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MOTIVATION
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๏Motivation: not a priori to do N(N)LL evolution, nor do we 
at this point claim that we do.  

•Wanted to see if we could use experience with tree- and one-
loop matrix-element corrections in showers → derive & 
implement a set of self-consistent 2nd-order corrections to our 
shower kernels 
•To be used all throughout the shower.  

๏ Expect this → N(N)LL evolution for some set of observables but not 
the focus of our work so far. 

๏Many (interesting) questions remaining 
•Initial-State Radiation (interface with PDFs), radiation in 
resonance decays, heavy quarks, QED radiation, merging with 
fixed order



MATRIX-ELEMENT CORRECTIONS
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๏Matrix-Element Corrections 
•Regard shower as generating approximate 
weighting of (all) n-parton phase space(s) ~ sums 
over radiation functions times Sudakov factors 
•Captures universal leading singular structures, but 
not subleading or process-dependent terms → 
impose M.E. corrections order by order. 

๏ Used extensively in PYTHIA to correct first 
emission in all SM decays, most BSM ones, 
and for colourless boson production + ISR 

๏ Is the basis for the real corrections in POWHEG 
๏ Generalised to multiple emissions in VINCIA 

๏Shower contains correct singularities for all single-
unresolved limits ⟷  Corrections nonsingular @ NLO 

•True for any (coherent) shower model.

Tree-level, 1:N emissions: Giele, Kosower, PZS, PRD84 (2011) 054003  
 One-loop, 0:1 emission: Hartgring, Laenen, PZS, JHEP 1310 (2013) 127

 Tree-level, 1 emission:  
Sjöstrand & Miu PLB449 (1999) 313-320 
Sjöstrand & Norrbin Nucl.Phys. B603 (2001) 297

One-loop, 0 emissions: Nason (POWHEG), JHEP 0411 (2004) 040 
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(COHERENCE : DGLAP VS ANTENNAE)

4

๏DGLAP: based on collinear limits  
•Each parton treated as an ~ independently 
radiating monopole, P(z)/Q

2
 

•Misses soft-limit coherence, already at 
leading (dipole) level 

๏ Ang. ord. (or vetos) → correct soft limit when 
summed over azimuth  

๏ (But phase-space distributions of emitted gluons 
still not point-by-point correct) 

•Matrix-Element corrections can restore 
exact coherence point-by-point, up to 
order applied 

๏ E.g., a DGLAP shower could be improved by 
“dipole corrections” at all orders (but we have 
dipole showers) 

๏Antenna evolution: each LC-connected 
parton pair ~ radiating dipole-antenna 

•Splittings fundamentally 2→3 instead of 
1*→2 

๏Antenna Factorisation of: 
•Phase Space: Lorentz-invariant on-shell 
2→3 phase-space maps exact over all of 
phase space, not just limits. 
•Amplitudes: Correct in collinear and soft 
limits (to all orders): 

๏ Collinear limits → P(z)/Q
2
 

๏ Soft limits → eikonal factors  
๏ Point-by-point coherence (at LC; higher colour 

multipoles suppressed by 1/NC
2)
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Figure 2: Schematic overview of how the full collinear singularity of parton I and the soft singularity
of the IK pair, respectively, originate in different shower types. (ΘI and ΘK represent angular vetos
with respect to partons I andK , respectively, and ΘIK represents a sector phase-space veto, see text.)

where the gluon radiation function has absorbed a factor of 2 on the r.h.s. of the last line, due to the
normalization choice. We note that, although these expressions look quite different from the dipole
formula, eq. (19), they lead to identical singularities. This was shown in ref. [29] by identifying z as
the Lorentz invariant energy fraction taken by the quark, z = xi/(xi + xk), and adding the radiation
from the antiquark, q̄K → gj q̄k.

Shared Singularities: This examination of the different presentations of singularities brings us to
the issue of “shared singularities”. In traditional parton showers, as we have just seen, the full leading-
log radiation pattern can only be obtained after summing over pairs of partons (which each radiate as
independent monopoles), and care must be taken in the construction of the shower to make this sum
approximately coherent to reproduce the correct singular behavior for soft wide-angle radiation. This
dipole singularity is the simplest case of what we shall generally refer to as a shared — or multipole
— singularity below; radiation whose full singularity structure (in a particular phase-space limit) can
only be recovered after summing over two or more radiators.

A chain of such uniquely labeled and color ordered gluons, which could, e.g., represent a shower
“event record” at a given point during its evolution, is illustrated in fig. 2. Below the schematic drawing
we give an overview of how the full collinear singularity of parton I , and the full soft singularity of
the IK pair, would be obtained for five different kinds of parton shower models, as follows.

In a traditional parton shower, the full collinear singularity of each parton is contained in the
DGLAP splitting kernel, P (z), that generates radiation off that parton. Since no other radiators share
that collinear direction, there is no double counting at the LL level. (The kernel P (z) constitutes
a complete subtraction term for the collinear singularities in real-emission contributions to an NLO
calculation.) However, in this approach, the soft (eikonal) singularity between the IK pair must be
obtained by summing the radiation functions of partons I andK together, and therefore it is essential
in this type of approach that both the radiation functions and the shower phase-space factorization
represent a correct partitioning of the soft region, with no so-called dead or double-counted zones.

In the early eighties it was shown [40] that additional coherence effects can also be taken into
account in this language, albeit approximately, by imposing angular ordering during shower evolu-
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Complete set of NNLO final-state antenna functions:   
Gehrmann-de Ridder, Gehrmann, Glover JHEP 0509 (2005) 056 

Gustafson & Petterson: NPB306 (1988) 746-758



๏Antenna phase-space maps obey exact nesting 

๏ Sector showers: fi = partition of unity (x strong-ordering) 
๏~ WINNER-TAKES-ALL JET ALGORITHMS 

๏ Global showers: fi = multiple cover (x strong-ordering) 
๏ANTENNA FUNCTIONS SUM TO TOTAL SINGULARITIES

THE MULTIPLE-EMISSION PHASE SPACE
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d�n+1 = d�n ⇥ d�ant
•(one clustering)

• Generalisation to many possible clusterings: d�n+1 =
nantX

i=1

fi d�ant,id�
i
n

Ordering/partitioning function 
(global or sector)

Lopez-Villarejo & PZS: JHEP 1111 (2011) 150 
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Figure 10: Illustration of the phase-space coverage of p?-ordered dipole/antenna showers with
(a) strong and (b) smooth ordering, in the “origami” plane of ln p? vs rapidity.

shower evolution to populate only the region below the p?1

scale produces a strongly ordered shower,
illustrated in fig. 10a with the blue and red shaded regions representing the phase space accessible to
a second and third branching, respectively. The case of smooth ordering is illustrated in fig. 10b for
the same sequence of branchings. In this case, each of the antennae produced by the first branching
are allowed to evolve over their full phase spaces, and their respective full phase-space triangles
are therefore now included in the diagram, using solid black lines for the first branching and red
dotted lines for the phase-space limits after the second branching. The suppression of the branching
probability near and above the branching scale is illustrated by reducing the amount of shading of
the corresponding regions. Comparing the figures, one can see that we expect no change in the total
range or integrated rate of soft emissions (at the bottom of the diagrams). The only effects occur
near and above the branching scale where the strongly ordered (LL) shower formalism is anyway
unpredictive. In sec. 3.4 below, we show explicitly that the leading-logarithmic structure of smoothly-
ordered showers is identical to that of strongly ordered ones, but for the remainder of this section we
constrain our attention to comparisons with fixed-order matrix elements.

A further point that must be addressed in the context of the ordering criterion is that our matrix-
element-correction formalism, discussed below, requires a Markovian (history-independent) definition
of the ˆt variable in the P

imp

factor in eq. (68). Rather than using the scale of the preceding branching
directly (which depends on the shower path and hence would be history-dependent), we therefore
compute this scale in a Markovian way as follows: Given a n-parton state we determine the values of
the evolution variable corresponding to all branchings the shower could have performed to get from
any (n � 1)- to the given n-parton state. The reference scale ˆt is then taken as the minimum of those
scales. The dead zone, equivalent to the unordered region, is now populated by allowing branchings
of a restricted set of antennae to govern the full relevant phase space. Such antennae are are called
unordered, while other antennae are called ordered. It is in principle permissible to treat all antennae
in an event as unordered. To mimic the structure of effective 2 ! 4 and higher branchings, we
however only tag those antennae which are connected to partons that partook in the branching that
gave rise to the chosen value for ˆt as unordered. Branchings of ordered antennae may then contribute
below the scale ˆt.

For example, consider the case of a gluon emission being associated with the smallest value of
the evolution variable. In this case the gluon as well as the two partons playing the role of the parent
antenna that emitted the gluon, are marked for unordering and therefore all antennae in which these

27

1st emission 
at pT1

p? ⌘ m12m23

mAnt

y = ln(m12/m23)

Inaccessible to 2nd 
emission  

(not strongly ordered)  
No leading logs

๏→ Can cover all of phase 
space; but do we?  
๏ For a general shower ordering 

variable, the 2→4 (and higher) 
phase spaces exhibit regions with 
all fi = 0 (no ordered paths) → 
inaccessible



HOW BIG ARE THESE REGIONS?
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Flat scans of N-parton phase space (RAMBO)

PS = shower expanded to 
tree level, summed 
over all ordered paths 

ME = LO matrix element 
(MADGRAPH @ 
leading colour)
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Figure 10: Strongly ordered parton showers compared to matrix elements. Distribution of
log10(PS/ME) in a flat phase-space scan. Contents normalized by the number of generated points.
Spikes on the far left represent the underflow bin — dead zones in the shower approximations. Gluon
emission only. Matrix-element weights from MADGRAPH [51, 52], leading color (no sum over color
permutations).

where θik is the angle between the after-branching parents in the CM frame of the branching. We
show the results of these comparisons in fig. 10, for four different shower approximations:

• GGG: p⊥-ordering using default VINCIA settings, i.e., the GGG antenna functions and the
ψAR kinematics map for all branchings. I.e., the parents share the recoil in proportion to their
energies in the CM of the dipole-antenna.

• ψPS p⊥-ordering using the GGG antenna functions and the parton-shower-like (PS) longitudinal
kinematics map. I.e., the parent with the largest invariant mass with respect to the emitted parton
recoils only longitudinally.

• mD-ord: mD-ordering using the GGG antenna functions and the ψAR kinematics map.

• ARI: p⊥-ordering using our best imitation of the what the real ARIADNE program does. It uses
p⊥-ordering, but with the ARIADNE radiation functions instead of the GGG ones, and it also
uses a special recoil strategy, as follows; for qg dipoles, the quark always takes the entire recoil
(in the CM of the dipole), whereas for gg dipoles, the ψAR angle is used to distribute the recoil.

In all cases, we compare to one leading-color (LC) matrix element, i.e., before summing over colors,
and with all color factors having been divided out. We present an extensive set of comparisons for
different ordering variables in appendix A.

The two bins around zero correspond to the parton-shower approximation having less than a 10%
deviation from the full matrix element. At four partons, on the left-hand pane, these two bins contain
over 35-60% of the sampled phase-space points, depending on the approximation, with tails extending
out towards larger deviations. The spikes at the extreme left edge of the plots represent the underflow
bin, including −∞, which corresponds to zones in which all of the possible shower histories have
been removed by the strong-ordering condition. Such dead zones are characteristic of (ordered) LL
parton showers, when the ordering variable is more restrictive than pure phase space. We shall later
discuss how to remove them while simultaneously improving the approximation in the ordered region
as well.

For all multiplicities, the default p⊥-ordering with the antenna-like ARIADNE recoil map appears
to generate the best overall agreement (narrowest distribution). The parton-shower-like longitudinal
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Figure 12: The value of ⟨R4⟩ differentially over 4-parton phase space, with p⊥ ratios characterizing
the first and second emissions on the x and y axes, respectively. Strong ordering in p⊥ (left) compared
to no ordering (right). Gluon emission only. Matrix-element weights from MADGRAPH [51, 52],
leading color (no sum over color permutations).

Let us emphasize again that this is not a complete one-loop matching. With the scale variation,
we seek only to evaluate — the scale variation. We do not make any assumption that this variation
is representative of the entire remaining uncertainty, on which we have several other, independent,
handles, to which we shall return below. The procedure of employing scale variation alone as a (poor
man’s) estimate of the full uncertainty is obsolete in this framework.

4.2 Improving the Logarithmic Accuracy: 2→ 4

While parton emission using trial branchings can easily be made to cover the full phase space for a
single emission, the same is not true for multiple emissions. Due to the requirement of strong ordering,
some regions of phase space may be inaccessible, leading to so-called dead zones. This also happens
in strongly ordered dipole-antenna showers, for example in regions where several emissions happen
at closely similar emission scales, as shown in ref. [34, 54]. Since gluon emission and gluon splitting
processes have different singularity structures and are treated slightly differently, we first consider
the dominant case, that of gluon emission. We then give a few brief remarks about gluon splitting,
although we defer most of the details of that discussion to another publication [55].

4.2.1 Gluon Emission

A plot from ref. [34], showing the dead zone for Z → qggq̄ in a p⊥-ordered dipole-antenna shower,
is reproduced in the left-hand pane of Fig. 12. Each bin of this 2D histogram shows the value of R4,
eq. (83), averaged over all 4-parton phase space points that populate that bin. The black zone above
the strong-ordering line corresponds exactly to the spike on the left-hand edge of the plots in fig. 10
(the underflow bin).

If one simply removes the strong-ordering condition, equivalent to ordering the emissions only by
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2→4 Double-differential 
distribution in pT1  &.  pT2/pT1

Unordered with pT2 << Q0 

“Double Unresolved”

Q0 = 91GeV

pT1 = 5GeV

pT2 = 8GeV



THE SOLUTION THAT WORKED AT LO
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๏Wanted starting point for (LO) matrix-element corrections over 
all of phase space (good approx → small corrections) 

•Allow newly created antennae to evolve over their full phase spaces, 
with suppressed (beyond-LL) probability: smooth ordering
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(b) Smooth Ordering

Figure 10: Illustration of the phase-space coverage of p?-ordered dipole/antenna showers with
(a) strong and (b) smooth ordering, in the “origami” plane of ln p? vs rapidity.

shower evolution to populate only the region below the p?1

scale produces a strongly ordered shower,
illustrated in fig. 10a with the blue and red shaded regions representing the phase space accessible to
a second and third branching, respectively. The case of smooth ordering is illustrated in fig. 10b for
the same sequence of branchings. In this case, each of the antennae produced by the first branching
are allowed to evolve over their full phase spaces, and their respective full phase-space triangles
are therefore now included in the diagram, using solid black lines for the first branching and red
dotted lines for the phase-space limits after the second branching. The suppression of the branching
probability near and above the branching scale is illustrated by reducing the amount of shading of
the corresponding regions. Comparing the figures, one can see that we expect no change in the total
range or integrated rate of soft emissions (at the bottom of the diagrams). The only effects occur
near and above the branching scale where the strongly ordered (LL) shower formalism is anyway
unpredictive. In sec. 3.4 below, we show explicitly that the leading-logarithmic structure of smoothly-
ordered showers is identical to that of strongly ordered ones, but for the remainder of this section we
constrain our attention to comparisons with fixed-order matrix elements.

A further point that must be addressed in the context of the ordering criterion is that our matrix-
element-correction formalism, discussed below, requires a Markovian (history-independent) definition
of the ˆt variable in the P

imp

factor in eq. (68). Rather than using the scale of the preceding branching
directly (which depends on the shower path and hence would be history-dependent), we therefore
compute this scale in a Markovian way as follows: Given a n-parton state we determine the values of
the evolution variable corresponding to all branchings the shower could have performed to get from
any (n � 1)- to the given n-parton state. The reference scale ˆt is then taken as the minimum of those
scales. The dead zone, equivalent to the unordered region, is now populated by allowing branchings
of a restricted set of antennae to govern the full relevant phase space. Such antennae are are called
unordered, while other antennae are called ordered. It is in principle permissible to treat all antennae
in an event as unordered. To mimic the structure of effective 2 ! 4 and higher branchings, we
however only tag those antennae which are connected to partons that partook in the branching that
gave rise to the chosen value for ˆt as unordered. Branchings of ordered antennae may then contribute
below the scale ˆt.

For example, consider the case of a gluon emission being associated with the smallest value of
the evolution variable. In this case the gluon as well as the two partons playing the role of the parent
antenna that emitted the gluon, are marked for unordering and therefore all antennae in which these
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Figures from Fischer, Prestel, Ritzmann, PZS: 
EPJC76 (2016) 11, 589 

instead of strong ordering
(analogous to POWHEG hfact)

Pimp =
p2?n�1

p2?n�1 + p2?n

! 1 for p?n ⌧ p?,n�1

! 1/2 for p?n ⇠ p?,n�1

! 0 for p?n � p?,n�1

Giele, Kosower, PZS: PRD84 (2011) 054003 

~

Fischer, Prestel, Ritzmann, PZS: EPJC76 (2016) 11, 589 

aeik2!4 ⇠ 1

p2?n�1

Pimp
1

p2?n

/
(

1/p2?n ordered

1/p4?n unordered

Leading Logs unchanged

Note: this conclusion appears to differ from that of Bellm et al., Eur.Phys.J. C76 (2016) no.1  
My interpretation is that, in the context of a partonic angular ordering, they neglect the additional rapidity range from the extra origami folds

for a final-final antenna12 with invariant mass m and assuming p2? ⌧ m2. This agrees with the LL
limit for dipole showers derived in [30]. We note that the second term is absent from [87, eq. (8)]
due to a phase-space restriction placed in eq. (2) of that paper, which we believe is appropriate to
remove double-counting of soft emissions in showers based on DGLAP kernels. In the context of
antenna showers however, the antenna functions already have the correct (eikonal) soft limits, and the
imposition of this additional phase-space constraint would have the (undesired) effect of removing
the added rapidity range corresponding to the extra origami fold discussed in sec. 3.3, producing
an “undercounting” of soft emissions. We therefore regard the expression above, eq. (76), as the
reference expression which an LL-correct antenna shower should reproduce.

A counter-example, illustrating an incorrect LL behaviour, can be furnished by considering a so-
called “power shower” [73] in which the upper boundary of the integral above is replaced by m2 rather
than Q2

? (e.g., letting newly created antennae evolve over their full phase spaces, irrespective of the
ordering scale, and without any suppression). This produces an extra logarithm which is not present
in the strongly ordered case:
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where we have rewritten the 1

2

ln

2

(m2/p2?) result to make the two first terms identical to the ones pro-
duced in the strongly ordered case, so that the third term, highlighted in red, represents the difference.

For smooth ordering, with the P
imp

suppression factor defined in eq. (68), the relevant integral is:
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which after a bit of algebra can be cast in the following form:
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where the two first terms are again identical to those of eq. (76). In the third term, ln(1+p2?/Q2

?) ! 0

for p2?/Q2

? ! 0, and the fourth and fifth terms are bounded by �⇡2/12 < Li

2

(�x) < 0 (with 0

corresponding to the limit x ! 0 and �⇡2/12 for x ! 1). We thus conclude that the LL properties
of the antenna shower are not spoiled by changing from strong to smooth ordering.

Hadronic Z Decays

To increase the available phase space we used a heavy Z with mZ = 1000 GeV which decays hadron-
ically. In fig. 14 we present the parton-level result for four successive jet resolution measures, ymm+1

(with m 2 {2, 3, 4, 5}), and their ratios ymm+1

/ym�1m, using the Durham jet algorithm. Jet resolu-
tion scales exhibit a Sudakov suppression for low values, and exhibit fixed-order behaviour for large
values. We note that in realistic calculations (and in experimental data), low-scale values are typically
strongly affected by hadronisation corrections, which are absent here since we are at parton level, with
a fixed ↵s. We also exclude values of ymm+1

corresponding to scales below the shower cutoff. Small
values of the ratios ymm+1

/ym�1m highlight the modelling in the region of large scale separation,
12For initial-initial antennae, replace m in the phase-space limit on the rapidity integral in eq. (75) by

p
s =p

sAB/(xAxB), assuming xAxB ⌧ 1. For initial-final antennae, replace it by
p

sAK/xA assuming xA ⌧ 1.
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The resulting distributions are shown in red in fig. 11. Applying the cut leads to a removal of the part
of phase space where the Z should have been generated as an emission rather than as part of the hard
process. The distribution is now dominated by QCD and the smoothly ordered shower produces a
narrower as well as more symmetric distribution, compared to the strongly ordered shower.

Similarly we repeat the two-dimensional histograms for the smoothly-ordered antenna shower in
fig. 12 without and in fig. 13 with the cut on m2

?Z . As expected, we obtain an improved description as
compared to both the strong and unordered showers, figs. 8 and 9 respectively. Due to the form of the
improvement factor in eq. (68) we get a factor of 0.5 at the green line, around where the scales of the
two branchings coincide, leading to a better description already of this region. Once again these plots
show that the shower undercounts the region where the Z boson is very soft and should have been
generated with a weak shower, representing a path that is not available in VINCIA yet. The strongly
unordered region remains somewhat overcounted, though by less than a factor 2, far better and with
narrower distributions than was the case for the fully unordered shower, fig. 9.

An extended set of plots, including Higgs production processes, can be found in app. B.

3.4 Smooth Ordering vs. Strong Ordering

This section presents a comparison of strong and smooth ordering, first in terms of their analyti-
cal leading-logarithmic structures, and then using jet clustering scales, investigating the processes
e+e� ! jets as well as pp ! Z+jets. The analyses are adapted from the code used in [30], originally
written by S. Höche. In order to focus on the shower properties we present parton-level distribu-
tions, with MECs switched off, a fixed strong coupling with ↵s(mZ) = 0.13, and a very low cutoff,
10

�3 GeV for e+e� ! jets and 10

�2 GeV for pp ! Z+jets. To furthermore put the magnitude of
the differences between smooth and strong ordering into perspective, an ↵s(mZ)-variation band for
the strongly ordered result is included in figures 14 and 15.

We emphasise that, even leaving the ↵s and cutoff settings aside, the distributions in this section
are meant for validation only. The event generation modus used below does not make use of VINCIA’s
matrix-element correction features. When using MECs, the main purpose of the smooth ordering is
to fill the available phase space with non-vanishing weight, which allows a reweighting to reproduce
the correct LO matrix-element result. Keeping this disclaimer in mind, it is still useful to investigate
how the phase space is filled before MECs are applied.

Leading Logarithms

As discussed in the preceding section, the leading (double-pole) behaviour of the gluon-emission
antenna functions is just a constant over phase space when expressed in terms of the origami variables
ln(p?) and y. We begin by considering a conventional strongly-ordered antenna shower, such as that
of ARIADNE [13, 21] (or VINCIA with strong ordering). The leading contribution to the Sudakov
factor �(Q2

?, p2?) representing the no-branching probability between two resolution scales Q2

? > p2?
(e.g., following a preceding branching which happened at the scale Q?), is then, cf. eq. (70),

� ln �

strong

LL⇠ C↵s

2⇡

Z
lnQ2

?

ln p2?

d ln q2?

Z
ln(m/q?)

� ln(m/q?)

dy =

C↵s

2⇡

Z
lnQ2

?

ln p2?

d ln q2? ln


m2

q2?

�
(75)

=

C↵s

2⇡

✓
1

2

ln

2


Q2

?
p2?

�
+ ln


Q2

?
p2?

�
ln


m2

Q2

?

�◆
, (76)
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Figure 14: Smoothly ordered parton showers compared to matrix elements. Distribution of
log10(PS/ME) in a flat phase-space scan. Contents normalized by the number of generated points.
Gluon emission only. Matrix-element weights from MADGRAPH [51,52], leading color (no sum over
color permutations). Compare to fig. 10 for strong ordering.

have looked if the alternative measure m2
D = 2min(m2

ij,m
2
jk) had been used instead of p⊥ in the

suppression factor eq. (96). Although there is still clearly an improvement over the pure phase-space-
ordered case — the dead zone has been eliminated — it is much less convincing than for p⊥, as the
weights are larger in the region above the thin horizontal red line.

To illustrate how this approximation evolves with parton multiplicity, we show the distribution of
the log of the PS/ME ratio with this modification, in fig. 14, for Z → 4, 5, and 6 partons, including
only leading-color gluon emission. One observes a marked improvement with respect to the strongly
ordered approximations, fig. 10, for all multiplicities. In particular, not only the dead zones but
also the large tails towards low PS/ME ratios visible in the higher-multiplicity plots in fig. 10 have
disappeared, which we interpret as a confirmation that the logarithmic accuracy of the approximation
has indeed been improved. Notice, however, that the ARIADNE functions (where we have here used
the ψAR kinematics map for both qg and gg antennæ, hence the explicit label on the plot) still tend to
shift the shower approximations systematically towards softer values, whereas the GGG ones remain
closer to the matrix elements.

4.2.2 Gluon Splitting

For gluon splitting, there is no soft singularity, only a collinear one. This means there is now only a
single log-enhancement (instead of a double log) driving the approximation and competing with the
(uncontrolled) finite terms. It is therefore to be expected that the LL approximation to gluon splitting
is significantly worse, over more of phase space, than is the case for gluon emission.

Furthermore, if the two neighboring dipole-antennæ that share the splitting gluon are very un-
equal in size, e.g., as a result of a preceding close-to-collinear branching, then higher-order matrix
elements and splitting functions unambiguously indicate that the total gluon splitting probability is
significantly suppressed. This is not taken into account when treating the two antennæ as independent
radiators. This effect was already noted by the authors of ARIADNE, and a first attempt at including it
approximately was made by applying the following additional factor to gluon splittings in ARIADNE,
in addition to the strong-ordering condition,

Gluon Splitting (ARIADNE) : Θord PLL → ΘordPAriP
LL = Θord

2sN
sIK + sN

PLL , (97)
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Figure 10: Strongly ordered parton showers compared to matrix elements. Distribution of
log10(PS/ME) in a flat phase-space scan. Contents normalized by the number of generated points.
Spikes on the far left represent the underflow bin — dead zones in the shower approximations. Gluon
emission only. Matrix-element weights from MADGRAPH [51, 52], leading color (no sum over color
permutations).

where θik is the angle between the after-branching parents in the CM frame of the branching. We
show the results of these comparisons in fig. 10, for four different shower approximations:

• GGG: p⊥-ordering using default VINCIA settings, i.e., the GGG antenna functions and the
ψAR kinematics map for all branchings. I.e., the parents share the recoil in proportion to their
energies in the CM of the dipole-antenna.

• ψPS p⊥-ordering using the GGG antenna functions and the parton-shower-like (PS) longitudinal
kinematics map. I.e., the parent with the largest invariant mass with respect to the emitted parton
recoils only longitudinally.

• mD-ord: mD-ordering using the GGG antenna functions and the ψAR kinematics map.

• ARI: p⊥-ordering using our best imitation of the what the real ARIADNE program does. It uses
p⊥-ordering, but with the ARIADNE radiation functions instead of the GGG ones, and it also
uses a special recoil strategy, as follows; for qg dipoles, the quark always takes the entire recoil
(in the CM of the dipole), whereas for gg dipoles, the ψAR angle is used to distribute the recoil.

In all cases, we compare to one leading-color (LC) matrix element, i.e., before summing over colors,
and with all color factors having been divided out. We present an extensive set of comparisons for
different ordering variables in appendix A.

The two bins around zero correspond to the parton-shower approximation having less than a 10%
deviation from the full matrix element. At four partons, on the left-hand pane, these two bins contain
over 35-60% of the sampled phase-space points, depending on the approximation, with tails extending
out towards larger deviations. The spikes at the extreme left edge of the plots represent the underflow
bin, including −∞, which corresponds to zones in which all of the possible shower histories have
been removed by the strong-ordering condition. Such dead zones are characteristic of (ordered) LL
parton showers, when the ordering variable is more restrictive than pure phase space. We shall later
discuss how to remove them while simultaneously improving the approximation in the ordered region
as well.

For all multiplicities, the default p⊥-ordering with the antenna-like ARIADNE recoil map appears
to generate the best overall agreement (narrowest distribution). The parton-shower-like longitudinal
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Strong

Smooth

Even after three sequential shower emissions, the smooth shower approximation 
is still a very close approximation to the matrix element over all of phase space

No uncontrolled 
tails even at 2→6

(at tree level)

RN = log10

 
Sum(shower-paths)

|M (LO,LC)
N |2

!



(WHY IT WORKS?)
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๏The antenna factorisations are on shell 
•n on-shell partons → n+1 on-shell partons 

๏ In the first 2→3 branching, final-leg virtualities assumed ~ 0  
๏

Strong Ordering:

these virtualities 

small compared to these virtualities
on shell

on sh
ell

on shell

Cannot be neglected in unordered part of phase space

Any 2→4 Feynman diagrams we draw will involve intermediate 
propagators with virtualities of order the last pT

2 scales

1

2pi · pj ! Pimp(n ! n+ 1)

2pi · pj =
1

2pi · pj +O(p2?n+1)
Interpretation: off-shell effect

Good agreement with ME → good starting point for 2→4 



SOMETHING ROTTEN?
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๏Smooth ordering: nice tree-level expansions (small ME 
corrections) ⇨ good 2→4 starting point 

•But we worried the Sudakov factors were “wrong” ⇨ not good 
starting point for 2→3 virtual corrections? Not good exponentiation?

Q

p
s

Q̂

n0 1 2
�

2!
3 ( p

s, Q̂
) � ⇠ 1

� e↵2!
4 ⇠

�
2!

3 ( p
s, Q̂)

p
s1

Figure 4. Illustration of scales and Sudakov factors involved in an unordered sequence of two 2 ! 3
branchings, representing the smoothly ordered shower’s approximation to a hard 2 ! 4 process.

eq. (2.33), we also see that the e↵ective 2 ! 4 radiation function, obtained from iterated

2 ! 3 splittings, is modified as follows,

P2!4 / 1

Q̂2

Q̂2

Q2

1

Q2
! 1

Q4
+O(...) , (2.35)

in the unordered region. That is, the intermediate low scale Q̂, is removed from the e↵ective

2 ! 4 function, by the application of the Pimp factor.

Finally, to illustrate what happens to the Sudakov factors, we illustrate the path through

phase space taken by an unordered shower history in figure 4. An antenna starts showering at

a scale equal to its invariant mass,
p
s, and a first 2 ! 3 branching occurs at the evolution scale

Q̂. This produces the overall Sudakov factor �2!3(
p
s, Q̂). A daughter antenna, produced

by the branching, then starts showering at a scale equal to its own invariant mass, labeledp
s1. However, for all scales larger than Q̂, the Pimp factor suppresses the evolution in this

new dipole so that no leading logs are generated. To leading approximation, the e↵ective

Sudakov factor for the combined 2 ! 4 splitting is therefore given by

�e↵
2!4 ⇠ �2!3(

p
s, Q̂) , (2.36)

in the unordered region. Thus, we see that a dependence on the intermediate scale Q̂ still

remains in the e↵ective Sudakov factor generated by the smooth-ordering procedure. Since

Q̂ < Q in the unordered region, the e↵ective Sudakov suppression of these points might

be “too strong”. The smooth ordering therefore allows for phase space occupation in regions

corresponding to dead zones in a strongly ordered shower, but it does suggest that a correction

– 16 –

For unordered branchings 
(e.g., double-unresolved) 

effective 2→4 Sudakov factor 
effectively → LL Sudakov for 
intermediate (unphysical) 3-

parton point

Hartgring, Laenen, PZS, JHEP 1310 (2013) 127



DIRECT 2→4
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๏Redefine the shower resolution scale  
•For unordered 2→4 paths: scale of 2nd branching defines resolution 

๏ The intermediate on-shell 3-parton state is merely a convenient stepping stone 
in phase space but is in reality highly off shell ⇨ integrate out

Li & PZS: PLB771 (2017) 59 

QA
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QD

∆
2→4(Q 2

A , Q 2
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∆ 3→
4
(Q
′
2

C

, Q
2
B
)

∆
3→

4(Q 2
C , Q 2

D )

∆
2
→
3 (Q

2
A , Q

2
C )

0 1 2 n

Q

A

C

B

D

Figure 1: Illustration of scales and Sudakov factors in strongly

ordered (ACD), smoothly (un)ordered (ACB), and direct 2 →

4 (AB) branching processes, as a function of the number of

emitted partons, n.

parts of phase space, they may be developed as sep-

arate algorithms, provided they use the same set of

antenna functions. (Full second-order precision is

of course only achieved when both components are

included.) Given that a proof-of-concept study of

NLO corrections to ∆2→3 already exists [13], we

focus in the following sections on the previously

missing piece: explicit construction of the 2 → 4

component.

We round off the discussion of the Sudakov form

factors by illustrating the scale evolutions for 2 →

3 and 2 → 4 showers in fig. 1. An ordered se-

quence of 2→ 3 branchings is represented by path

A → C → D and the corresponding combined Su-

dakov factor is ∆2→3(Q2
A,Q

2
C)∆3→4(Q2

C ,Q
2
D) . The

2 → 4 shower explores more phase space by in-

cluding path A → B which lives in unordered

phase space compared with the ordinary strongly-

ordered shower. Path A→ C → B shows the possi-

ble branching in “smoothly-ordered showers” [22]

which can also access unordered phase space.

However, for smooth ordering the combined Su-

dakov factor ∆2→3(Q2
A,Q

2
C)∆3→4(Q′ 2

C ,Q
2
B) is used

where Q′C > QB represents the restart scale of

the smooth-ordering shower. As pointed out in

[13], the ∆2→3(Q2
A,Q

2
C) factor implies an LL sen-

sitivity to the intermediate scale QC ; an undesired

byproduct of the use of iterated on-shell 2 → 3

phase-space factorisations. The direct 2 → 4

shower avoids this by using the exact Sudakov fac-

tor ∆2→4(Q2
A,Q

2
B) in which QC only appears im-

plicitly as an auxiliary integration variable.

Finally, let us consider what happens in the

vicinity of the boundary between what we label

as ordered and unordered emissions, i.e., when

there is no “strong” ordering between two suc-

cessive (colour-connected) emissions. This is par-

ticularly relevant for the double-unresolved limits

characterised by a single unresolved scale. The

boundary can be approached either from the un-

ordered region, or from the ordered one, and in

general both regions will contribute to the double-

unresolved limits. In the unordered region, the

2 → 4 antenna functions are used directly, cap-

turing both the single- and double-unresolved (soft

and collinear) limits of QCD [19]. They are also in

our formalism intrinsically characterised by a sin-

gle scale, as discussed above. In the ordered re-

gion, the product of 2 → 3 antennae is modulated

by the correction factors R2→4, to reproduce the full

2 → 4 functions, and the two separate scales co-

incide as we approach the boundary, interpolating

smoothly between the single-unresolved (iterated,

strongly ordered) and double-unresolved (single-

scale) limits.

3. Explicit Construction of the 2→4 Shower

For a branching 1 2 → 3 4 5 6 we define the

resolution scale as Q4 = 2 min(p345
⊥ , p

456
⊥ ), with

(p
i jk
⊥ )2 = si j s jk/si jk. We let the direct 2 → 4

shower populate all configurations for which the

clustering corresponding to Q4 is unordered. (Con-

versely, iterated 2 → 3 splittings populate those

configurations for which the clustering correspond-

ing to Q4 is ordered, with the correction factor

R2→4 reducing to R2→4 → a4/(a3a′3) when there is

only a single ordered path, and, for gluon neigh-

bours, the neighbour with the smaller resolution

scale used to define a4.)

We partition the direct 2 → 4 phase space into

two sectors: sector A with condition p345
⊥ < p456

⊥

and sector B with p345
⊥ > p456

⊥ . For each sector,

branching scales for 2→ 4 emissions are generated

5

New: Direct 2→4 Sudakov 
(no on-shell intermediate state)

Using the same notation as in eq. (2) and with Q3

denoting a 3-parton resolution scale, the second-

order 2→ 3 Sudakov factor is:

∆2→3(Q2
0,Q

2) = exp

[
−

∫ Q2
0

Q2

dQ2
3

∫ ζ+(Q3)

ζ−(Q3)
dζ

×
|J|

16π2m2
a0

3

(
1 +

a1
3

a0
3

+
∑

s∈a,b

∫

ord
dΦs

ant R2→4 s′3

+

∫ Q2
0

Q2
3

dQ̃2
3

∫ ζ+(Q̃3)

ζ−(Q̃3)

dζ̃
|J̃|

16π2m2
a0

3̃

)]
, (9)

where the integral over a0
3̃
≡ a0

3(Q̃3, ζ̃) is generated

by the ∆(Q2
0,Q

2) term in the second line of eq. (7),

and |J̃| ≡ |J(Q̃, ζ̃)|. The functional form of Q̃ must

be the same as that of Q while the form of ζ̃ can in

principle be chosen independently of that of ζ.

The 2 → 4 Sudakov factor is defined by the last

term in eq. (7). However since the δ(Q2 − Q2(Φ4))

function projects out the 4-parton resolution scale

in this case, we interchange the order of the nested

phase-space integrations, utilising that

∫ Q2
0

0
dQ2

3

∫ Q2
0

Q2

dQ2
4 Θ(Q2

4 − Q2
3) f (Q2

3,Q
2
4) =

∫ Q2
0

Q2

dQ2
4

∫ Q2
4

0
dQ2

3 f (Q2
3,Q

2
4) , (10)

for a generic integrand, f , with the result:

∆2→4(Q2
0,Q

2) = exp
[
−

∑

s∈a,b

∫ Q2
0

Q2

dQ2
4

∫ Q2
4

0
dQ2

3

∫ ζ4+

ζ4−

dζ4

∫ ζ3+

ζ3−

dζ3
|J3J4|

(16π2)2m2m2
s

∫ 2π

0

dφ4

2π
R2→4s3s′3

]
,

(11)

where the nested antenna phase spaces of eq. (7),

dΦant dΦs
ant have now been expressed in terms

of shower variables, with an associated combined

Jacobian |J3J4|. In section 3, we show how to

construct an explicit shower algorithm based on

eq. (11) while we refer to [13] for a proof of con-

cept of an NLO-corrected 2 → 3 shower based on

a formula that only differs from eq. (9) by finite

terms.

Let us now turn our attention to whether the inte-

grands in each of the Sudakov form factors, eqs. (9)

and (11), are well-defined and finite. For ∆2→3,

this amounts to showing whether the singularities

present in the a1
3 term are fully cancelled by those

coming from the integral over R2→4s′3. We start

from the observation that the single-unresolved

limits of the 4-parton antenna functions are fully

captured by the LL 2 → 3 ones (up to angular

terms which cancel upon integration over the un-

resolved region [19]), hence

a4 → a3a′3 + b3b′3 + ang. , (12)

which in turn implies that R2→4 → 1 in any single-

unresolved limit (modulo the angular terms), hence

the pole structure of the R2→4s′3 integrals is the

same as that of the unmodified antenna functions,

Poles

{∫

ord

dΦs
ant R2→4 s′3

}
= Poles

{∫
dΦs

ant s′3

}
,

(13)

where the integration region can be extended to all

of phase space since the ordered region by defini-

tion includes all single-unresolved limits3, and use

of the angular-averaged R2→4 is justified since s′3
itself does not depend on the azimuth angle. The

sum of two sub-antenna integrals like the ones on

the right-hand side of eq. (13) precisely cancels

the singularities of the corresponding one-loop an-

tenna functions, a1
3 [19], thus establishing that the

integrand in eq. (9) is free of poles in ϵ.

In the unordered part of phase space, singular-

ities only occur when both Q4 → 0 & Q3 → 0

which corresponds to part of the double-unresolved

contribution. In the shower context, these singular-

ities are controlled via the assumption of unitarity.

Thus, the 2 → 4 Sudakov factor is also well de-

fined. Since the NLO 2 → 3 and 2 → 4 contri-

butions are therefore both free of explicit poles in

ϵ, and since they generate corrections in different

3This is true for all evolution variables considered in Vin-

cia and, more generally, for any evolution variable that defines

an infrared safe observable. Without this property, an explicit

regularisation has to be introduced, see e.g., the case of energy

ordering considered in [13].

4

Interchange order of integrations 
Q2→3 ↔ Q3→4

Originally, the 3→4 phase space 
is nested inside the 2→3 one

Now the 
intermediate 

(unordered) scale is 
integrated over for 
each value of Q4

Unordered phase space: Q4 > Q3

Jacobian for dLIPS → dQ3dQ4dζ3dζ4 2→4 MEC

Product of 
2→3 functions



DIRECT 2→4 VS ITERATED 2→3
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๏Split the 2→4 phase space into non-overlapping sectors 
•Fully unordered (inacessible to iterated 2→3)  

๏ ⇨ add new “direct” 2→4 branchings without risk of double-counting 
•Rest of phase space (accessible to at least one ordered 2→3 path) 

๏ Unitarity (Sudakov exponentials and virtual corrections): want to sum inclusively 
over the “least resolved” degree of freedom 

๏ Classify according to what a jet algorithm (with shower evolution parameter as 
clustering measure) would do. E.g., for a (colour-connected) double-emission:

1

2

3

4

p?2 ⌘ m12m23

m123

p?3 ⌘ m23m34

m234

A jet clustering algorithm (ARCLUS) would 
grab the smallest of these pT values, and 

cluster

If the resulting path is ordered: populate 
by iterated 2→3 (with 2→4 MEC factors) 

If unordered, keep clustering; direct 2→n

Clustering terminates when we reach a Qn > min(pT2,pT3,…) 
⇨ defines point as 2→2+m    (NB: so far we only do 2→3 and 2→4!)
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PHASE-SPACE DISTRIBUTIONS
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Figure 3: Top left: the ratio of sequential clustering scales Q4/Q3 for a strongly ordered 2 → 3 shower, for Z → qggq̄ (on log-log

axes). Top right: closeup of the region around Q4/Q3 ∼ 1, with 2→4 branchings included. Bottom row: the same for H → gggg. .

tion scale is only used to separate what is ordered

— and hence accessible by the iterated 2→ 3 evo-

lution — from what is unordered.) We also de-

fine sub-antenna functions for dipole-antennae in

which one or both of the parent partons are glu-

ons, starting from the antenna function for quark-

antiquark pairs, which is a good first approximation

to the amplitude squared. As a validation, we com-

pare 2 → 4 and 2 → 3 branchings in fig. 3. As

expected, the 2 → 4 branchings extend the phase-

space population into the unordered region. Impor-

tantly, the 2 → 4 and 2 → 3 branchings produce

consistent results on the boundary Q4 = Q3.

In the near future we will extend the 2 → 4

shower formalism to include g → qq̄ splittings.

We also expect to include the second-order correc-

tion to the 2 → 3 Sudakov form factor defined in

eq. (9). Finally, in the longer term we plan to turn

our attention to the initial state, extending the for-

malism to the case of hadron collisions.
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๏Disclaimer 
•No established literature for antenna-evolved fragmentation functions 
•Known results (e.g., one-loop antenna functions) available mainly in context of 
F.O. subtraction terms, not diff. eqs. / exponentation / resummation 

๏ ⇨ Had to (re)invent much of what follows as we went along 

๏Clustering sequence = series of on-shell representations of the momentum 
flow; terminates when representation consistent with ordering (allowing to sum 
over unresolved degrees of freedom below that scale) 

•Sudakov factor for an antenna 

๏⇨ Starting from Q0 (with inclusive sum over all unresolved 2→3 and 2→4 
branchings below it), evolve to given Q: exclusive above Q, inclusive below 

•To define one-loop MEC: compare expansions of shower Sudakov factors to 
2nd-order antenna functions

where Q2(Φ4) denotes the hardest clustering scale

in Φ4, with the softer one being integrated over.

Specifically, for a double clustering of 4 → 3 → 2

partons, we define Q(Φ4) ≡ max(Q4,Q3); for an

ordinary strongly ordered history, it is thus equal to

the resolution scale of the clustered 3-parton con-

figuration, Q3, while for an unordered sequence, it

is the 4-parton resolution scale, Q4.

We now come to the central part of our proposal:

how to re-organise eq. (3) in terms of finite branch-

ing probabilities (as mentioned above, the a1
3 term

and the integral over a0
4

are separately divergent),

expressed in shower variables and allowing iterated

2 → 3 splittings and direct 2 → 4 ones to coexist

with the correct limiting behaviours (and no double

counting) for both single- and double-unresolved

emissions.

We first partition the a0
4 function into two terms,

one for each of the possible iterated 2 → 3 his-

tories, which we label a and b respectively. Sup-

pressing the zero superscripts to avoid clutter, we

define a 2 → 4 correction factor in close analogy

with the matrix-element-correction factors defined

in [22],

R2→4 =
a4

a3a′3 + b3b′3
, (4)

where a3 and b3 (a′3 and b′3) denote the antenna

functions for the first (second) 2 → 3 splittings

in the a and b histories, respectively. E.g., for

1q2q̄ → 3q4g5g6q̄, the a history is produced by

the product of a′3(3, 4, 5) and a3(3̂4, 4̂5, 6), with the

(on-shell) momenta of the intermediate 3-parton

state, 3̂4 and 4̂5, defined by the phase-space map

of the shower / clustering algorithm. The b his-

tory is produced by the product of b′3(4, 5, 6) and

b3(3, 4̂5, 5̂6). We emphasise that the denomina-

tor of eq. (4) is nothing but the incoherent sum of

the a and b antenna patterns (modulo the order-

ing variable), as would be obtained from the un-

corrected (LL) antenna shower, while the numer-

ator is the full (coherent) 2 → 4 radiation pattern.

Among other things, the factor R2→4 therefore con-

tains precisely the modulations that account for co-

herence between colour-neighbouring antennae.

We use the definition of R2→4, eq. (4), to parti-

tion a4 into two terms, a4 = R2→4 (a3a′3 + b3b′3),

each of which isolates a specific (colour-ordered)

single-unresolved limit, corresponding to either g4

or g5 becoming soft, respectively. For each term

we iterate the exact antenna phase-space factorisa-

tion [19],

dΦm+1(p1, . . . , pm+1) =

dΦm(p1, . . . , pI , pK , . . . , pm+1) × dΦant(i, j, k) ,

(5)

with all momenta on shell and pi+pj+pk = pI+pK,

to write

dΦ4(3, 4, 5, 6)

dΦ2(1, 2)
=

⎧⎪⎨
⎪⎩

path a: dΦant(3̂4, 4̂5, 6) dΦant(3, 4, 5)

path b: dΦant(3, 4̂5, 5̂6) dΦant(4, 5, 6)
, (6)

where we have chosen the nesting of the antenna

phase spaces such that the soft parton in the given

history is always the one clustered first. We also

divide up each of the resulting 4-parton integrals

into ordered and unordered clustering sequences,

for which Q(Φ4) = Q3 and Q(Φ4) = Q4, respec-

tively (see above). The result is

d∆(Q2
0,Q

2)

dQ2
=

∫
dΦant

[
δ(Q2 − Q2(Φ3)) a0

3

×

(
1 +

a1
3

a0
3

+
∑

s∈a,b

∫

ord

dΦs
ant R2→4 s′3

)
∆(Q2

0,Q
2)

+
∑

s∈a,b

∫

unord
dΦs

antδ(Q
2−Q2(Φ4))R2→4s3s′3∆(Q2

0,Q
2)

]

(7)

where the sums in the last two lines run over the

clustering sectors (= histories), a and b.

We may now interpret the first two lines as an ef-

fective second-order probability density for 2 → 3

branchings, while the last line represents a contri-

bution from direct 2→ 4 branchings. The solution

of eq. (7) can be written as the product of 2 → 3

and 2→ 4 Sudakov form factors

∆(Q2
0,Q

2) = ∆2→3(Q2
0,Q

2)∆2→4(Q2
0,Q

2) . (8)

3Clustering corresponding to Q2 is: Ordered Unordered
(but next one up is ordered)
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VIRTUAL MECS @ SECOND ORDER
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๏Proof of concept case: second-order correction to q-qbar 
antenna emitting a gluon 

•A.k.a. e+e- → 3 jets at O(αs
2) 

๏ (at that time, we used smooth ordering for double-real; now direct 2→4) 

๏Matching equation for one-loop virtual: 
•Exclusive 3-jet cross section above Q4, for Q4 → 0 (in dim.reg.) 

๏ (Could stop at hadronisation scale → power corrections in Qhad) 
•All-orders shower answer

Hartgring, Laenen, PZS: JHEP 1310 (2013) 127

Normalisation 

(best cross section available) 

(consistent with defining unit 

probability via unitarity at 

given order)

2→
3 Sudakov factor : no branchings 

from starting scale Q
0 to resolution 

scale of 3-parton configuration, Q

2→
3 antenna function  

(tree-level, with MEC) 

with α
s  evaluated at μ

PS

One-loop matching 

term, to be solved for

1 Introduction

Construct one loop corrections to 2 ! 3 showers by comparing shower approximation with
exact fixed order predictions for one certain process.

2 NLO corrections from the exclusive cross section

The definition of the correction factor in this way is

V
3

=
Fixed order Exact Prediction

Showering Approximation
, (2.1)

which depends on the form of �
3!4

as shown below, while the correction factor derived
from the differential equation dose not depend on �

3!4

. Suppose that all the 3 ! 4

branchings are matched using leading order four-parton matrix elements, the V
3

above is
consistent with the one from NLO showers.

2.1 Quark-Anti-Quark dipole showers

The shower approximation for the exclusive Z ! qgq̄ cross section is

���MZ!qq̄

���
2

A0

3

(Q2)
⇣
1 + V qq̄

3

⌘
�

2!3

(Q2

0

, Q2)�
3!4

(Q2, 0). (2.2)

The 2 ! 3 Sudakov factor is

�
2!3

(Q2

0

, Q2) = 1�
Z Q2

0

Q2
dQ2

i

Z
d�

ant,i

dQi
A0

3

(Q2

i ) +O(g4s) . (2.3)

The 3 ! 4 Sudakov factor is

�
3!4

(Q2, 0) =1�
2X

j=1

Z Q2

0

dQ2

j

Z
d�

ant,j

dQj

⇣
d0
3,j(Q

2

j ) + e0
3,j(Q

2

j )
⌘
+O(g4s) . (2.4)

where j denotes different showering history. We define

I(1)qg (Q2, s
ant,j) =

Z Q2

0

dQ2

j

Z
d�

ant,j

dQj
d0
3,j(Qj) ,

I
(1)

qg,F (Q
2, s

ant,j) =

Z Q2

0

dQ2

j

Z
d�

ant,j

dQj
e0
3,j(Qj) . (2.5)

After comparing the shower approximation and fixed order predictions we have

V qq̄
3

=
A1

3

+ Â1

3

A0

3

+
2X

j=1

I(1)qg (Q2, s
ant,j) +

2X

j=1

I
(1)

qg,F (Q
2, s

ant,j) +

Z Q2
0

Q2
d�

ant,iA
0

3

(Q2

i ) . (2.6)

– 2 –

3→
4 Sudakov factor : no branchings 

from scale of 3-parton configuration, 

Q to zero (in dim. reg.)

Fixed-Order O(αs
2) 

(in dim. reg.) 

(renormalised at μ = μME)
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1 Introduction

Construct one loop corrections to 2 ! 3 showers by comparing shower approximation with
exact fixed order predictions for one certain process.

2 NLO corrections from the exclusive cross section

The definition of the correction factor in this way is

V
3

=
Fixed order Exact Prediction

Showering Approximation
, (2.1)

which depends on the form of �
3!4

as shown below, while the correction factor derived
from the differential equation dose not depend on �

3!4

. Suppose that all the 3 ! 4

branchings are matched using leading order four-parton matrix elements, the V
3

above is
consistent with the one from NLO showers.

2.1 Quark-Anti-Quark dipole showers

The shower approximation for the exclusive Z ! qgq̄ cross section is

���MZ!qq̄

���
2

A0

3

(Q2)
⇣
1 + V qq̄

3

⌘
�

2!3

(Q2

0

, Q2)�
3!4

(Q2, 0). (2.2)

The 2 ! 3 Sudakov factor is

�
2!3

(Q2

0

, Q2) = 1�
Z Q2

0

Q2
dQ2

i

Z
d�

ant,i

dQi
A0

3

(Q2

i ) +O(g4s) . (2.3)

The 3 ! 4 Sudakov factor is

�
3!4

(Q2, 0) =1�
2X

j=1

Z Q2

0

dQ2

j

Z
d�

ant,j

dQj

⇣
d0
3,j(Q

2

j ) + e0
3,j(Q

2

j )
⌘
+O(g4s) . (2.4)

where j denotes different showering history. We define

I(1)qg (Q2, s
ant,j) =

Z Q2

0

dQ2

j

Z
d�

ant,j

dQj
d0
3,j(Qj) ,

I
(1)

qg,F (Q
2, s

ant,j) =

Z Q2

0

dQ2

j

Z
d�

ant,j

dQj
e0
3,j(Qj) . (2.5)

After comparing the shower approximation and fixed order predictions we have

V qq̄
3

=
A1

3

+ Â1

3

A0

3

+
2X

j=1

I(1)qg (Q2, s
ant,j) +

2X

j=1

I
(1)

qg,F (Q
2, s

ant,j) +

Z Q2
0

Q2
d�

ant,iA
0

3

(Q2

i ) . (2.6)

– 2 –

Poles
Poles

Cancel if Q is IR safe

Double Logs
Partial cancellations Use to define LL evolution so as to have no (resummable) logs left

(β-dependent logs)
Single Logs

+ transcendentality-0

Non-divergent NLO correction

Hartgring, Laenen, PZS, JHEP 1310 (2013) 127

→ positive-definite NLO antenna

Can do some Sudakov integrals analytically 

But not all → split into analytic and numerical parts 

Use that smooth-ordering already gave a good approximation, 
which can be integrated fairly easily

ordering boundary complicated 2→4 ME-correction factor

E.g.: �
3!4

= 1�
X

a21,2

Z

ord

d�
ant

a
3!4

a
2!4

a
2!3

a
3!4

+ a0
2!3

a0
3!4

+O(↵2

s)

±
X

a21,2

Z
d�anta3!4Pimp

Doable analytically;  

contains all single-unresolved poles

Difference done numerically; 
(slow but can be parametrised in terms of two invariants)
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Construct one loop corrections to 2 ! 3 showers by comparing shower approximation with
exact fixed order predictions for one certain process.

2 NLO corrections from the exclusive cross section

The definition of the correction factor in this way is

V
3

=
Fixed order Exact Prediction

Showering Approximation
, (2.1)

which depends on the form of �
3!4

as shown below, while the correction factor derived
from the differential equation dose not depend on �

3!4

. Suppose that all the 3 ! 4

branchings are matched using leading order four-parton matrix elements, the V
3

above is
consistent with the one from NLO showers.

2.1 Quark-Anti-Quark dipole showers

The shower approximation for the exclusive Z ! qgq̄ cross section is
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(Q2)
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where j denotes different showering history. We define
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0
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qg,F (Q
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After comparing the shower approximation and fixed order predictions we have
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Figure 6. NLO correction factor for strong mD-ordering, with GGG antennae. Top row: µR =
p
s

(left), µR = p? (middle), and µR = mD (right). Bottom row: using the CMW ⇤
MC

, with µR = 1

2

mD

(left) and µR = mD (right). For all plots, ↵s = 0.12, nF = 5, and gluon splittings were evolved in
mqq.

discussed above, there is an uncanceled logarithm in the soft limit (lower left-hand corner

of the plot), since p? is quadratic in the vanishing invariants there. However, in the hard-

collinear limits (upper left-hand and lower right-hand corners), p? is linear in the vanishing

invariant, and hence the contours remain bounded there. In the right-hand pane, we show

the choice µPS = m
D

, which can be seen to lead to bounded correction factors (below ⇠ 1.3)

in all three phase-space corners. Nonetheless, there is still an uncanceled divergence between

the soft and hard collinear limits. We shall see in the section on p?-ordering below that the

cure for this is basically to choose a better evolution variable.

In the bottom row of figure 6, we show a few variations on µPS = m
D

, specifically we

include the CMW rescaling of ⇤QCD, as defined by eq. (3.53), and show how a variation of

the renormalization scale by a factor of 2 a↵ects the correction factor. In the left-hand pane,

we show µPS = 1
2mD

and in the right-hand one µPS = m
D

. Of these, the choice µPS = 1
2mD

,

– 41 –
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Figure 7. NLO correction factor for strong p?-ordering, with GGG antennae. Top row: µ
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=
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PS
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, with µ
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= 2p? (right). For all plots, ↵s = 0.12, nF = 5, and gluon splittings were evolved in
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sharing variable ⇣ = s

2

m

2

IK
. The interesting integrals arising from expanding the Sudakov form

factor then are
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ds1

Z
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1

0
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ds1
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ds2

!
e03(s1, s2)

#

(4.33)
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Depending on the value of µPS, a corresponding value of n
F

is chosen, as well as of the QCD

scale ⇤
F

. This is often di↵erent from that for a fixed order calculation. To give a specific

example, matrix elements will typically be renormalized at a scale characteristic of the total

CM energy, i.e., µ2
ME = s an event-independent value, while resummation arguments imply

one best chooses a running scale, such as µPS = p?, for shower applications [34, 35], which

can di↵er per event.

Shifting to a di↵erent scale for ↵
s

of a given flavour number is quite straightforward.

Translating from a shower scale µPS to a matrix-element scale µME amounts to replacing, for

an antenna function

a
g/qq̄

��
µR=µ

PS

!
✓
1 +

↵
s

2⇡

11N
C

� 2n
F

6
ln

✓
µ2
ME

µ2
PS

◆
+O(↵2

s

)

◆
a
g/qq̄

��
µR=µ

ME

. (3.51)

A further aspect is that shower Monte Carlos normally switch to 4-flavour (3-flavour)

running for scales µ < m
b

(µ < m
c

), matching the ↵
s

value across the thresholds to obtain a

continuous running. For a consistent treatment, such thresholds must be taken into account

when translating ↵
s

from the shower scale to the matrix-element one. At one-loop order

(which is all that is relevant for the NLO expansion), this can be done by inserting an

additional term for each flavour threshold in the region [µPS, µME],

+
↵
s

2⇡

1

3
ln

✓
m2

thres

µ2
PS

◆
, (3.52)

with mthres the flavour threshold. Physically, eq. (3.51) expresses running with n
F

flavours

all the way from µPS to µME. The correction term, eq. (3.52), expresses that the number of

flavours was e↵ectively lower below each flavour threshold passed on the way. Note that this

can also be used to account for a larger number of flavours in the shower calculation, e.g., at

scales µPS > m
t

, with the sign change of the correction then automatically reflected by the

logarithm.

For coherent parton-shower models, the arguments presented in [35] also motivate a

change to a “Monte Carlo” scheme for ↵
s

, in which ⇤QCD is rescaled, for each n
F

, by the

so-called CMW factor ⇠ 1.5 (with some mild flavour dependence), relative to its MS value.

If the shower model being matched employs this scheme, then a further rescaling of the

renormalization-scale argument, µPS ! µPS/kCMW, should be used in eq. (3.51), with

kCMW = exp
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= 5

1.618 n
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= 4

1.661 n
F

= 3

(3.53)

for N
C

= 3. The translation of renormalization scale (and scheme) yields then an additional

term to be added to the definition of V3 in eq. (3.32),

V3µ = � ↵
s

2⇡

11N
C

� 2n
F

6
ln

✓
µ2
ME

µ2
PS

◆
= � ↵

s
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�0
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ln
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ME
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◆
, (3.54)
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(β-dependent shower term):

Depending on the value of µPS, a corresponding value of n
F

is chosen, as well as of the QCD

scale ⇤
F

. This is often di↵erent from that for a fixed order calculation. To give a specific

example, matrix elements will typically be renormalized at a scale characteristic of the total

CM energy, i.e., µ2
ME = s an event-independent value, while resummation arguments imply

one best chooses a running scale, such as µPS = p?, for shower applications [34, 35], which

can di↵er per event.

Shifting to a di↵erent scale for ↵
s

of a given flavour number is quite straightforward.

Translating from a shower scale µPS to a matrix-element scale µME amounts to replacing, for

an antenna function
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A further aspect is that shower Monte Carlos normally switch to 4-flavour (3-flavour)

running for scales µ < m
b

(µ < m
c

), matching the ↵
s

value across the thresholds to obtain a

continuous running. For a consistent treatment, such thresholds must be taken into account

when translating ↵
s

from the shower scale to the matrix-element one. At one-loop order

(which is all that is relevant for the NLO expansion), this can be done by inserting an

additional term for each flavour threshold in the region [µPS, µME],

+
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2⇡

1

3
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✓
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thres

µ2
PS

◆
, (3.52)

with mthres the flavour threshold. Physically, eq. (3.51) expresses running with n
F

flavours

all the way from µPS to µME. The correction term, eq. (3.52), expresses that the number of

flavours was e↵ectively lower below each flavour threshold passed on the way. Note that this

can also be used to account for a larger number of flavours in the shower calculation, e.g., at

scales µPS > m
t

, with the sign change of the correction then automatically reflected by the

logarithm.

For coherent parton-shower models, the arguments presented in [35] also motivate a

change to a “Monte Carlo” scheme for ↵
s

, in which ⇤QCD is rescaled, for each n
F

, by the

so-called CMW factor ⇠ 1.5 (with some mild flavour dependence), relative to its MS value.

If the shower model being matched employs this scheme, then a further rescaling of the

renormalization-scale argument, µPS ! µPS/kCMW, should be used in eq. (3.51), with

kCMW = exp
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1.661 n
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(3.53)

for N
C

= 3. The translation of renormalization scale (and scheme) yields then an additional

term to be added to the definition of V3 in eq. (3.32),

V3µ = � ↵
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Evolution-Variable dependence:

QE = p? =
m12m23

m123

QE = mD = min(m12,m23)

“CMW” factor

→ positive-definite NLO antenna



ADDING QG AND GG PARENTS
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with direct 2→4 instead of smooth ordering

Work in progress…  
Plots by Hai Tao Li
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Figure 3. The total NLO corrections to a03, d03, f0
3 and e03

In appendix I collect the relation between antenna functions and matrix elements and
how to use antenna functions to construct NLO QCD corrections to Higgs and neutralino
decaying into three coloured particles.

A NLO QCD corrections to H ! ggg and H ! gqq̄

The matrix element square for H ! ggg can be written as using antenna functions (leading
colour and supposed all the coupling and colour factor included in antenna functions )

1

3!

���M0

H!ggg

���
2

=
1

3!

���MH!gg

���
2

⇣
F 0

3

(1, 2, 3) + F 0

3

(1, 3, 2)
⌘
. (A.1)

The virtual corrections are

2

3!
Re

⇣
M0

H!gggM
1,⇤
H!ggg

⌘
=

1

3!

���MH!gg

���
2

⇣
F 1

3

(1, 2, 3) + F 1

3

(1, 3, 2) + F̂ 1

3

(1, 2, 3) + F̂ 1

3

(1, 3, 2)
⌘
.

(A.2)

The matrix element square for the real correction (four gluon final states ) is

1

4!

���M0

H!gggg

���
2

=
1

4!

���MH!gg

���
2

X

(i,j,k)2P (2,3,4)

F 0

4

(1, i, j, k) . (A.3)

And the NLO fully differential cross section for H ! ggg (keeping all kinematic information
of the there-parton state and using the shower history to cluster 4 partons into 3 partons

– 15 –

Differential NLO K-Factors for 2→3 kernels

QQ̄ ! QGQ̄

GG ! GGG

QG ! QGG

QG ! QQ̄0Q0

Note: large corrections 
for g→qq 

(leading pole only 1/yjk)

(new treatment)

From Z decay

From H decay

From χ decay



SECOND-ORDER ANTENNA EVOLUTION EQUATION
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๏Putting 2→3 and 2→4 together ⇨ evolution equation for 
dipole-antenna at O(αs2):

hadronic collisions [24, 20]. The aim of this letter

is to demonstrate the basic formalism for second-

order shower kernels (at leading colour) and pro-

vide a concrete proof-of-concept implementation

of 2 → 4 showers with two-gluon emission. We

leave implementations of g → qq̄ splittings, one-

loop corrections to 2 → 3 showers, and a discus-

sion of initial-state antennae to forthcoming work.

This letter is organised as follows. In Section 2

we discuss the Sudakov factor and partition it into

a product of 2 → 3 and 2 → 4 ones. Sec-

tion 3 presents the method for implementing 2→ 4

branchings using the veto algorithm. In Section 4

we describe the 2→ 4 antenna functions and com-

pare them with corresponding matrix elements. In

Section 5 we discuss numerical results and collect

our conclusions in Section 6 .

2. Shower Framework

Within the existing antenna-shower formalism

for a shower evolved in a generic measure of

jet resolution Q, the LO subtraction term (an-

tenna function) corresponding to a specific colour-

connected pair of partons, call it a0
3

[19], is ex-

ponentiated to define an all-orders Sudakov fac-

tor, ∆(Q2
1,Q

2
2), which represents the no-branching

probability for that parton pair between scales Q1

and Q2. As such, the differential branching prob-

ability per phase-space element is given by the

derivative of the Sudakov factor,

d

dQ2

(
1 − ∆(Q2

0,Q
2)
)
=

−

∫
dΦ3

dΦ2
δ(Q2 − Q2(Φ3)) a0

3 ∆(Q2
0,Q

2) , (1)

where the δ function projects out a contour of con-

stant Q2 in the 2 → 3 antenna phase space and

we leave colour and coupling factors implicit in a0
3
.

Typically, the phase space is then rewritten explic-

itly in terms of Q and two complementary phase-

space variables, which we denote ζ and φ:

d ln∆(Q2
0,Q

2)

dQ2
=

∫ ζ+(Q)

ζ−(Q)
dζ

∫ 2π

0

dφ

2π

|J| a0
3

16π2m2
, (2)

with m the invariant mass of the mother (2-parton)

antenna. The Jacobian factor |J| arises from the

transformation to the (Q, ζ) variables and the ζ±
phase-space boundaries are defined by the specific

choice of Q and ζ, see e.g. [13]. It is now straight-

forward to apply more derivatives, in ζ and φ, to

obtain the fully differential branching probability

in terms of the shower variables.

The essential point is that, for a0
3

to be the proper

subtraction term for NLO calculations, it must

contain all relevant poles corresponding to single-

unresolved limits of QCD matrix elements. Thus,

a shower based on a0
3

is guaranteed to produce the

same LL structure as DGLAP ones in the collinear

limit [25, 26], while simultaneously respecting the

dipole coherence embodied by the eikonal formula

in the soft limit; the latter without a need to average

over azimuthal angles (as required for the angular-

ordered approach to coherence, see e.g. [27]).

Generalising this formalism to use NNLO sub-

traction terms requires the introduction of the one-

loop correction to a0
3
, call it a1

3, as well as the tree-

level double-emission antenna function, a0
4
. Ex-

plicit forms for all second-order antennae in QCD

can be found in [19], including their pole struc-

ture and factorisation properties in all single- and

double-unresolved limits2. Note that a1
3 contains

explicit singularities which appear as poles in ϵ in

dimensional regularisation. These are cancelled by

the poles in a0
4 upon integration of one unresolved

parton (while logarithms beyond those generated at

LL will in general remain).

By analogy with eq. (1), we define the differen-

tial branching probability as

d

dQ2
∆(Q2

0,Q
2) =

∫
dΦ3

dΦ2
δ(Q2 − Q2(Φ3))

(
a0

3 + a1
3

)
∆(Q2

0,Q
2)

+

∫
dΦ4

dΦ2
δ(Q2 − Q2(Φ4)) a0

4 ∆(Q2
0,Q

2) , (3)

2Note that, for the 4-parton antenna functions, [19] only

provides explicit formulae summed over permutations of iden-

tical gluons. These must then subsequently be partitioned into

individual (sub-antenna) contributions from each permutation

separately.

2

where Q2(Φ4) denotes the hardest clustering scale

in Φ4, with the softer one being integrated over.

Specifically, for a double clustering of 4 → 3 → 2

partons, we define Q(Φ4) ≡ max(Q4,Q3); for an

ordinary strongly ordered history, it is thus equal to

the resolution scale of the clustered 3-parton con-

figuration, Q3, while for an unordered sequence, it

is the 4-parton resolution scale, Q4.

We now come to the central part of our proposal:

how to re-organise eq. (3) in terms of finite branch-

ing probabilities (as mentioned above, the a1
3 term

and the integral over a0
4

are separately divergent),

expressed in shower variables and allowing iterated

2 → 3 splittings and direct 2 → 4 ones to coexist

with the correct limiting behaviours (and no double

counting) for both single- and double-unresolved

emissions.

We first partition the a0
4 function into two terms,

one for each of the possible iterated 2 → 3 his-

tories, which we label a and b respectively. Sup-

pressing the zero superscripts to avoid clutter, we

define a 2 → 4 correction factor in close analogy

with the matrix-element-correction factors defined

in [22],

R2→4 =
a4

a3a′3 + b3b′3
, (4)

where a3 and b3 (a′3 and b′3) denote the antenna

functions for the first (second) 2 → 3 splittings

in the a and b histories, respectively. E.g., for

1q2q̄ → 3q4g5g6q̄, the a history is produced by

the product of a′3(3, 4, 5) and a3(3̂4, 4̂5, 6), with the

(on-shell) momenta of the intermediate 3-parton

state, 3̂4 and 4̂5, defined by the phase-space map

of the shower / clustering algorithm. The b his-

tory is produced by the product of b′3(4, 5, 6) and

b3(3, 4̂5, 5̂6). We emphasise that the denomina-

tor of eq. (4) is nothing but the incoherent sum of

the a and b antenna patterns (modulo the order-

ing variable), as would be obtained from the un-

corrected (LL) antenna shower, while the numer-

ator is the full (coherent) 2 → 4 radiation pattern.

Among other things, the factor R2→4 therefore con-

tains precisely the modulations that account for co-

herence between colour-neighbouring antennae.

We use the definition of R2→4, eq. (4), to parti-

tion a4 into two terms, a4 = R2→4 (a3a′3 + b3b′3),

each of which isolates a specific (colour-ordered)

single-unresolved limit, corresponding to either g4

or g5 becoming soft, respectively. For each term

we iterate the exact antenna phase-space factorisa-

tion [19],

dΦm+1(p1, . . . , pm+1) =

dΦm(p1, . . . , pI , pK , . . . , pm+1) × dΦant(i, j, k) ,

(5)

with all momenta on shell and pi+pj+pk = pI+pK,

to write

dΦ4(3, 4, 5, 6)

dΦ2(1, 2)
=

⎧⎪⎨
⎪⎩

path a: dΦant(3̂4, 4̂5, 6) dΦant(3, 4, 5)

path b: dΦant(3, 4̂5, 5̂6) dΦant(4, 5, 6)
, (6)

where we have chosen the nesting of the antenna

phase spaces such that the soft parton in the given

history is always the one clustered first. We also

divide up each of the resulting 4-parton integrals

into ordered and unordered clustering sequences,

for which Q(Φ4) = Q3 and Q(Φ4) = Q4, respec-

tively (see above). The result is

d∆(Q2
0,Q

2)

dQ2
=

∫
dΦant

[
δ(Q2 − Q2(Φ3)) a0

3

×

(
1 +

a1
3

a0
3

+
∑

s∈a,b

∫

ord

dΦs
ant R2→4 s′3

)
∆(Q2

0,Q
2)

+
∑

s∈a,b

∫

unord
dΦs

antδ(Q
2−Q2(Φ4))R2→4s3s′3∆(Q2

0,Q
2)

]

(7)

where the sums in the last two lines run over the

clustering sectors (= histories), a and b.

We may now interpret the first two lines as an ef-

fective second-order probability density for 2 → 3

branchings, while the last line represents a contri-

bution from direct 2→ 4 branchings. The solution

of eq. (7) can be written as the product of 2 → 3

and 2→ 4 Sudakov form factors

∆(Q2
0,Q

2) = ∆2→3(Q2
0,Q

2)∆2→4(Q2
0,Q

2) . (8)

3

Iterated 2→3 with (finite) 
one-loop correction

Direct  2→4 (as sum over 
“a” and “b” subpaths)

(2→)3→4 MEC

(2→)3→4 antenna function

2→4 as explicit product x MEC 

Only generates double-unresolved singularities, not single-unresolved

Note: the equation is formally identical to:

Li & PZS: PLB771 (2017) 59 

But on this form, the 
pole cancellation 

happens between the 
two integrals

- → 0



FURTHER DETAILS & OUTLOOK
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๏Further details 
•Since antenna functions are defined from specific physical matrix elements 
(GGG used Z, H, and χ decays), the corrections effectively include nonsingular 
terms for those processes 

๏ Will probably use variations to estimate effects → uncertainty bands 
๏ MECs (or merging) at given order could be used to cancel them  

•VINCIA 2 used a mixed evolution, with gluon emissions ordered in pT and 
g→qq splittings ordered in mqq  

๏ Large log corrections at NLO → reverting to single evolution measure 

๏When can others play with it? 
•Old NLO qq → qqg corrections already implemented in VINCIA 1 
•New paradigm; currently writing up longer paper with details and preparing 
for new code release, with Hai Tao Li. Expect (at least) a month or two. 
•Note: still only for (massless) final-state evolution. 

๏ Big projects in their own right: ISR and radiation in resonance decays (+QED)



SUMMARY

Peter  Skands 21Monash Univers i ty

๏GGG: full set of 2nd-order antenna functions (summed over colours and permutations)  
•We use: 

๏ (Colour-ordered sub-antenna functions defined using 2→3 as partitioning functions) 

๏Direct 2→4 branchings interleaved with iterated ME-corrected 2→3 ones 
•2→4 resolved in Q4 = min(pT4a, pT4b)  

๏ Based on eikonal × Pimp × eikonal integrated over intermediate (unphysical) Q3 scale  
๏ Two trial channels, one for each path; overlap with iterated 2→3 removed by vetos 

•Iterated 2→3 resolved in Q3 (as before, with veto if colour neighbour has lower 
scale and is unordered), with differential second-order (NLO) “K-factor” correction 

๏ (For default shower parameters, the NLO correction is well-controlled; can become large if 
using “wrong” renormalisation scales, evolution measures, etc.) 

•All radiation functions positive-definite  
๏ 2→4 from tree-level positivity (and no overlap); 2→3 since written explicitly as [ 1 + O(αs) ]  

๏New evolution paradigm beyond LL looking promising so far.

QQ̄ : N2
CA

1
3, NCnF Â

1
3, N2

CA4, NCnFB4,

QG : N2
CD

1
3, NCnF D̂

1
3, nfNCE

1
3 , n

2
f Ê

1
3 , N2

CD4, NCnFE4

GG : N2
CF

1
3 , NCnF F̂

1
3 , nFNCG

1
3, n2

F Ĝ
1
3, N2

CF4, NCnFG4, n2
FH4

Gehrmann-de Ridder, Gehrmann, Glover JHEP 0509 (2005) 056 

(NB: GGG also provide 
subleading-colour and -flavour 

antenna functions; so far ignored)
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2→4 TRIAL GENERATION
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from a uniformly distributed random number R ∈

[0, 1] by solving the following equation for Q2:

R = ∆2→4(Q2
0,Q

2) = exp[−A(Q2
0,Q

2)] . (14)

This is done by means of the veto algorithm,

which allows us to replace the (complicated) a4

by a simple overestimate of it. We construct an

appropriate “trial function” from the product of

two eikonal functions a2→3
trial

= 2g2
sCA/p

2
⊥, with

an improvement factor Pimp from smooth-ordering

showers [22] which improves the approximation in

the unordered region of phase space, and an over-

all factor 2 ensuring that the overestimate remains

valid in the region p345
⊥ ∼ p456

⊥ . Thus,

1

(16π2)2
a2→4

trial =
2

(16π2)2
a2→3

trial (Q2
3)Pimpa2→3

trial (Q2
4)

= C

(
αs

4π

)2 128

(Q2
3
+ Q2

4
)Q2

4

. (15)

where C is the colour factor for the double branch-

ing, normalised so that C → C2
A at leading colour.

In particular, the trial function for sector A (B) is

independent of momentum p6 (p3) which makes it

easy to translate the 2→ 4 phase spaces defined in

eq. (6) to shower variables. Technically, we gen-

erate these phase spaces by oversampling, vetoing

configurations which do not fall in the appropriate

sector.

For a fixed trial coupling α̂s, integration yields

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)α̂2
s

8π2
ln

Q2
0

Q2
ln

m4

Q2
0Q2
.

(16)

where Iζ is the ζ integral pertaining to the 4-

parton phase space, defined as for p⊥ -ordering in

ref. [22]. The solution for Q2 in eq. (14) is thus

Q2 = m2 exp

(
−

√
ln2(Q2

0/m
2) + 2 fR/α̂

2
s

)
(17)

where fR = −4π2 ln R/(ln(2)CIζ ) .

The trial generator can be made more efficient

by including the leading effect of scaling violation,

specifically the first-order running of αs,

α̂s(k
2
µp2
⊥) =

1

b0 ln(k2
µp2
⊥/Λ

2)
, (18)

where b0 = (11CA − 4nf TR)/(12π) and kµ allows

to apply a user-definable pre-factor. In the follow-

ing equations we replace kµp⊥ by kµQ/2. The trial

integral then becomes

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)

4π2b2
0

⎡
⎢⎢⎢⎢⎣

ln(m2/Q2)

ln(k2
µQ

2/4Λ2)

−
ln(m2/Q2

0)

ln(k2
µQ

2
0
/4Λ2)

− ln

⎛
⎜⎜⎜⎜⎜⎝

ln(k2
µQ

2
0/4Λ

2)

ln(k2
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and the solution to eq. (14) is

Q2 =
4Λ2

k2
µ
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where

y =
ln k2
µm
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2
0
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0
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and W−1(z) is the Lambert W function (solving z =

wew for w when w ≤ −1) for which we use the

numerical implementation of [28, 29].

With a trial scale Q having been generated, the

remaining 4 kinematic variables (up to a global ori-

entation) are generated according to the trial phase

space integral in eq. (11), allowing to construct ex-

plicit four-momenta. The sector veto is then ap-

plied and, if the sector is accepted, the trial is ac-

cepted with a probability

P2→4
trial =

α2
s

α̂2
s

a4

a2→4
trial

, (22)

where higher-order running effects can be included

via the αs ratio. Note that the final orientation of

the post-branching system will also depend on the

specific choice of kinematics map, see [6, 30].

The last piece required for the construction of

the 2 → 4 shower is the set of antenna functions,

a4, for qq̄, qg, and gg parent antennae. These are

defined in the following section.

4. Antenna Functions

For a branching 1 2 → 3 4 5 6 we consider par-

tons 1 and 2 (3 and 6) as the hard radiators (recoil-

ers) and partons 4 and 5 as the radiated soft and/or

6

from a uniformly distributed random number R ∈

[0, 1] by solving the following equation for Q2:

R = ∆2→4(Q2
0,Q

2) = exp[−A(Q2
0,Q

2)] . (14)

This is done by means of the veto algorithm,

which allows us to replace the (complicated) a4

by a simple overestimate of it. We construct an

appropriate “trial function” from the product of

two eikonal functions a2→3
trial

= 2g2
sCA/p

2
⊥, with

an improvement factor Pimp from smooth-ordering

showers [22] which improves the approximation in

the unordered region of phase space, and an over-

all factor 2 ensuring that the overestimate remains

valid in the region p345
⊥ ∼ p456

⊥ . Thus,

1

(16π2)2
a2→4

trial =
2

(16π2)2
a2→3

trial (Q2
3)Pimpa2→3

trial (Q2
4)

= C

(
αs

4π

)2 128

(Q2
3
+ Q2

4
)Q2

4

. (15)

where C is the colour factor for the double branch-

ing, normalised so that C → C2
A at leading colour.

In particular, the trial function for sector A (B) is

independent of momentum p6 (p3) which makes it

easy to translate the 2→ 4 phase spaces defined in

eq. (6) to shower variables. Technically, we gen-

erate these phase spaces by oversampling, vetoing

configurations which do not fall in the appropriate

sector.

For a fixed trial coupling α̂s, integration yields

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)α̂2
s

8π2
ln

Q2
0

Q2
ln

m4

Q2
0Q2
.

(16)

where Iζ is the ζ integral pertaining to the 4-

parton phase space, defined as for p⊥ -ordering in

ref. [22]. The solution for Q2 in eq. (14) is thus

Q2 = m2 exp

(
−

√
ln2(Q2

0/m
2) + 2 fR/α̂

2
s

)
(17)

where fR = −4π2 ln R/(ln(2)CIζ ) .

The trial generator can be made more efficient

by including the leading effect of scaling violation,

specifically the first-order running of αs,

α̂s(k
2
µp2
⊥) =

1

b0 ln(k2
µp2
⊥/Λ

2)
, (18)

where b0 = (11CA − 4nf TR)/(12π) and kµ allows

to apply a user-definable pre-factor. In the follow-

ing equations we replace kµp⊥ by kµQ/2. The trial

integral then becomes
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and the solution to eq. (14) is

Q2 =
4Λ2

k2
µ
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where

y =
ln k2
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(21)

and W−1(z) is the Lambert W function (solving z =

wew for w when w ≤ −1) for which we use the

numerical implementation of [28, 29].

With a trial scale Q having been generated, the

remaining 4 kinematic variables (up to a global ori-

entation) are generated according to the trial phase

space integral in eq. (11), allowing to construct ex-

plicit four-momenta. The sector veto is then ap-

plied and, if the sector is accepted, the trial is ac-

cepted with a probability

P2→4
trial =

α2
s

α̂2
s

a4

a2→4
trial

, (22)

where higher-order running effects can be included

via the αs ratio. Note that the final orientation of

the post-branching system will also depend on the

specific choice of kinematics map, see [6, 30].

The last piece required for the construction of

the 2 → 4 shower is the set of antenna functions,

a4, for qq̄, qg, and gg parent antennae. These are

defined in the following section.

4. Antenna Functions

For a branching 1 2 → 3 4 5 6 we consider par-

tons 1 and 2 (3 and 6) as the hard radiators (recoil-

ers) and partons 4 and 5 as the radiated soft and/or

6

from a uniformly distributed random number R ∈

[0, 1] by solving the following equation for Q2:

R = ∆2→4(Q2
0,Q

2) = exp[−A(Q2
0,Q

2)] . (14)

This is done by means of the veto algorithm,

which allows us to replace the (complicated) a4

by a simple overestimate of it. We construct an

appropriate “trial function” from the product of

two eikonal functions a2→3
trial

= 2g2
sCA/p

2
⊥, with

an improvement factor Pimp from smooth-ordering

showers [22] which improves the approximation in

the unordered region of phase space, and an over-

all factor 2 ensuring that the overestimate remains

valid in the region p345
⊥ ∼ p456

⊥ . Thus,

1

(16π2)2
a2→4

trial =
2

(16π2)2
a2→3

trial (Q2
3)Pimpa2→3

trial (Q2
4)

= C

(
αs

4π

)2 128

(Q2
3
+ Q2

4
)Q2

4

. (15)

where C is the colour factor for the double branch-

ing, normalised so that C → C2
A at leading colour.

In particular, the trial function for sector A (B) is

independent of momentum p6 (p3) which makes it

easy to translate the 2→ 4 phase spaces defined in

eq. (6) to shower variables. Technically, we gen-

erate these phase spaces by oversampling, vetoing

configurations which do not fall in the appropriate

sector.

For a fixed trial coupling α̂s, integration yields

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)α̂2
s

8π2
ln

Q2
0

Q2
ln

m4

Q2
0Q2
.

(16)

where Iζ is the ζ integral pertaining to the 4-

parton phase space, defined as for p⊥ -ordering in

ref. [22]. The solution for Q2 in eq. (14) is thus

Q2 = m2 exp

(
−

√
ln2(Q2

0/m
2) + 2 fR/α̂

2
s

)
(17)

where fR = −4π2 ln R/(ln(2)CIζ ) .

The trial generator can be made more efficient

by including the leading effect of scaling violation,

specifically the first-order running of αs,

α̂s(k
2
µp2
⊥) =

1

b0 ln(k2
µp2
⊥/Λ

2)
, (18)

where b0 = (11CA − 4nf TR)/(12π) and kµ allows

to apply a user-definable pre-factor. In the follow-

ing equations we replace kµp⊥ by kµQ/2. The trial

integral then becomes

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)

4π2b2
0

⎡
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and the solution to eq. (14) is

Q2 =
4Λ2

k2
µ
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where

y =
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(21)

and W−1(z) is the Lambert W function (solving z =

wew for w when w ≤ −1) for which we use the

numerical implementation of [28, 29].

With a trial scale Q having been generated, the

remaining 4 kinematic variables (up to a global ori-

entation) are generated according to the trial phase

space integral in eq. (11), allowing to construct ex-

plicit four-momenta. The sector veto is then ap-

plied and, if the sector is accepted, the trial is ac-

cepted with a probability

P2→4
trial =

α2
s

α̂2
s

a4

a2→4
trial

, (22)

where higher-order running effects can be included

via the αs ratio. Note that the final orientation of

the post-branching system will also depend on the

specific choice of kinematics map, see [6, 30].

The last piece required for the construction of

the 2 → 4 shower is the set of antenna functions,

a4, for qq̄, qg, and gg parent antennae. These are

defined in the following section.

4. Antenna Functions

For a branching 1 2 → 3 4 5 6 we consider par-

tons 1 and 2 (3 and 6) as the hard radiators (recoil-

ers) and partons 4 and 5 as the radiated soft and/or

6

Solution for constant trial αs

(Same Izeta as in GKS) 

Solution for first-order running 
αs (also used as overestimate 
for 2-loop running):

from a uniformly distributed random number R ∈

[0, 1] by solving the following equation for Q2:

R = ∆2→4(Q2
0,Q

2) = exp[−A(Q2
0,Q

2)] . (14)

This is done by means of the veto algorithm,

which allows us to replace the (complicated) a4

by a simple overestimate of it. We construct an

appropriate “trial function” from the product of

two eikonal functions a2→3
trial

= 2g2
sCA/p

2
⊥, with

an improvement factor Pimp from smooth-ordering

showers [22] which improves the approximation in

the unordered region of phase space, and an over-

all factor 2 ensuring that the overestimate remains

valid in the region p345
⊥ ∼ p456

⊥ . Thus,

1

(16π2)2
a2→4

trial =
2

(16π2)2
a2→3

trial (Q2
3)Pimpa2→3

trial (Q2
4)

= C

(
αs

4π

)2 128

(Q2
3
+ Q2

4
)Q2

4

. (15)

where C is the colour factor for the double branch-

ing, normalised so that C → C2
A at leading colour.

In particular, the trial function for sector A (B) is

independent of momentum p6 (p3) which makes it

easy to translate the 2→ 4 phase spaces defined in

eq. (6) to shower variables. Technically, we gen-

erate these phase spaces by oversampling, vetoing

configurations which do not fall in the appropriate

sector.

For a fixed trial coupling α̂s, integration yields

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)α̂2
s

8π2
ln

Q2
0

Q2
ln

m4

Q2
0Q2
.

(16)

where Iζ is the ζ integral pertaining to the 4-

parton phase space, defined as for p⊥ -ordering in

ref. [22]. The solution for Q2 in eq. (14) is thus

Q2 = m2 exp

(
−

√
ln2(Q2

0/m
2) + 2 fR/α̂

2
s

)
(17)

where fR = −4π2 ln R/(ln(2)CIζ ) .

The trial generator can be made more efficient

by including the leading effect of scaling violation,

specifically the first-order running of αs,

α̂s(k
2
µp2
⊥) =

1

b0 ln(k2
µp2
⊥/Λ

2)
, (18)

where b0 = (11CA − 4nf TR)/(12π) and kµ allows

to apply a user-definable pre-factor. In the follow-

ing equations we replace kµp⊥ by kµQ/2. The trial

integral then becomes

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)

4π2b2
0

⎡
⎢⎢⎢⎢⎣

ln(m2/Q2)

ln(k2
µQ

2/4Λ2)

−
ln(m2/Q2

0)

ln(k2
µQ

2
0
/4Λ2)

− ln

⎛
⎜⎜⎜⎜⎜⎝

ln(k2
µQ

2
0/4Λ

2)

ln(k2
µQ

2/4Λ2)

⎞
⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎦ . (19)

and the solution to eq. (14) is

Q2 =
4Λ2

k2
µ

⎛
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where
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ln k2
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(21)

and W−1(z) is the Lambert W function (solving z =

wew for w when w ≤ −1) for which we use the

numerical implementation of [28, 29].

With a trial scale Q having been generated, the

remaining 4 kinematic variables (up to a global ori-

entation) are generated according to the trial phase

space integral in eq. (11), allowing to construct ex-

plicit four-momenta. The sector veto is then ap-

plied and, if the sector is accepted, the trial is ac-

cepted with a probability

P2→4
trial =

α2
s

α̂2
s

a4

a2→4
trial

, (22)

where higher-order running effects can be included

via the αs ratio. Note that the final orientation of

the post-branching system will also depend on the

specific choice of kinematics map, see [6, 30].

The last piece required for the construction of

the 2 → 4 shower is the set of antenna functions,

a4, for qq̄, qg, and gg parent antennae. These are

defined in the following section.

4. Antenna Functions

For a branching 1 2 → 3 4 5 6 we consider par-

tons 1 and 2 (3 and 6) as the hard radiators (recoil-

ers) and partons 4 and 5 as the radiated soft and/or

6

Lambert W

from a uniformly distributed random number R ∈

[0, 1] by solving the following equation for Q2:

R = ∆2→4(Q2
0,Q

2) = exp[−A(Q2
0,Q

2)] . (14)

This is done by means of the veto algorithm,

which allows us to replace the (complicated) a4

by a simple overestimate of it. We construct an

appropriate “trial function” from the product of

two eikonal functions a2→3
trial

= 2g2
sCA/p

2
⊥, with

an improvement factor Pimp from smooth-ordering

showers [22] which improves the approximation in

the unordered region of phase space, and an over-

all factor 2 ensuring that the overestimate remains

valid in the region p345
⊥ ∼ p456

⊥ . Thus,

1

(16π2)2
a2→4

trial =
2

(16π2)2
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trial (Q2
3)Pimpa2→3

trial (Q2
4)

= C

(
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)2 128

(Q2
3
+ Q2

4
)Q2

4

. (15)

where C is the colour factor for the double branch-

ing, normalised so that C → C2
A at leading colour.

In particular, the trial function for sector A (B) is

independent of momentum p6 (p3) which makes it

easy to translate the 2→ 4 phase spaces defined in

eq. (6) to shower variables. Technically, we gen-

erate these phase spaces by oversampling, vetoing

configurations which do not fall in the appropriate

sector.

For a fixed trial coupling α̂s, integration yields

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)α̂2
s

8π2
ln

Q2
0

Q2
ln

m4

Q2
0Q2
.

(16)

where Iζ is the ζ integral pertaining to the 4-

parton phase space, defined as for p⊥ -ordering in

ref. [22]. The solution for Q2 in eq. (14) is thus

Q2 = m2 exp

(
−

√
ln2(Q2

0/m
2) + 2 fR/α̂

2
s

)
(17)

where fR = −4π2 ln R/(ln(2)CIζ ) .

The trial generator can be made more efficient

by including the leading effect of scaling violation,

specifically the first-order running of αs,

α̂s(k
2
µp2
⊥) =

1

b0 ln(k2
µp2
⊥/Λ

2)
, (18)

where b0 = (11CA − 4nf TR)/(12π) and kµ allows

to apply a user-definable pre-factor. In the follow-

ing equations we replace kµp⊥ by kµQ/2. The trial

integral then becomes
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and the solution to eq. (14) is

Q2 =
4Λ2
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where
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and W−1(z) is the Lambert W function (solving z =

wew for w when w ≤ −1) for which we use the

numerical implementation of [28, 29].

With a trial scale Q having been generated, the

remaining 4 kinematic variables (up to a global ori-

entation) are generated according to the trial phase

space integral in eq. (11), allowing to construct ex-

plicit four-momenta. The sector veto is then ap-

plied and, if the sector is accepted, the trial is ac-

cepted with a probability

P2→4
trial =

α2
s

α̂2
s

a4

a2→4
trial

, (22)

where higher-order running effects can be included

via the αs ratio. Note that the final orientation of

the post-branching system will also depend on the

specific choice of kinematics map, see [6, 30].

The last piece required for the construction of

the 2 → 4 shower is the set of antenna functions,

a4, for qq̄, qg, and gg parent antennae. These are

defined in the following section.

4. Antenna Functions

For a branching 1 2 → 3 4 5 6 we consider par-

tons 1 and 2 (3 and 6) as the hard radiators (recoil-

ers) and partons 4 and 5 as the radiated soft and/or

6

Accept ratio:

from a uniformly distributed random number R ∈

[0, 1] by solving the following equation for Q2:

R = ∆2→4(Q2
0,Q

2) = exp[−A(Q2
0,Q

2)] . (14)

This is done by means of the veto algorithm,

which allows us to replace the (complicated) a4

by a simple overestimate of it. We construct an

appropriate “trial function” from the product of

two eikonal functions a2→3
trial

= 2g2
sCA/p

2
⊥, with

an improvement factor Pimp from smooth-ordering

showers [22] which improves the approximation in

the unordered region of phase space, and an over-

all factor 2 ensuring that the overestimate remains

valid in the region p345
⊥ ∼ p456

⊥ . Thus,

1
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. (15)

where C is the colour factor for the double branch-

ing, normalised so that C → C2
A at leading colour.

In particular, the trial function for sector A (B) is

independent of momentum p6 (p3) which makes it

easy to translate the 2→ 4 phase spaces defined in

eq. (6) to shower variables. Technically, we gen-

erate these phase spaces by oversampling, vetoing

configurations which do not fall in the appropriate

sector.

For a fixed trial coupling α̂s, integration yields

Atrial
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2) = C Iζ

ln(2)α̂2
s

8π2
ln

Q2
0

Q2
ln

m4

Q2
0Q2
.

(16)

where Iζ is the ζ integral pertaining to the 4-

parton phase space, defined as for p⊥ -ordering in

ref. [22]. The solution for Q2 in eq. (14) is thus

Q2 = m2 exp

(
−

√
ln2(Q2

0/m
2) + 2 fR/α̂

2
s

)
(17)

where fR = −4π2 ln R/(ln(2)CIζ ) .

The trial generator can be made more efficient

by including the leading effect of scaling violation,

specifically the first-order running of αs,

α̂s(k
2
µp2
⊥) =

1

b0 ln(k2
µp2
⊥/Λ

2)
, (18)

where b0 = (11CA − 4nf TR)/(12π) and kµ allows

to apply a user-definable pre-factor. In the follow-

ing equations we replace kµp⊥ by kµQ/2. The trial

integral then becomes

Atrial
2→4(Q2

0,Q
2) = C Iζ

ln(2)

4π2b2
0

⎡
⎢⎢⎢⎢⎣

ln(m2/Q2)

ln(k2
µQ

2/4Λ2)

−
ln(m2/Q2

0)

ln(k2
µQ

2
0
/4Λ2)

− ln

⎛
⎜⎜⎜⎜⎜⎝

ln(k2
µQ

2
0/4Λ

2)

ln(k2
µQ

2/4Λ2)

⎞
⎟⎟⎟⎟⎟⎠

⎤
⎥⎥⎥⎥⎥⎦ . (19)

and the solution to eq. (14) is

Q2 =
4Λ2

k2
µ

⎛
⎜⎜⎜⎜⎜⎝

k2
µm

2

4Λ2

⎞
⎟⎟⎟⎟⎟⎠

−1/W−1(−y)

. (20)

where

y =
ln k2
µm

2/4Λ2

ln k2
µQ

2
0
/4Λ2

exp

⎡
⎢⎢⎢⎢⎢⎣− fRb2

0 −
ln k2
µm

2/4Λ2

ln k2
µQ

2
0
/4Λ2

⎤
⎥⎥⎥⎥⎥⎦ ,

(21)

and W−1(z) is the Lambert W function (solving z =

wew for w when w ≤ −1) for which we use the

numerical implementation of [28, 29].

With a trial scale Q having been generated, the

remaining 4 kinematic variables (up to a global ori-

entation) are generated according to the trial phase

space integral in eq. (11), allowing to construct ex-

plicit four-momenta. The sector veto is then ap-

plied and, if the sector is accepted, the trial is ac-

cepted with a probability

P2→4
trial =

α2
s

α̂2
s

a4

a2→4
trial

, (22)

where higher-order running effects can be included

via the αs ratio. Note that the final orientation of

the post-branching system will also depend on the

specific choice of kinematics map, see [6, 30].

The last piece required for the construction of

the 2 → 4 shower is the set of antenna functions,

a4, for qq̄, qg, and gg parent antennae. These are

defined in the following section.

4. Antenna Functions

For a branching 1 2 → 3 4 5 6 we consider par-

tons 1 and 2 (3 and 6) as the hard radiators (recoil-

ers) and partons 4 and 5 as the radiated soft and/or

6

⇨


