2

mµ = 106 MeV/c2

m⌧ = 1780 MeV/c2

(sometimes we forget to say 
the 1/c2; it is implied by the 

quantity being mass)

me = 9.1⇥ 10�31kg
J= kg·m2

s2= 9.1⇥ 10�31 s
2J

m2

J= eV
1.6⇥10�19

= 5.7⇥ 10�12eV
s2

m2

c=3⇥108m/s
= 511⇥ 103eV/c2

<latexit sha1_base64="X7BHrRt8ee7Fu1PPb2JkiMrpHFU="></latexit>

me = 9.11⇥ 10�31kg = 0.511 MeV/c2

mµ = 106 MeV/c2

m⌧ = 1780 MeV/c2An example



•Energy : dimension 1 [E] = eV, MeV, GeV, … 
•Mass : dimension 1 (E=mc2) 

๏E.g., me = 0.511 MeV 
•Time : dimension -1 ([ħ]=[E*t]=1) 

๏Convert: use ħ = 6.58 x 10-22 MeV s to convert 1s   
๏E.g., τμ = 2.2μs = 2.2 x 10-6 s / (6.58 x 10-16 eV s) = 3.3 x 10-9 / eV 

•Length : dimension -1 (velocity is dimensionless) 
•Momentum : dimension 1 (same as energy and mass; E2-p2=m2)

Natural Units
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๏In fact, we use MeV and GeV for everything! 
•Define a set of units in which ħ = ϲ = 1     
•Action [Energy*Time] : dimensionless (ħ = 1) 

๏ All actions are measured in units of ħ 
•Velocity [Length/Time] : dimensionless (ϲ = 1) 

๏ All velocities are measured in units of c (i.e., β = v/c) 
•
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•Energy :  
•Mass : 

•Time :  

•Length : 
•Momentum :

FOR A RELATIVISTIC 
QUANTUM THEORY

λ E

HEP < 1 fm > 1 GeV

gamma 1 pm 1 MeV

X-rays 0.1 nm 10 keV

UV 100 nm 10 eV

Example: 
lengths → energies 

/c2



๏We define “4-momentum” as: 

๏

Expand 
γ around 
small β:

2) Energy and Momentum in Particle Physics
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pµ = (E/c, ~p) = (E/c, px, py, pz)
<latexit sha1_base64="8XlvzAMyjhPDdM5b8qYwQu9Q02k="></latexit>

for massive particles, m ≠ 0

p0 = �mc

~p = �m~v =
m~vp
1� �2

<latexit sha1_base64="8MNyaJx/lh8xno15rZGpZC6vxmQ="></latexit>

Q: what does it mean 
that this is a “4-vector”?

Particle Physics

xµ ! x0µ = ⇤µ
⌫x

⌫

=) pµ ! p0µ = ⇤µ
⌫p

⌫
<latexit sha1_base64="CkYeHJmU4P/6DnCe+nBXawVonDE="></latexit>

๏Zero-component = Relativistic Energy (/c), defined as : 
๏

p2 = 0 : lightlike; p2 > 0 : timelike; p2 < 0 : spacelike



Reminder: Relativistic Centre-of-Mass
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The frame in which the total 3-momentum, p = 0  
defines the rest frame of a particle, or the CM frame for a system of particles 

In that frame, the total energy is equal to the invariant mass = ECM

How to find the CM frame of (a system of) particles?

1. Sum up their 3-momenta ➜ total p. If it is zero: done 
2. If non-zero, find their overall velocity β = p / E 
3. Construct and do the relevant (inverse) Lorentz boost. (& Check 1). 

pµ = (m, 0, 0, 0)
<latexit sha1_base64="Evvz9vRkV1lL2waWs489gLDn+p4=">AAAB/XicbVDLSgMxFL1TX7W+xsfOTbAIFaTMVEE3QtGNywr2Ae1YMmmmDU1mhiQj1KH4K25cKOLW/3Dn35i2s9Dq4V44nHMvuTl+zJnSjvNl5RYWl5ZX8quFtfWNzS17e6ehokQSWicRj2TLx4pyFtK6ZprTViwpFj6nTX94NfGb91QqFoW3ehRTT+B+yAJGsDZS196L7zoiQReoJI6RM6ujrl10ys4U6C9xM1KEDLWu/dnpRSQRNNSEY6XarhNrL8VSM8LpuNBJFI0xGeI+bRsaYkGVl06vH6NDo/RQEEnToUZT9edGioVSI+GbSYH1QM17E/E/r53o4NxLWRgnmoZk9lCQcKQjNIkC9ZikRPORIZhIZm5FZIAlJtoEVjAhuPNf/ksalbJ7Uq7cnBarl1kcediHAyiBC2dQhWuoQR0IPMATvMCr9Wg9W2/W+2w0Z2U7u/AL1sc3ynmSMg==</latexit>

For a single particle, at rest

pµpµ = m2
<latexit sha1_base64="m+ez+K4NIMxgg7xApdXwrYKLXcA=">AAAB+3icbVDLSgMxFM3UV62vsS7dBIvgqsxUQTdC0Y3LCvYB7XTIpJk2NMmEJCOW0l9x40IRt/6IO//GTDsLbT1wL4dz7iU3J5KMauN5305hbX1jc6u4XdrZ3ds/cA/LLZ2kCpMmTliiOhHShFFBmoYaRjpSEcQjRtrR+Dbz249EaZqIBzORJOBoKGhMMTJWCt2y7Pd4CmWY9WvI+zUYuhWv6s0BV4mfkwrI0Qjdr94gwSknwmCGtO76njTBFClDMSOzUi/VRCI8RkPStVQgTnQwnd8+g6dWGcA4UbaEgXP198YUca0nPLKTHJmRXvYy8T+vm5r4KphSIVNDBF48FKcMmgRmQcABVQQbNrEEYUXtrRCPkELY2LhKNgR/+curpFWr+ufV2v1FpX6Tx1EEx+AEnAEfXII6uAMN0AQYPIFn8ArenJnz4rw7H4vRgpPvHIE/cD5/ACmLkzY=</latexit>

Lorentz invariant

For a system of particles:

pµ =
X

i

pµi
<latexit sha1_base64="kvOafV+TE7hEgO7yRzwqFRQw54Y=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXJWkCroRim5cVrAPaGKYTCft0JlkmJkIJXbhr7hxoYhbf8Odf+OkzUJbD1w4nHMv994TCkaVdpxvq7S0vLK6Vl6vbGxube/Yu3ttlaQSkxZOWCK7IVKE0Zi0NNWMdIUkiIeMdMLRde53HohUNInv9FgQn6NBTCOKkTZSYB+Ie4+n8BJ6KuUBhSKguRDYVafmTAEXiVuQKijQDOwvr5/glJNYY4aU6rmO0H6GpKaYkUnFSxURCI/QgPQMjREnys+m90/gsVH6MEqkqVjDqfp7IkNcqTEPTSdHeqjmvVz8z+ulOrrwMxqLVJMYzxZFKYM6gXkYsE8lwZqNDUFYUnMrxEMkEdYmsooJwZ1/eZG06zX3tFa/Pas2roo4yuAQHIET4IJz0AA3oAlaAINH8AxewZv1ZL1Y79bHrLVkFTP74A+szx8VqZWB</latexit>

pµpµ = E2
CM

<latexit sha1_base64="W6uT/ruMP+gtdLGNOUyXZlz2qac=">AAACBnicbVDLSgMxFM3UV62vUZciBIvgqsxUQTdCsQhuhAr2Ae10yKRpG5rMhCQjlKErN/6KGxeKuPUb3Pk3ZtpZaOuBJIdz7iX3nkAwqrTjfFu5peWV1bX8emFjc2t7x97da6golpjUccQi2QqQIoyGpK6pZqQlJEE8YKQZjKqp33wgUtEovNdjQTyOBiHtU4y0kXz7UHQ7PIbCT+9LeG1epIeSJ9XbSbfs20Wn5EwBF4mbkSLIUPPtr04vwjEnocYMKdV2HaG9BElNMSOTQidWRCA8QgPSNjREnCgvma4xgcdG6cF+JM0JNZyqvzsSxJUa88BUpkOqeS8V//Pase5feAkNRaxJiGcf9WMGdQTTTGCPSoI1GxuCsKRmVoiHSCKsTXIFE4I7v/IiaZRL7mmpfHdWrFxlceTBATgCJ8AF56ACbkAN1AEGj+AZvII368l6sd6tj1lpzsp69sEfWJ8/9MmYKA==</latexit>

Lorentz invariant

pµpµ = E2 � p2 = m2
<latexit sha1_base64="2aTwVR743TBLyMkXBFWgfsqw30Q=">AAACEXicbVDLSgMxFM3UV62vUZdugkXoxjIzCropFEVwWcE+oC8yaaYNTWZCkhHKML/gxl9x40IRt+7c+Tdm2i609UDC4Zx7ufceXzCqtON8W7mV1bX1jfxmYWt7Z3fP3j9oqCiWmNRxxCLZ8pEijIakrqlmpCUkQdxnpOmPrzO/+UCkolF4ryeCdDkahjSgGGkj9e2S6HV4DEU/+yvwpufBU5h0ONIjP0hEmhqhAnnP69tFp+xMAZeJOydFMEetb391BhGOOQk1ZkiptusI3U2Q1BQzkhY6sSIC4TEakrahIeJEdZPpRSk8McoABpE0L9Rwqv7uSBBXasJ9U5mtqha9TPzPa8c6uOwmNBSxJiGeDQpiBnUEs3jggEqCNZsYgrCkZleIR0girE2IBROCu3jyMml4Zfes7N2dF6tX8zjy4AgcgxJwwQWogltQA3WAwSN4Bq/gzXqyXqx362NWmrPmPYfgD6zPH1TLm28=</latexit>

In any frameSquared rest mass

squared invariant mass of the system



Feynman diagrams and 4-momentum conservation
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๏Consider the QED vertex: 

๏What about 4-momentum conservation? 
๏ 1) Electron at rest decaying to a recoiling electron + a photon? 
๏ 2) Two massive particles reacting to produce a massless photon? 
๏ 3) Massless photon decaying to two massive electrons? 

•This all sounds very strange (even for relativity)

Peter Skands Particle Physics

time

e ! e+ � e� + e+ ! � � ! e� + e�1) 2) 3)



Feynman diagrams and 4-momentum conservation
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๏Consider the QED vertex: 

๏What about 4-momentum conservation? 
•At least one of the involved particles must have 
•Equivalent to Heisenberg ΔE but here expressed in L.I. form 
•We call such particles virtual; and say they are off mass shell

Peter Skands Particle Physics

E2 � p2 6= m2

time

e ! e+ � e� + e+ ! � � ! e� + e�1) 2) 3)



p2� = (p1 � p3)
2

= �2(p1 · p3) = �2pµ1p3µ

= �2E1E3(1� cos ✓13)

< 0

Virtual Particles: Examples
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� + e ! e⇤ e⇤ ! e+ �
e+ + e� ! �⇤

E2
�⇤ � |~p�⇤ |2 > 0E2

e⇤ � |~pe⇤ |2 > m2
e

(for me = 0)

�⇤ ! e� + e+
<latexit sha1_base64="AEErV9sh3j5iCwekRILQWJjeASo=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARxGKZEUGXRTcuK9gHdKYlk95pQ5OZIckIZezCX3HjQhG3/oY7/8b0sdDWAwmHc+7l3nuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxamkUKMxj2UzIAo4i6CmmebQTCQQEXBoBIObsd94AKlYHN3rYQK+IL2IhYwSbaSOfeD1iBCkfYo9HWNon+GS+Usdu+iUnQnwInFnpIhmqHbsL68b01RApCknSrVcJ9F+RqRmlMOo4KUKEkIHpActQyMiQPnZZP8RPjZKF4exNC/SeKL+7siIUGooAlMpiO6reW8s/ue1Uh1e+RmLklRDRKeDwpRjc+o4DNxlEqjmQ0MIlczsimmfSEK1iaxgQnDnT14k9fOy65Tdu4ti5XoWRx4doiN0glx0iSroFlVRDVH0iJ7RK3qznqwX6936mJbmrFnPPvoD6/MHINuUNg==</latexit><latexit sha1_base64="AEErV9sh3j5iCwekRILQWJjeASo=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARxGKZEUGXRTcuK9gHdKYlk95pQ5OZIckIZezCX3HjQhG3/oY7/8b0sdDWAwmHc+7l3nuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxamkUKMxj2UzIAo4i6CmmebQTCQQEXBoBIObsd94AKlYHN3rYQK+IL2IhYwSbaSOfeD1iBCkfYo9HWNon+GS+Usdu+iUnQnwInFnpIhmqHbsL68b01RApCknSrVcJ9F+RqRmlMOo4KUKEkIHpActQyMiQPnZZP8RPjZKF4exNC/SeKL+7siIUGooAlMpiO6reW8s/ue1Uh1e+RmLklRDRKeDwpRjc+o4DNxlEqjmQ0MIlczsimmfSEK1iaxgQnDnT14k9fOy65Tdu4ti5XoWRx4doiN0glx0iSroFlVRDVH0iJ7RK3qznqwX6936mJbmrFnPPvoD6/MHINuUNg==</latexit><latexit sha1_base64="AEErV9sh3j5iCwekRILQWJjeASo=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARxGKZEUGXRTcuK9gHdKYlk95pQ5OZIckIZezCX3HjQhG3/oY7/8b0sdDWAwmHc+7l3nuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxamkUKMxj2UzIAo4i6CmmebQTCQQEXBoBIObsd94AKlYHN3rYQK+IL2IhYwSbaSOfeD1iBCkfYo9HWNon+GS+Usdu+iUnQnwInFnpIhmqHbsL68b01RApCknSrVcJ9F+RqRmlMOo4KUKEkIHpActQyMiQPnZZP8RPjZKF4exNC/SeKL+7siIUGooAlMpiO6reW8s/ue1Uh1e+RmLklRDRKeDwpRjc+o4DNxlEqjmQ0MIlczsimmfSEK1iaxgQnDnT14k9fOy65Tdu4ti5XoWRx4doiN0glx0iSroFlVRDVH0iJ7RK3qznqwX6936mJbmrFnPPvoD6/MHINuUNg==</latexit><latexit sha1_base64="AEErV9sh3j5iCwekRILQWJjeASo=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARxGKZEUGXRTcuK9gHdKYlk95pQ5OZIckIZezCX3HjQhG3/oY7/8b0sdDWAwmHc+7l3nuChDOlHefbyi0tr6yu5dcLG5tb2zv27l5dxamkUKMxj2UzIAo4i6CmmebQTCQQEXBoBIObsd94AKlYHN3rYQK+IL2IhYwSbaSOfeD1iBCkfYo9HWNon+GS+Usdu+iUnQnwInFnpIhmqHbsL68b01RApCknSrVcJ9F+RqRmlMOo4KUKEkIHpActQyMiQPnZZP8RPjZKF4exNC/SeKL+7siIUGooAlMpiO6reW8s/ue1Uh1e+RmLklRDRKeDwpRjc+o4DNxlEqjmQ0MIlczsimmfSEK1iaxgQnDnT14k9fOy65Tdu4ti5XoWRx4doiN0glx0iSroFlVRDVH0iJ7RK3qznqwX6936mJbmrFnPPvoD6/MHINuUNg==</latexit>

“timelike” “timelike”

E2
�⇤ � |~p�⇤ |2 > 0 ?

E2
�⇤ � |~p�⇤ |2 < 0 ?

A)

B)

p1

p4

p3

p2

“timelike”

“spacelike”

Q: exchanged virtual photon is:



4) Perturbation Theory: Fermi’s Golden Rule
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๏Two basic ingredients to calculate decay rates and cross sections

Peter Skands Particle Physics

1) The amplitude for the process: ℳ 

Contains all the dynamical information; couplings, propagators, …  

Calculated by evaluating the relevant Feynman Diagrams, using the 
“Feynman Rules” for the interaction(s) in question

2) The phase space available for the process 

Contains only kinematical information; 

Depends only on external masses, momenta, energies; 

“Counts” the number/density of available final states

The Golden Rule is*:

*For a derivation, see QM (nonrelativistic) or QFT (relativistic)



5) Cross Sections and Decay Rates in Particle Physics
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๏Consider a beam of point-like particles traversing a depth d of a 
“target region”. The target region consists of tiny solid spheres, 
each having radius r. The number density of the tiny spheres is ρ.

Peter Skands Particle Physics

d

What is the probability that a single incoming 
particle (uniformly chosen) will hit one of the 

little spheres ? (assuming they do not “shadow” each other)

ρ : Total number of scattering 
centres per unit volume

(ρd) = Total number of scattering centres 
presented to the beam per unit area

(πr2) = Cross sectional area of each scattering 
centre as presented to the beam 

This will hit

This will not hit anything

(Could eg use this to define scattering length = 1/(ρσ)… but that is not our goal today)

Pscatter = ⇢ d (⇡r2)
<latexit sha1_base64="nbHJzmaVT+DZR1KTsiIP0GeMPp8=">AAACFnicdZDLSsNAFIYn9VbrLerSzWBRKmhIqqIboejGZQV7gSaGyWRih04uzEyEEvoUbnwVNy4UcSvufBsnbQoqemCGn++cw8z/ewmjQprmp1aamZ2bXygvVpaWV1bX9PWNtohTjkkLxyzmXQ8JwmhEWpJKRroJJyj0GOl4g4u837kjXNA4upbDhDghuo1oQDGSCrn6QdO1QyT7PMyEYpLwEdw9gzbvx9Deh35+1eyEQn5T34OuXjWNYzMvaBrmVBTEKkgVFNV09Q/bj3EakkhihoToWWYinQxxSTEjo4qdCpIgPEC3pKdkhEIinGxsawR3FPFhEHN1IgnH9PtGhkIhhqGnJnML4ncvh3/1eqkMTp2MRkkqSYQnDwUpgzKGeUbQp5xgyYZKIMyp+ivEfcQRVvGIigph6hT+L9p1wzo06ldH1cZ5EUcZbIFtUAMWOAENcAmaoAUwuAeP4Bm8aA/ak/aqvU1GS1qxswl+lPb+BYGanQE=</latexit>



Generalising the notion of cross section
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๏1) The beam is usually made of little spheres too 
•Should really talk about mutual cross-sectional area that the beam and 
target particles present to each other 
+ Lorentz Invariance: Whether the beam hits the target, or vice versa, 
should be equivalent. They hit each other (as they indeed do in colliders). 

๏2) Our spheres are not solid (nor do we think of them as  spheres) 
•We’re talking about (classical) potentials or (quantum) fields 

๏ Transition amplitudes, computed according to Fermi’s Golden rule 
๏ ~ wave function overlaps between in- and out-states 

•Classical hit or miss translates to scattering or transmission 
๏ Transmission: in = out  
๏ Scattering: in ≠ out  
๏ Related by Probability Conservation: 

Peter Skands Particle Physics

(Unitarity).

๏ Ptransmission = 1 - Pscattering 



Cross Section in Particle Physics
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๏Classical fixed-target solid spheres: 

๏Particle Physics: 

๏L: determined by beam: densities, etc. 
•Has units of flux: per unit area per unit time 
•E.g., LHC Run 1 had Lpp ~ 1033 cm-2 s-1 

๏σ: What we compute  
•Has units of area.  

๏ 1 barn = 10-24 cm2    ( ↔  rsphere ~ 6 x 10-15m) 
•~ Area two colliding particles present to each 
other; total or for specific interaction

Peter Skands Particle Physics

Pscatter = ⇢ d (⇡r2)
<latexit sha1_base64="nbHJzmaVT+DZR1KTsiIP0GeMPp8=">AAACFnicdZDLSsNAFIYn9VbrLerSzWBRKmhIqqIboejGZQV7gSaGyWRih04uzEyEEvoUbnwVNy4UcSvufBsnbQoqemCGn++cw8z/ewmjQprmp1aamZ2bXygvVpaWV1bX9PWNtohTjkkLxyzmXQ8JwmhEWpJKRroJJyj0GOl4g4u837kjXNA4upbDhDghuo1oQDGSCrn6QdO1QyT7PMyEYpLwEdw9gzbvx9Deh35+1eyEQn5T34OuXjWNYzMvaBrmVBTEKkgVFNV09Q/bj3EakkhihoToWWYinQxxSTEjo4qdCpIgPEC3pKdkhEIinGxsawR3FPFhEHN1IgnH9PtGhkIhhqGnJnML4ncvh3/1eqkMTp2MRkkqSYQnDwUpgzKGeUbQp5xgyYZKIMyp+ivEfcQRVvGIigph6hT+L9p1wzo06ldH1cZ5EUcZbIFtUAMWOAENcAmaoAUwuAeP4Bm8aA/ak/aqvU1GS1qxswl+lPb+BYGanQE=</latexit>

Event Rate = Luminosity⇥ �
<latexit sha1_base64="oFZD5KLIFCzynd5xX+iuej0jv7Q="></latexit>

Event Rate = Luminosity⇥ �
<latexit sha1_base64="oFZD5KLIFCzynd5xX+iuej0jv7Q="></latexit>



๏What we actually measure is typically a cross section times a 
branching fraction 

•E.g., the event rate for h0→γγ observed at LHC is compared to a 
theoretical calculation of 

๏ N(h0→γγ)LHC  =   σ(pp→h0)LHC  *  BR(h0→γγ)   *   Lpp  

๏

Event Rates with Decays

!13Peter Skands Particle Physics

* <efficiency>

�i : “Partial Width”

Branching Ratio : BR(i) =
�iP
j �jor “branching fraction”

� =
X

i

�i

“Total Decay Width”: 

Citation: K.A. Olive et al. (Particle Data Group), Chin. Phys. C38, 090001 (2014) (URL: http://pdg.lbl.gov)

2.602 ±0.004 AYRES 71 CNTR ±

2.604 ±0.005 NORDBERG 67 CNTR +
2.602 ±0.004 ECKHAUSE 65 CNTR +

• • • We do not use the following data for averages, fits, limits, etc. • • •

2.640 ±0.008 11 KINSEY 66 CNTR +

10KOPTEV 95 combines the statistical and systematic errors; the statistical error domi-
nates.

11 Systematic errors in the calibration of this experiment are discussed by NORDBERG 67.

(τ π+ − τ π−) / τ average(τ π+ − τ π−) / τ average(τ π+ − τ π−) / τ average(τ π+ − τ π−) / τ average

A test of CPT invariance.

VALUE (units 10−4) DOCUMENT ID TECN

5.5± 7.15.5± 7.15.5± 7.15.5± 7.1 AYRES 71 CNTR

• • • We do not use the following data for averages, fits, limits, etc. • • •

−14 ±29 PETRUKHIN 68 CNTR
40 ±70 BARDON 66 CNTR
23 ±40 12 LOBKOWICZ 66 CNTR

12This is the most conservative value given by LOBKOWICZ 66.

π
+ DECAY MODESπ
+ DECAY MODESπ
+ DECAY MODESπ
+ DECAY MODES

π− modes are charge conjugates of the modes below.

For decay limits to particles which are not established, see the section on
Searches for Axions and Other Very Light Bosons.

Mode Fraction (Γi /Γ) Confidence level

Γ1 µ
+

νµ [a] (99.98770±0.00004) %

Γ2 µ
+

νµ γ [b] ( 2.00 ±0.25 ) × 10−4

Γ3 e+
νe [a] ( 1.230 ±0.004 ) × 10−4

Γ4 e+
νe γ [b] ( 7.39 ±0.05 ) × 10−7

Γ5 e+
νe π

0 ( 1.036 ±0.006 ) × 10−8

Γ6 e+
νe e+ e− ( 3.2 ±0.5 ) × 10−9

Γ7 e+
νe ν ν < 5 × 10−6 90%
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How does a particle decay?
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๏It sits in its rest frame and gets time evolved, by eiHt 
•Unstable ➜ H contains operators that want to annihilate it (+ create decay products) 
•Decay probability per unit time: 

•

Peter Skands Particle Physics

dN = ��Ndt N(t) = N(0)e��t
➜ ➜ ⌧ =

1

�
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Ordinary time evolution (of stable 
particle at rest with mass m)

Decay 
term

A(t) / e�imt��t
2
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0
e�t[i(m�E)+�/2]dt
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Fourier transform ➜ an infinite set of plane waves 
of different energies that add up to a decaying wave

|�(E)|2 =
1

(E �m)2 + �2/4
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Exponential decay in 
time ➜ “Breit-Wigner” 
in momentum-space  

Note: I used only time component of plane 
wave in A(t) here ➜ non-relativistic BW 
~ Heisenberg : ΔΕ = (E-m) ~ Γ ~ 1/Δt 

•N(t) ~ squared amplitude. Amplitude itself must then be proportional to:

(heuristic derivation)



Resonance Shapes & Kinematic Thresholds
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๏Kinematic Thresholds 
•A particle cannot be produced (on shell) unless the colliding particles have 
enough CM energy to create its rest mass  
•… & cannot decay to any (combination of) on-shell particles heavier than itself  

Peter Skands Particle Physics

๏Resonance Shapes …  
•Heisenberg: the energy is uncertain… 
•If a particle is unstable (has a non-zero 
decay rate), then we at most have the 
duration of its life to measure its energy.  

๏Analogous to line-broadening of lines in 
spectra of excited atoms 

Relativistic BW 

a nominal mass below the KK threshold, but a tail extending beyond that threshold, and

therefore a non-negligible branching ratio to the KK channel.

In view of examples like these, no attempt is made to provide a full description. Instead

a simplified description is used, which should be enough to give the general smearing of

events due to mass broadening, but maybe not sufficient for detailed studies of a specific

resonance. By default, hadrons are therefore given a mass distribution according to a

non-relativistic Breit–Wigner

P(m) dm ∝ 1

(m − m0)2 + Γ2/4
dm . (13.2)

Leptons and resonances not taken care of by the hard process machinery are distributed

according to a relativistic Breit–Wigner

P(m2) dm2 ∝ 1

(m2 − m2
0)

2 + m2
0Γ2

dm2 . (13.3)

Here m0 and Γ are the nominal mass and width of the particle. The Breit–Wigner shape

is truncated symmetrically, |m − m0| < δ, with δ arbitrarily chosen for each particle so

that no problems are encountered in the decay chains. It is possible to switch off the mass

broadening, or to use either a non-relativistic or a relativistic Breit–Wigners everywhere.

The f0 problem has been ‘solved’ by shifting the f0 mass to be slightly above the KK

threshold and have vanishing width. Then kinematics in decays f0 → KK is reasonably

well modelled. The f0 mass is too large in the f0 → ππ channel, but this does not really

matter, since one anyway is far above threshold here.

13.2.3 Lifetimes

Clearly the lifetime and the width of a particle are inversely related. For practical applica-

tions, however, any particle with a non-negligible width decays too close to its production

vertex for the lifetime to be of any interest. In the program, the two aspects are therefore

considered separately. Particles with a non-vanishing nominal proper lifetime τ0 = ⟨τ⟩ are

assigned an actual lifetime according to

P(τ) dτ ∝ exp(−τ/τ0) dτ , (13.4)

i.e. a simple exponential decay is assumed. Since the program uses dimensions where the

speed of light c ≡ 1, and space dimensions are in mm, then actually the unit of cτ0 is mm

and of τ0 itself mm/c ≈ 3.33 × 10−12 s.

If a particle is produced at a vertex v = (x, t) with a momentum p = (p, E) and a

lifetime τ , the decay vertex position is assumed to be

v′ = v + τ
p

m
, (13.5)

where m is the mass of the particle. With the primary interaction (normally) in the origin,

it is therefore possible to construct all secondary vertices in parallel with the ordinary decay

treatment.

– 467 –

~ distribution of off-shellness of 
virtual particle with m2 = E2 - p2 ≠ m02

(+ further subtleties, not covered here:  normalisation, running widths, multiple resonances, 
radiation off unstable particles, large widths, …)



Making Predictions
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⇤⌅

Ncount(⇤⌅) /
Z

⇥⌅
d⌅

d�

d⌅

1

⇤⌅

Ncount(⇤⌅) /
Z

⇥⌅
d⌅

d�

d⌅

1

In particle physics → Integrate 
differential cross sections over 
specific phase-space regions

LHC detector 
Cosmic-Ray detector 

Neutrino detector 
X-ray telescope 

LIGO 
…

source

d
⌦

=
d
co
s
✓d

�

Scattering 
Experiments:

What can our incoming and outgoing states be?  
How do we calculate transition rates between them?   
What kinds of observables can/should we measure?   
How do we accurately relate measured observables to calculated/
predicted transition rates?

Test model predictions by comparing to measurements



Peter Skands

๏Approximate all contributing amplitudes for this … 
•To all orders…then square including interference effects, … 
•+ non-perturbative effects

dσ/dΩ; how hard can it be?

!17

Too much for us (today). 

… integrate it 
over a ~300-
dimensional 
phase space

Candidate tt̄H event
ATLAS-PHOTO-2016-014-13

(+ recall that 
collider 

delivers 40 
million of 
these per 
second)



Peter Skands

What can our (incoming and outgoing) states be?

!18

Quantum Fields of the 
Standard Model

+ anti-leptons

+ anti-quarks

8 “colours” 
of gluons

each comes  
in 3 “colours”

Spin-1

Spin-0

Sp
in

-1
/2

Sp
in

-1
/2

The LHC collides 
protons … 



Colliding Protons
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๏What are we really colliding? 
•Take a look at the quantum level 

๏

Peter Skands Particle Physics

u u

d

๏Hadrons are 
composite, with time-
dependent structure

Parton Distribution Functions

Hadrons are composite, with time-dependent structure:

u
d
g
u

p

fi(x, Q2) = number density of partons i
at momentum fraction x and probing scale Q2.

Linguistics (example):
F2(x, Q2) =

∑

i

e2i xfi(x, Q2)

structure function parton distributions

z}|{ <latexit sha1_base64="5908dNHyEDP1woOqzatAGLOe9XI=">AAACKXiclVBNSwMxEM36WevXqkcvwSJ4KrtV0GPRi8cK9gPapWTT2TY0myxJVihL/Tle/CteFBT16h8xbfegrRcfDDzem2FmXphwpo3nfThLyyura+uFjeLm1vbOrru339AyVRTqVHKpWiHRwJmAumGGQytRQOKQQzMcXk385h0ozaS4NaMEgpj0BYsYJcZKXbeKO9L6oSIUsvv/YpyNu27JK3tT4EXi56SEctS67kunJ2kagzCUE63bvpeYICPKMMphXOykGhJCh6QPbUsFiUEH2fTTMT62Sg9HUtkSBk/VnxMZibUexaHtjIkZ6HlvIv7ltVMTXQQZE0lqQNDZoijl2Eg8iQ33mAJq+MgSQhWzt2I6IDY1Y8Mt2hD8+ZcXSaNS9k/LlZuzUvUyj6OADtEROkE+OkdVdI1qqI4oekBP6BW9OY/Os/PufM5al5x85gD9gvP1DUwHrXI=</latexit>

Describe this mess statistically ➜ parton distribution functions (PDFs)

PDFs:  fi(x,QF2)      i∈[u,d,s,c,b,g] 
Probability to find parton of flavour i with momentum fraction x, as 
function of “resolution scale” QF ~ virtuality / inverse lifetime of fluctuation



Why PDFs work 1: heuristic explanation
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๏Lifetime of typical fluctuation ~ rp/c (=time it takes light to cross a proton) 
•~ 10-23 s; Corresponds to a frequency of ~ 500 billion THz 

๏To the LHC, that’s slow! (reaches “shutter speeds” thousands of times faster) 
•Planck-Einstein: E=hν ➜ νLHC = 13 TeV/h = 3.14 million billion THz 

๏➜ Protons look “frozen” at moment of collision 
•But they have a lot more than just two “u” quarks and a “d” inside 

๏Hard/impossible to calculate, so use statistics to parametrise the 
structure: parton distribution functions (PDFs) 

•Every so often I will pick a gluon, every so often a quark (antiquark) 
•Measured at previous colliders  
•Expressed as functions of energy fractions, x, and resolution scale, Q2 
•+ obey known scaling laws df / dQ2 : “DGLAP equations”.

Peter Skands Particle Physics



Why PDFs work 2: Deep Inelastic Scattering
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๏Inelastic = proton breaks up 
•

Peter Skands Particle Physics

Incoming relativistic 
electron (or positron)

Scattered electron

q2 = (k - k’)2 < 0 (spacelike) 
So use Q2 = -q2 or τ = Q2/(4Mp2)

Lep
to

nic 
p

art ~
 clean

H
ad

ro
nic 

p
art : m

essy

Deep = invariant mass of final 
hadronic system ≫ Mproton



Why PDFs work 2: factorisation in DIS
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๏Collins, Soper (1987): Factorisation in Deep Inelastic Scattering  
•

Peter Skands Particle Physics

�Q2

Lepton
Scattered 
Lepton

Scattered 
Quark

Deep Inelastic 
Scattering (DIS) 

Sum over 
Initial (i) 

and final (f) 
parton flavors

= Final-state  
phase space

�f Differential partonic 
Hard-scattering 

Matrix Element(s)

�`h =
X

i

X

f

Z
dxi

Z
d�f fi/h(xi, Q

2
F )

d�̂`i!f (xi,�f , Q2
F )

dxi d�f

→ The cross section can be written in factorised form :

= PDFs 
Assumption: 

Q2 = QF2

fi/h

fi/h

�̂
xi

f



Distribution of quarks in x
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★                   is the number of quarks of type q within a proton with momentum 
fractions between  

★ Expected form of the parton distribution function ?

Single Dirac  
 proton

Three static  
 quarks

Three interacting  
 quarks

+higher orders

1 ⅓ 1 ⅓ 1 ⅓ 1



Parton Distribution Functions (PDFs)
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๏qi(x,Q2) = probability density to find quark of type i carrying 
momentum fraction x, when probing the proton at momentum 
transfer t = qµqµ = -Q2. 

Peter Skands Particle Physics

Let qm be the four-momentum transferred from the electron to the parton. Let us

assume the mass m of the parton to be negligible and write

m2 ¼ ðxPl þ qlÞðxPl þ qlÞ % 0

i.e.

x2m2
p & Q2 þ 2xPlq

l ¼ 0

and, if Q2>>x2m2
p

x ¼ Q2

2Plql ¼
Q2

2mmp
: ð6:31Þ

If this model is correct, the dependence of the structure function onQ2 for a fixed x

is the Fourier transform of the charge distribution in the parton that is found at x. If

the parton is point-like then that transform is a constant, independent of Q2.

Moreover, the structure function should depend on x only. In other words, the

function should not vary when m and Q2 vary, provided their ratio is kept constant.

This property is known as the Bjorken ‘scaling law’ from the name of its discoverer

(Bjorken 1969).

Let us now move on to another pair of kinematic variables, x and Q2, and let us

also define the dimensionless structure function F2 (while W2 is dimensionally an

inverse energy)

F2 x;Q2
! "

' mW2 Q2; m
! "

: ð6:32Þ

The scaling law foresees that the values of F2 measured for different values of Q2

must be equal if x is the same. This is just what is shown by the data, as we shall see

immediately, confirming that the scattering centres inside the nucleon are point-

like and hard. Therefore, the quarks, which had been introduced to explain hadron

spectroscopy, are physical, not purely mathematical, objects.

Pm
xPm

qm

e
e

proton

Fig. 6.13. Proton structure and kinematics of deep inelastic scattering in the
infinite-momentum frame.

6.3 Nucleon structure 207

one extracts the structure functions

mlp
F
mlp
2 xð Þ
x

¼ 2 d xð Þ þ !u xð Þ½ & ð6:42aÞ

!mlp
F
!mlp
2 xð Þ
x

¼ 2 u xð Þ þ !d xð Þ½ & ð6:42bÞ

where the factor 2 comes from the V – A structure of the weak interaction that we

shall study in Chapter 7. Actually, there are other pieces of experimental infor-

mation that we shall not discuss. Without entering into details we give the results in

Fig. 6.14. The bands are the uncertainties on the corresponding function.

We make the following observations: the valence quark distributions have a

broad maximum in the range x ¼ 0.15–0.3, and go to zero both for x! 0 and for

x! 1. The probability of a valence quark having more than, say, 70% of the

momentum is rather small. The sea quarks, on the contrary, have high probabilities

at very low momentum fractions, less than x' 0.3.

Question 6.2 Show that the cross sections mln and !vln give the same relation-

ships as (6.42).

One might think that the sum of the momenta carried by all the quarks and

antiquarks is the nucleon momentum, but this is not so. Indeed, integrating the

measured distribution functions one obtains
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Fig. 6.14. The parton distribution functions. (Yao et al. 2006 by permission of
Particle Data Group and the Institute of Physics)
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Let qm be the four-momentum transferred from the electron to the parton. Let us

assume the mass m of the parton to be negligible and write

m2 ¼ ðxPl þ qlÞðxPl þ qlÞ % 0

i.e.

x2m2
p & Q2 þ 2xPlq

l ¼ 0

and, if Q2>>x2m2
p

x ¼ Q2

2Plql ¼
Q2

2mmp
: ð6:31Þ

If this model is correct, the dependence of the structure function onQ2 for a fixed x

is the Fourier transform of the charge distribution in the parton that is found at x. If

the parton is point-like then that transform is a constant, independent of Q2.

Moreover, the structure function should depend on x only. In other words, the

function should not vary when m and Q2 vary, provided their ratio is kept constant.

This property is known as the Bjorken ‘scaling law’ from the name of its discoverer

(Bjorken 1969).

Let us now move on to another pair of kinematic variables, x and Q2, and let us

also define the dimensionless structure function F2 (while W2 is dimensionally an

inverse energy)

F2 x;Q2
! "

' mW2 Q2; m
! "

: ð6:32Þ

The scaling law foresees that the values of F2 measured for different values of Q2

must be equal if x is the same. This is just what is shown by the data, as we shall see

immediately, confirming that the scattering centres inside the nucleon are point-

like and hard. Therefore, the quarks, which had been introduced to explain hadron

spectroscopy, are physical, not purely mathematical, objects.

Pm
xPm

qm

e
e

proton

Fig. 6.13. Proton structure and kinematics of deep inelastic scattering in the
infinite-momentum frame.
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vertical displacement. A brilliant solution was found by K. Brown and B. Richter

who proposed a novel optics arrangement made of two vertical bending stages, the

first upwards, the second downwards, but both contributing in the same direction to

the dispersion. In such a way the vertical dimension was kept within bounds. The

first experimental results for a 17 GeV energy beam were published in 1969.

Figure 6.11 shows the kinematics and defines the relevant variables. To detect

small structures inside the nucleon we must hit them violently, breaking the

nucleon. The process is called ‘deep inelastic scattering’ (DIS).

We must now define the kinematic variables that we shall use. The first is the

four-momentum transfer to the nucleon, t, which is negative. To follow conven-

tion, we also define its opposite Q2. With reference to Fig. 6.11 we have

!Q2 " t ¼ qlql " E 0 ! Eð Þ2!ðp0 ! pÞ2: ð6:25Þ

20 GeV

8 GeV

1.6 GeV
Target

Incident
Beam Exit Beam

FEET
0 25 50 75

Detectors

Shielding
&

Fig. 6.10. The spectrometers ride on rails and can be rotated about the target to
change the angle of the detected electrons. The detectors are inside the heavy
shielding structures visible at the ends of the spectrometers. (Taylor 1991.
Courtesy of SLAC and ª Nobel Foundation 1990)

pm = p,E

Pm = P,v
qm

p' m
= p',E'

u

X

Fig. 6.11. Sketch of the deep inelastic scattering.
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Being at high enough energy, we can neglect the electron mass, obtaining

qlql ¼ 2m2
e " 2 EE 0 " pp 0 cos hð Þ % "2EE 0 1" cos hð Þ

¼ "4EE 0 sin2
h
2
¼ "Q2:

ð6:26Þ

We see that to know Q2 we must measure the scattered electron energy E 0 and its

direction h. Another invariant quantity that can be measured is the square of the

mass of the hadronic system W2

W2 ¼ Pl þ ql
! "

Pl þ qlð Þ ¼ m2
p þ 2Plq

l " Q2 ¼ m2
p þ 2mpm" Q2: ð6:27 Þ

In the last member we have introduced a further Lorentz-invariant quantity

m ' Plq
l=mp: ð6:28 Þ

To see its physical meaning we look at its expression in the laboratory frame, where

Pm¼ (mp, 0) and qm¼ (E"E 0, q). Therefore

m ¼ E " E 0: ð6:29 Þ

We see that m is the energy transferred to the target in the laboratory frame. We

determine it by measuring E 0 and knowing the incident energy. We then use the

two variables m and Q2 that are measured as just specified.

In the previous section we have given the Mott cross section, which is valid in

conditions similar to those we are considering now for point-like targets. One can

show that the scattering cross section from a target with a certain structure can be

expressed in terms of two ‘structure functions’ W1(Q
2, m) and W2(Q

2, m). The
former describes the interaction between the electron and nucleon magnetic

moments, and as such is sensitive to the current density distribution in the nucleon;

the latter describes the interaction between the charges and is sensitive to the

charge distribution. In the kinematic conditions of the experiments that we shall

consider the contribution of W1 is negligible and we have

dr
dX dE 0 ¼

dr
dX

# $

point

W2 Q2; m
! "

: ð6:30Þ

To determine the function W2(Q
2, m) experimentally one measures the deep

inelastic differential cross section at several values of Q2 and m, or, in practice, for
different beam energies and scattering angles.

The main results of the measurements made at SLAC with the above-described

spectrometers are shown in Fig. 6.12. Three sets of data points are shown, each for a

different fixed value of the hadronic mass W. The points are the measured cross
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�ELAB = (E � E0)LAB

= ⌫ = pµq
µ/mp
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What can you say 
about the proton 
from this picture?

Note: showing momentum density, xf(x), rather than number density 
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๏PDFs not a priori calculable. Parametrised as functions of x and fit to data 
•But, similarly to the running of αs, the “scaling violation” = running of the 
PDFs with Q2 is calculable in perturbation theory (not covered in this course)     
•➤ a differential equation, called the “DGLAP equation” for dfi(x,Q2)/dlnQ2  

๏ If  you have measured the PDFs at one Q2, their form at some other Q2 is 
calculable; measurements at different Q2 values constrain the same f 

๏There must also be some “sum rules” 
•Example: total number of up quarks must be 2. 

•Similarly, total number of down quarks must be = 1; other flavours = 0. 

•Total momentum fraction summed over all partons = 1.

Peter Skands Particle Physics

Z 1

0
uval(x)dx ⇠

Z 1

0
(u(x)� usea(x))dx =

Z 1

0
(u(x)� ū(x))dx = 2
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xfi(x)dx = 1
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one extracts the structure functions

mlp
F
mlp
2 xð Þ
x

¼ 2 d xð Þ þ !u xð Þ½ & ð6:42aÞ

!mlp
F
!mlp
2 xð Þ
x

¼ 2 u xð Þ þ !d xð Þ½ & ð6:42bÞ

where the factor 2 comes from the V – A structure of the weak interaction that we

shall study in Chapter 7. Actually, there are other pieces of experimental infor-

mation that we shall not discuss. Without entering into details we give the results in

Fig. 6.14. The bands are the uncertainties on the corresponding function.

We make the following observations: the valence quark distributions have a

broad maximum in the range x ¼ 0.15–0.3, and go to zero both for x! 0 and for

x! 1. The probability of a valence quark having more than, say, 70% of the

momentum is rather small. The sea quarks, on the contrary, have high probabilities

at very low momentum fractions, less than x' 0.3.

Question 6.2 Show that the cross sections mln and !vln give the same relation-

ships as (6.42).

One might think that the sum of the momenta carried by all the quarks and

antiquarks is the nucleon momentum, but this is not so. Indeed, integrating the

measured distribution functions one obtains

Z1

0

x u xð Þ þ d xð Þ þ !u xð Þ þ !d xð Þ þ s xð Þ þ !s xð Þ½ &dx ' 0:50: ð6:43Þ
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Fig. 6.14. The parton distribution functions. (Yao et al. 2006 by permission of
Particle Data Group and the Institute of Physics)
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Gluons carry ≈ half of the 
proton momentum

Sum over quark x fractions with realistic (measured) PDFs: 

( )
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๏OK, protons ~ bags of partons with distributions f(x,Q2) 
๏Now want to compute the distribution of some observable: O 

•In “inclusive X production” (suppressing PDF factors)

Peter Skands Particle Physics

Truncate at                     , 
→ Born Level = First Term 

Lowest order at which X happens

k = 0, ` = 0

Phase Space

Cross Section 
differentially in O

Matrix Elements
for X+k at (𝓁) loops

Sum over identical
amplitudes, then square

Evaluate observable 
→ differential in O

Momentum
configuration

d�

dO

����
ME

=
X

k=0

Z
d�X+k

�����
X

`=0

M (`)
X+k

�����

2

�
�
O �O({p}X+k)

�Fixed Order
(All Orders)

Sum over 
“anything” ≈ legs

X + anything
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๏Another representation

Peter Skands Particle Physics

P. Skands Introduction to QCD
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Figure 12: Coefficients of the perturbative series covered by LO calculations. Left: F pro-
duction at lowest order. Right: F + 2 jets at LO, with the half-shaded box illustrating the
restriction to the region of phase space with exactly 2 resolved jets. The total power of ↵s for
each coefficient is n = k + `. (Photo of Max Born from nobelprize.org).

The essence of the point is that, if the regularization scale is taken too low, logarithmic
enhancements of the type

↵
n
s lnm2n

✓
Q

2

F

Q
2

k

◆
(45)

will generate progressively larger corrections, order by order, which will spoil any fixed-order
truncation of the perturbative series. Here, QF is the hard scale associated with the process
under consideration, while Qk is the scale associated with an additional parton, k.

A good rule of thumb is that if �k+1 ⇡ �k (at whatever order you are calculating), then the
perturbative series is converging too slowly for a fixed-order truncation of it to be reliable. For
fixed-order perturbation theory to be applicable, you must place your cuts on the hard process
such that �k+1 ⌧ �k. In the discussion of parton showers in Section 3.2, we shall see how the
region of applicability of perturbation theory can be extended.

The virtual amplitudes, for ` � 1, are divergent for any point in phase space. However,
as encapsulated by the famous KLN theorem [51, 52], unitarity (which essentially expresses
probability conservation) puts a powerful constraint on the IR divergences16, forcing them to
cancel exactly against those coming from the unresolved real emissions that we had to cut out
above, order by order, making the complete answer for fixed k + ` = n finite17 Nonetheless,
since this cancellation happens between contributions that formally live in different phase
spaces, a main aspect of loop-level higher-order calculations is how to arrange for this cancel-
lation in practice, either analytically or numerically, with many different methods currently on
the market. We shall discuss the idea behind subtraction approaches in section 2.4.

A convenient way of illustrating the terms of the perturbative series that a given matrix-
element-based calculation includes is given in figure 12. In the left-hand pane, the shaded
box corresponds to the lowest-order “Born-level” matrix element squared. This coefficient
is non-singular and hence can be integrated over all of phase space, which we illustrate by
letting the shaded area fill all of the relevant box. A different kind of leading-order calculation

16The loop integrals also exhibit UV divergences, but these are dealt with by renormalization.
17Formally, the KLN theorem states that the sum over degenerate quantum states is finite. In context of fixed-

order perturbation theory, this is exemplified by states with infinitely collinear and/or soft radiation being degen-
erate with the corresponding states with loop corrections.
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๏Another representation

Peter Skands Particle Physics

Note: (X+1)-jet observables only correct at LO

P. Skands Introduction to QCD
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Figure 13: Coefficients of the perturbative series covered by NLO calculations. Left: F produc-
tion at NLO. Right: F + 1 jet at NLO, with half-shaded boxes illustrating the restriction to the
region of phase space with exactly 1 resolved jet. The total power of ↵s for each coefficient is
n = k + `.

is illustrated in the right-hand pane of figure 12, where the shaded box corresponds to the
lowest-order matrix element squared for F + 2 jets. This coefficient diverges in the part of
phase space where one or both of the jets are unresolved (i.e., soft or collinear), and hence
integrations can only cover the hard part of phase space, which we reflect by only shading the
upper half of the relevant box.

Figure 13 illustrates the inclusion of NLO virtual corrections. To prevent confusion, first a
point on notation: by �

(1)

0
, we intend

�
(1)

0
=

Z
d�0 2Re[M(1)

0
M

(0)⇤
0

] , (46)

which is of order ↵s relative to the Born level. Compare, e.g., with the expansion of equa-
tion (44) to order k + ` = 1. In particular, �

(1)

0
should not be confused with the integral over

the 1-loop matrix element squared (which would be of relative order ↵
2
s and hence forms part

of the NNLO coefficient �
(2)

0
). Returning to figure 13, the unitary cancellations between real

and virtual singularities imply that we can now extend the integration of the real correction in
the left-hand pane over all of phase space, while retaining a finite total cross section,

�
NLO

0 =

Z
d�0 |M

(0)

0
|
2 +

Z
d�1 |M

(0)

1
|
2 +

Z
d�0 2Re[M(1)

0
M

(0)⇤
0

]

= �
(0)

0
+ �

(0)

1
+ �

(1)

0
,

(47)

with �
(0)

0
the finite Born-level cross section, and the positive divergence caused by integrating

the second term over all of phase space is canceled by a negative one coming from the inte-
gration over loop momenta in the third term. One method for arranging the cancellation of
singularities — subtraction — is discussed in section 2.4.

However, if our starting point for the NLO calculation is a process which already has a
non-zero number of hard jets, we must continue to impose that at least that number of jets
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๏Another representation

Peter Skands Particle Physics

Note: X+2 jet 
observables 

only correct at 
LO

Note: X+1 jet 
observables 

only correct at 
NLO

P. Skands Introduction to QCD
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Figure 14: Coefficients of the perturbative series covered by an NNLO calculation. The total
power of ↵s for each coefficient is n = k + `. Green shading represents the full perturbative
coefficient at the respective k and `.

must still be resolved in the final-state integrations,

�
NLO
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Z
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1
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(48)
where the restriction to at least one jet having p? > p?min has been illustrated in the right-
hand pane of figure 13 by shading only the upper part of the relevant boxes. In the second
term in equation (48), the notation p?1 is used to denote that the integral runs over the phase
space in which at least one “jet” (which may consist of one or two partons) must be resolved
with respect to p?min. Here, therefore, an explicit dependence on the algorithm used to define
“a jet” enters for the first time. This is discussed in more detail in the 2009 ESHEP lectures by
Salam [53].

To extend the integration to cover also the case of 2 unresolved jets, we must combine the
left- and right-hand parts of figure 13 and add the new coefficient

�
(2)

0
= |M

(1)

0
|
2 + 2Re[M(2)

0
M

(0)⇤
0

] , (49)

as illustrated by the diagram in figure 14.

2.4 The Subtraction Idea

According to the KLN theorem, the IR singularities coming from integrating over collinear and
soft real-emission configurations should cancel, order by order, by those coming from the IR
divergent loop integrals. This implies that we should be able to rewrite e.g. the NLO cross
section, equation (47), as

�
NLO = �

Born + Finite

⇢Z
d�F+1 |M

(0)

F+1
|
2

�
+ Finite

⇢Z
d�F 2Re[M(1)

F M
(0)⇤
F ]

�
,(50)

with the second and third terms having had their common (but opposite-sign) singularities
canceled out and some explicitly finite quantities remaining.
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X @ NNLO 
(includes X+1 @ NLO) 
(includes X+2 @ LO)



�NLO(e
+e� ! qq̄) = �LO(e

+e� ! qq̄)

✓
1 +

↵s(ECM)

⇡
+O(↵2

s)

◆

Cross sections at NLO: a closer look
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๏NLO: 

๏KLN Theorem (Kinoshita-Lee-Nauenberg) 
•Sum over ‘degenerate quantum states’ : Singularities cancel at 
complete order (only finite terms left over)
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(note: this is not the 1-loop diagram squared)

LO, NLO, etc

⇥Born =

⇤
|M (0)

X |2

⇥LO
X+1(R) =

⇤

R
|M (0)

X+1|
2

⇥NLO
X = ⇥Born +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X =

⇤
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⇤
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X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X = ⇥Born+Finite

⌅⇤
|M (0)

X+1|
2

�
+Finite

⌅⇤
2Re[M (1)

X M (0)�
X ]

�

⇥NLO
X = ⇥Born(1 + K)

⇥NNLO
X = ⇥NLO

X +

⇤ ⇥
|M (1)

X |2 + 2Re[M (2)
X M (0)�

X ]
⇧
+

⇤
2Re[M (1)

X+1M
(0)�
X+1]+

⇤
|M (0)

X+2|
2
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Z decay:

q

q q

q

∑

colours

|M |2 =

∝ δijδ
∗
ji

= Tr[δij]

= NC

LO, NLO, etc

⇥Born =

⇤
|M (0)

X |2

⇥LO
X+1(R) =

⇤

R
|M (0)

X+1|
2

⇥NLO
X = ⇥Born +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X =

⇤
|M (0)

X |2 +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X = ⇥Born+Finite

⌅⇤
|M (0)

X+1|
2

�
+Finite

⌅⇤
2Re[M (1)

X M (0)�
X ]

�

⇥NLO
X = ⇥Born(1 + K)

⇥NNLO
X = ⇥NLO

X +

⇤ ⇥
|M (1)

X |2 + 2Re[M (2)
X M (0)�

X ]
⇧
+

⇤
2Re[M (1)

X+1M
(0)�
X+1]+

⇤
|M (0)

X+2|
2

14

X(2) X+1(2) …

X(1) X+1(1) …

Born X+1(0) X+2(0)



Note on Observables
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QCD lecture 4 (p. 29)

Jets

Cones
Consequences of collinear unsafety

jet 2
jet 1jet 1jet 1 jet 1

αs x (+ )∞nαs x (− )∞n αs x (+ )∞nαs x (− )∞n

Collinear Safe Collinear Unsafe

Infinities cancel Infinities do not cancel

Invalidates perturbation theory

Invalidates perturbation theory(KLN: ‘degenerate states’)

Virtual and Real go into different bins!Virtual and Real go into same bins!

(example by G. Salam)

Not all observables can be computed perturbatively:



Perturbatively Calculable ⟺ “Infrared and Collinear Safe”

!32

๏Definition: an observable is infrared and collinear 
safe if it is insensitive to

Peter Skands Particle Physics

SOFT radiation:  
Adding any number of infinitely soft particles (zero-energy)  

should not change the value of the observable

COLLINEAR radiation: 
Splitting an existing particle up into two comoving ones 

(conserving the total momentum and energy)  
should not change the value of the observable

More on this tomorrow



Structure of an NNLO calculation
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๏NNLO
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LO, NLO, etc

⇥Born =

⇤
|M (0)

X |2

⇥LO
X+1(R) =

⇤

R
|M (0)

X+1|
2

⇥NLO
X = ⇥Born +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X =

⇤
|M (0)

X |2 +

⇤
|M (0)

X+1|
2 +

⇤
2Re[M (1)

X M (0)�
X ]

⇥NLO
X = ⇥Born+Finite

⌅⇤
|M (0)

X+1|
2

�
+Finite

⌅⇤
2Re[M (1)

X M (0)�
X ]

�

⇥NLO
X = ⇥Born(1 + K)

⇥NNLO
X = ⇥NLO

X +

⇤ ⇥
|M (1)

X |2 + 2Re[M (2)
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X ]
⇧
+

⇤
2Re[M (1)
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(0)�
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⇤
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2
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1-Loop × 1-Loop

Z � 2 2-loop:
qk

qi

qj

gij
a

qk

gjk
b

qj

qi

qk

qk

17

Z � 2 1-loop squared:

qk

qi

qk

gik
a

qi

qk

qi

qk

gik
a

qi

18

Z � 2 1-loop squared:

qj

qi

qk

gik
c

qi
gjk

agij
b

qj

qk

qk

gjk
a

18

Z � 4:
qj

qi

qk

gik
a

qi
gij

b

qj

qi

qk

gik
a

qi
gij

b

19

X(2) X+1(2) …

X(1) X+1(1) …

Born X+1(0) X+2(0)

Two-Loop × Born Interference

1-Loop × Real (X+1)

Real × Real (X+2)



Summary
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๏Particle Physics Basics: Scattering Experiments 
•Natural units                   ➜ everything in MeV, GeV, TeV, to some power 
•Event Rate = Luminosity * Cross Section  
•Cross section ~ effective area two colliding particles present to each other 
(longitudinally boost invariant); can be total or partial 
•Virtual Particles: Lorentz invariant version of Heisenberg uncertainty  

๏ Cast in terms of  “off-shell” particles with E2 - p2 ≠ m2.  
๏ Can only appear as intermediate states in diagrams, not as in- or outgoing states. 

•Unstable Particles: Fourier transform of exponential decay → Breit-Wigner 

๏Factorisation (assuming proof from DIS extends to pp):  
•σhadron-hadron = PDFs ⊗ σparton-parton 
•

Peter Skands Particle Physics

•can be calculated in perturbative QFT 
•

•“universal” : independent of parton-parton interaction 
๏ Instantaneous snapshots of “average” proton structure. 
๏ Cast as 2-dimensional functions, f(x,Q2), which must be fit to data.  
๏ Known evolution in Q2 (DGLAP) ➜ essentially a set of 1D functions, say at fixed Q0

•ℏ = c = 1 


