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Abstract

Physicists are currently studying the Higgs Boson at the Large Hadron Collider in hope
that it will lead to hints toward physics beyond the Standard Model. However, there is
indication that coherence effects are not faithfully reproduced with regards to radiative
corrections in the Higgs production channel Weak Boson Fusion, via traditional event
generator showers; whereas these effects are reproduced in a more modern formalism, the
antenna/dipole shower. In this thesis we test these two models on Weak Boson Fusion: a
traditional parton shower model as simulated by PYTHIA and an antenna shower model
as simulated by VINCIA. We find that there are significant differences between these two
models with regards to observables known to be sensitive to this coherence, with PYTHIA
overestimating the amount of radiation we expect to see.
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Chapter 1

Introduction

Ever since its original formulation in the 1960s [1–3] the Higgs mechanism, and hence
the Higgs Boson has been an elusive particle. It wasn’t until 2012 when physicists at
CERN discovered the Higgs Boson at the Large Hadron Collider (LHC) with the use of
the ATLAS and CMS detectors [4, 5]. With this discovery the final piece of the Standard
Model was complete; the Higgs Boson, with its now known mass of approximately 125
GeV stands as one of the finest testaments to the predictive power of the Standard Model.

However, we know the Standard Model is not complete. It makes no mention of the
possible origins of dark matter, a mysterious substance which is thought to interact with
only the gravitational force, and is believed to constitute the majority of matter in the
universe [6]. It also makes no real predictions about dark energy, which is believed to
constitute a majority of the energy in the universe [6]. As such the Standard Model only
predicts approximately 5% of the mass/energy which is believed to exist, which is a major
shortfall.

This is only the beginning, for example the Standard Model by definition is incomplete:
only including the strong (QCD/colour force), electrodynamic and weak forces while ex-
cluding descriptions of the gravitational force. Given this context, searches for Beyond
Standard Model (BSM) physics is of great importance to modern physics. This brings
us back to the Higgs, as the newest discovered particle of the Standard Model it is con-
sequentially the least probed, as such there is great potential for discrepancies to appear
between Standard Model predictions of the Higgs and experimental realities. Further-
more the Higgs Boson, and its underlying quantum field the Higgs field, is fundamentally
linked to a large portion of the Standard Model. As such many BSM theories rely on
modified Higgs parameters to be successful and studies of Higgs physics are popular in
both experimental and theoretical high energy particle physics.

One of the popular Higgs production channels to study at the LHC is known as
Weak Boson Fusion (WBF). This process creates a Higgs boson via either two W± or Z
bosons, gauge bosons of the weak force. These in turn are both emitted from scattered
quarks, particles primarily associated with the strong force1 (QCD), which reside within
protons. Furthermore, WBF produces two characteristic hard (high energy) QCD jets,
bundles of particles grouped together in cone like structures, from the scattered quarks
in this interaction. These jets are detected in the forwards and backwards regions of the
detectors at the LHC, with the produced Higgs being located at central regions of rapidity.
Due to the structure of the QCD radiation pattern produced by this processes, coherent

1Though quarks do have both QED, QCD and weak charge - hence interacting with all forces of the
Standard Model
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CHAPTER 1. INTRODUCTION

suppression of this radiation occurs in this central rapidity region, right where the Higgs
is produced. As such we are left with a rather “clean” signal to detect the Higgs decay
products, making WBF well suited for experimental studies.

Of course we want to be able to make predictions for, and comparisons against these
experimental results. As such significant research in the field of QCD phenomenology
is dedicated towards accurate simulations of high energy particle physics using what are
known as event generators. These processes, just like experimental results at the LHC,
are dominated by QCD and its radiative corrections via gluon radiation. Important
for these processes is the concept of coherence, in particular of coherence with respect
to QCD radiation. This coherent radiation can be thought of physically in terms of
radiating particles. Incoming and outgoing particles in an interaction at the LHC both
emit large amounts of QCD bremßralung radiation as they are scattered. Naively one
could consider the radiation of both particles independently, leading to an incoherent
treatment of radiation. However this incoherent approach does not capture the correct
physics - if one instead treats the radiating particles as a QCD colour-dipole instead
(analogous to a electromagnetic dipole) we reproduce a coherent pattern of radiation,
which is exactly what we see in collider events at the LHC.

Accurate descriptions of this colour coherence depend highly on the so called shower
model used in an event generator. Traditional approaches (DGLAP showers) use a shower
model which is a priori incoherent, as such other techniques must be used to bring back
radiative coherence using this model. These techniques, so far, have been effective, how-
ever it has been theoriesed that for processes with similar radiation patterns to WBF
that these techniques break down. An alternative approach known as an antenna shower,
which be contrast is inherently coherent. As such if the assumption that coherence is not
accurately simulated for WBF in traditional event generators then a straightforward way
to test for this would be to compare two of these such different models to each over, and
observe any differences apparent in how they treat coherent radiation.

For my project I compare the treatment of coherence on Higgs production via WBF
at the LHC to LO+shower2 accuracy using the PYTHIA (a DGLAP based shower) and
VINCIA (an antenna shower shower). The results of this thesis should demonstrate that
a inherently coherent treatment of WBF is needed for LO+LL accuracy if one wishes to
accurately simulate phenomena associated with WBF. Beginning in chapter 2 we discuss
the background physics of this project, discussing the importance of coherence in modern
particle physics; as well as discussing the Higgs and it’s importance in the standard model
andl as why Weak Boson fusion is an important Higgs production channel for study. In
chapter 3 we discuss the more of the technical details of the event generators we use and the
parton showers models they employ, as well as how coherence is faithfully reproduced using
these models. Chapter 4 deals with some of the technicalities of the shower generation, as
well as some of the specific language used in QCD phenomenology/experimental particle
physics, with Chapter 5 detailing the results of our analysis and chapter 6 listing our final
conclusions and thoughts for further analysis.

2Which we will see in section 3 is typically referred to as LO+LL (Leading Logarithm)
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Chapter 2

Background Theory

2.1 Quantum Coherence
The property of coherence has been known to physics for centuries; classically coherence
is considered to be a fundamental property of waves, with two wave sources considered
to be perfectly coherent when their phase difference is constant and their frequency and
waveform are the same. In this sense, processes embody coherence when we are sensitive
to the coherent sum of waves, and incoherent when we do not need to consider this
coherent sum.

From this classical description of coherence we naturally transition towards a quan-
tum description. In quantum mechanics all objects have some wave-particle duality, as
such it is not surprising that coherence is a fundamental property of objects in quantum
mechanics. Even fundamental particles, such as photons or electrons, experience coherent
behavior; this was famously demonstrated by modifying the Young double slit experiment
to only allow one photon/electron at a time to enter the slit. Even with only one particle
at a time coherent behavior is still observed [7, 8].

Figure 2.1: The double slit experiment one photon at a time using coherent and incoherent
incoming light. As can be seen while individual photons might appear to be moving
through the slits at random, as the photon number increases the coherent nature of
quantum particles becomes apparent [7].

3



2.1. QUANTUM COHERENCE CHAPTER 2. BACKGROUND THEORY

Quantum coherence manifests itself in many ways, a straightforward example of quan-
tum coherence is interference terms that often appear in between Feynman diagrams
describing a quantum system to a fixed order in perturbation theory.

2.1.1 The Chudakov effect - angular ordering of coherent radi-
ation

Unsurprisingly particle physics, which is built on the framework of quantum field theory -
a relativistic quantum theory, is rich with coherent processes. One of the earlier examples
of coherence in the context of particle physics is the so called “Chudakov” effect. The
Chudakov effect, discovered by Soviet physicist Aleksandr Evgenievich Chudakov [9], is
an archetypal example of coherence in QED radiation (which, as we will see, generalises
to QCD radiation). In 1955 Aleksandr Chudakov was working on the effects of ionisation
due to electron positron pairs created by cosmic rays hitting atoms in an emulsion plate.
He found that the ionisation, which is caused by the emission of gamma rays from the
electron/positron, was suppressed until the electron positron pair was further separated.
The basic experimental set-up is shown in figure 2.2:

Figure 2.2: A basic diagram illustrating the Chudakov effect. A cosmic ray hits an atom
which causes an electron positron pair [10].

The basic idea behind the Chudakov effect is that photons with long wavelength can
not differentiate between the electron and positron (which act as a closely bound QED
dipole), as such the photon sees an electrically neutral object and hence its emission is
suppressed.

The Chudakov effect is fascinating enough that I believe that it will be constructive to
go through the mathematics of where the suppression of ionisation comes from, which can
be explained simply using time-ordered (old-fashioned) perturbation theory [11]. Take the
Feynman diagram shown below:

4



2.1. QUANTUM COHERENCE CHAPTER 2. BACKGROUND THEORY

Figure 2.3: Feynman diagram for e+ e− pair production via gamma rays with a later
ionising radiation emission coming from one of the electron positron pairs. The electron
is labeled i and the positron is labeled j [11].

In time ordered perturbation theory the energy difference between the electron in the
virtual (with momentum p + k) and final (with momentum p) state, in the soft photon
limit where |k| � |p| and where the angle θi, is:

∆E =
√
p2 +m2 + |k|

√
(p + k)2 +m2 ∼ |k|θ2

i . (2.1)

We have from Heisenberg’s uncertainty principle that (in natural units):

∆E∆t ∼ 1. (2.2)

Which means that we have:
∆t ∼ 1

|k|θ2
i

∼ λ

θi
(2.3)

Now during the time interval ∆t the separation between electron and positron ∆d be-
comes:

∆d ∼ ∆tθij ∼ λ
θij
θi
, (2.4)

where we have substituted in the previously calculated quantity for ∆t. Now it is clear
when this suppression occurs, if ∆d < λ, the photon can’t distinguish the separation of
the electron positron pair, hence the production of a photon is suppressed. Furthermore
this suppression depends on the angle of emission θi, with large angles leading to further
suppression of soft photons.

This angular ordering property, that is, that soft photons are suppressed as a function
of their opening angle, generalises to QCD radiation and is the basis for radiative coherence
that occurs for high energy events at colliders such as the Large Hadron Collider. As
such, if one wishes to simulate the radiative corrections to fixed-order predictions in
perturbation theory this angular ordering property will need to be considered to generate
an accurate picture of the process in consideration.
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2.1.2 Colour Dipoles
When considering coherent QCD radiation from a particle the first possibility that can be
used is to treat the particle independently of others and simply consider 1→ 2 kinematics
for the creation of radiation. This approach can be made to work, though as we’ll see
in section 3.2 of this thesis there are some caveats, such as the violation of energy and
momentum in this approach and the fact that we have to reintroduce the angular order-
ing of radiation (as seen in the Chudakov effect) through other methods. An alternative,
and more physical approach is instead of treating the system as the incoherent sum of
monopoles we can treat them as the sum of systems of two-particle QCD colour“dipoles”
using 2 → 3 kinematics for radiation instead. This approach offers a more accurate
description of the radiation kinematics and is somewhat analogous to the multipole ex-
pansion in QED, where we have moved from a “monopole” to “dipole” treatment. As
we’ll see, these colour dipoles are the main source of coherence for QCD bremßtralung,
which is the dominant form of radiation for Weak Boson Fusion. One should be careful,
however, about how they conceptualize this concept. For example the largest contribution
from WBF is the dipole formed by the scattered quarks (see section 2.2.3 for a kinemati-
cal description of this process). This leads to a dipole forming between the initial quark
before scattering, and the final quark after scattering. As such these dipoles are formed
across a time separation, as opposed to being separated in space, creating coherence in a
way somewhat reminiscent of the double slit experiment.

2.2 Higgs Physics

2.2.1 The Need for the Higgs in the Standard Model
The basis of modern particle physics is quantum field theory. In it, we can describe elec-
trodynamics, the strong and the weak force in terms of fundamental fields, parametrised
by their Lagrangian. To explain why a Higgs field is needed to complete the Standard
Model let’s consider the simplest Lagrangian, the quantum electrodynamic (QED) La-
grangian for interactions between the electron and a massless photon. This is given by:

LQED = ψ̄(iγµ∂µ −me)ψ + eψ̄γµAµψ −
1
4FµνF

µν , (2.5)

where Aµ is the electrodynamic 4-potential, me is the electron mass, ψ and ψ̄ are the
Dirac and Dirac adjoint spinors respectively, γµ is the gamma matrix and F µν is the
electromagnetic field strength tensor. Importantly, just like in classical electrodynamics
the QED Lagrangian satisfies U(1) local gauge invariance, that is, we can apply the
transformation:

Aµ → A′µ = Aµ − ∂µχ, (2.6)
for some arbitrary scalar field χ and retain the same Lagrangian. If we instead wanted to
consider a massive photon of mass mγ we would be required to add a term of 1

2m
2
γAµA

µ

to our Lagrangian. Which gives:

LQED = ψ̄(iγµ∂µ −me)ψ + eψ̄γµAµψ −
1
4FµνF

µν + 1
2m

2
γAµA

µ. (2.7)

If we apply the transformation Aµ → A′µ = Aµ − ∂µχ to our additional terms we have:
1
2m

2
γAµA

µ → 1
2m

2
γ(Aµ − ∂µχ)(Aµ − ∂µχ) 6= 1

2m
2
γAµA

µ. (2.8)

6



2.2. HIGGS PHYSICS CHAPTER 2. BACKGROUND THEORY

As such the addition of a mass term for the gauge boson of QED, the photon, has broken
the local gauge invariance of QED!

We know that the photon is in fact massless, as is the gauge boson for QCD, the
gluon. However the two gauge bosons for the weak force the W and Z bosons are known
to be massive. We expect that QED, weak force and QCD to obey U(1), SU(2)L and
SU(3) local gauge invariance respectively1. As such, we can’t explain the masses of the
gauge bosons in the weak sector as some kind of inherent mass, they must be the result
of some “unknown phenomena”. Similarly, it turns out that fermion masses too can not
be explained without this addition. As we will see this missing “unknown phenomena” is
the Higgs field, whose corresponding quantum excitation is the Higgs boson.

Figure 2.4: The so called “Mexican hat” potential, named after its sombrero-like shape.
[12].

The solution to the mass problem in the Standard Model was solved independently by
three groups in the 1960s [1–3], though ultimately it was Higgs who was has been most
famously remembered for the solution. The Higgs mechanism involves the addition of a
complex doublet scalar field known as the Higgs field:

φ =
(
φ+

φ0

)
= 1√

2

(
φ1 + iφ2
φ3 + iφ4

)
(2.9)

This field has an associated Lagrangian given by:

LHiggs = (∂µφ)†(∂µφ)− V (φ), (2.10)

where V (φ) is the Higgs potential, given by:

V (φ) = µ2φ†φ+ λ(φ†φ)2, (2.11)

where µ2 and λ are free parameters. λ > 0 is required to give a finite minimum for the
potential, while µ2 < 0 gives an infinite set of minima which, importantly, do not lie

1and by extension the combined SU(2)×U(1)Y local gauge invariance of the unified electroweak sector
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2.2. HIGGS PHYSICS CHAPTER 2. BACKGROUND THEORY

on the zero point of the field. This form of the potential is colloquially known as the
“Mexican hat” potential, shown in figure 2.4.

This change from the 0 point in the Higgs field to the ground/vacuum state (for which
the most common choice is φ1 = φ2 = φ4 = 0 and φ3 = v, known as the unitary gauge)
breaks the SU(2)L × U(1)Y symmetry of the electroweak force, while leaving the U(1)
QED symmetry unbroken. This leads to a prediction of the W and Z masses of:

mW = 1
2gWv (2.12)

mZ = 1
2v
√
g2
W + g′2, (2.13)

where v is the Higgs vacuum expectation value and gW and g′ are the SU(2)L and U(1)
gauge coupling constants respectively. These masses can further be related to each over
by the following relation:

mZ = mW

cosθW
, (2.14)

where θW is the weak mixing angle.
The Higgs field also couples to fermions, giving them mass as well. Fermions with

larger masses are more strongly coupled to the Higgs field.
The resultant excitation of this field is known as the Higgs boson, it is a scalar, spin-0

boson, with no electric charge or colour charge and can interact with any Standard Model
particle with weak charge.

As such, is it apparent why the Higgs boson is so important. It is the main link to the
Higgs field, which is responsible for generating the mass of fermions and gauge bosons in
the Standard Model. The Higgs boson interacts with particles across the standard model,
and has an intricate relationship to the electroweak force due to the symmetry breaking
property of the Higgs field. Furthermore, it becomes even more apparent why studying
the Higgs is worthwhile when considering the so called free parameters of the Standard
Model. The free parameters are constants that are not directly predicted by quantum
field theory and thus must be probed experimentally. These act to pin down the expected
behaviour within the Standard Model, as by knowing these parameters we should be able
to predict everything within the theory. An example of some of the constants is shown in
table 2.1.

8



2.2. HIGGS PHYSICS CHAPTER 2. BACKGROUND THEORY

Table 2.1: Free parameters of the Standard Model in the electroweak sector. All except
the electric charge are related to the Higgs boson. [13]

With the discovery of the Higgs Boson by the ATLAS and CMS detectors at the LHC
[4, 5] along with the measurement of its mass, one of the last remaining free parameters was
finally known (though precision measurements of other free parameters are still ongoing
[14]). As such we have firm theoretical predictions as to how we expect Standard Model
particles to behave. The Higgs Boson, being the last particle discovered in the Standard
Model, is consequentially one of the least probed experimentally. As such any behavior
of the Higgs found that does not fit the Standard Model and its parameters may point
physicists in the direction of BSM physics.

2.2.2 Higgs Phenomenology in Particle Colliders
While the theoretical basis of the Higgs Boson was proposed in the 60s the experimental
verification of the Higgs mass, and hence the Higgs Boson, would take decades longer; as a
free parameter of the Standard Model the mass of the Higgs was an open problem. Early
attempts to constrain the Higgs Boson mass used electroweak precision measurements,
which implied that the Higgs mass should be less than 152GeV at the 95% confidence level
[15]. Further measurements at the Large Electron Positron collider (LEP) gave a lower
bound of >114 GeV at 95% confidence [16], while the Tetravon excluded the 162–166
GeV mass range with 95% confidence [17], with the Tetravon further indicating the Higgs
likely lies within the mass range of 120-135 GeV [18]. With the discovery of the Higgs
at the LHC in 2012, its mass was finally measured to be approximately 125 GeV [4, 5].
With this known the remaining main areas of study for the Higgs are determination of the
Higgs spin (to see if it is inline with SM predictions) and how it interacts with other SM

9



2.2. HIGGS PHYSICS CHAPTER 2. BACKGROUND THEORY

(and BSM) particles, which can be categorised into Higgs production and Higgs decay.

Higgs Boson Production

As the mass of the gauge bosons and fermions are generated by the Higgs field it is not
surprising that the Higgs boson is more strongly coupled to massive particles. In contrast
the LHC uses proton proton beams for particle collisions; where protons can be considered
to be made up mostly of massless gluons and light quarks [19]. As such the dominant
production modes at the LHC involve light or massless particles.

Figure 2.5: Production cross sections for SM Higgs at the LHC as a function of the centre-
of-mass energy,

√
s, of the incoming beam. The shorthand pp→ H is gluon-gluon fusion,

while pp→ qqH is Weak Boson Fusion and pp→ WH/ZH is Higgs-strahlung [20].

Looking at figure 2.5 the dominant form of Higgs production at the LHC is gluon-gluon
(gg) fusion. Gluons can not directly couple to the Higgs (hence why they are massless),
and must instead form a virtual quark loop. This quark loop is typically made of top
quarks, the heaviest quark, however bottom quarks also make a noticeable contribution
to the production cross section for gluon-gluon fusion [21]. While it is the dominant
production mode for the Higgs it also suffers from large theoretical uncertainties of order
O(10− 20%) even with NNLO (next-to-next-to leading order) QCD corrections included
[22]. Gluon-gluon fusion is not as well identifiable compared to typical QCD background
processes, as such other production modes are often also considered when studying the
Higgs.

10



2.2. HIGGS PHYSICS CHAPTER 2. BACKGROUND THEORY

Figure 2.6: Feynman diagrams for gluon gluon fusion (left) and weak boson fusion (right).

The second most dominant production mechanism for the Higgs is Weak Boson Fusion
(WBF, also known as Vector Boson Fusion, VBF) and has a production cross section
O(10) times smaller than gluon-gluon fusion. Early studies indicated it as the dominant
form of Higgs production for a heavy Higgs with mH > 6mW [23], where mW is the W
Boson mass. This would turn out not to be the case as the SM Higgs has a mass of
mH ∼ 1.5mW , even so WBF is well suited as a contender to study Higgs processes. This
is partly due to the identifiable nature of the process: WBF produces two characteristic
“tagging” QCD jets from the two scattered quarks in the process, with these jets being
hard (high energy) and produced back-to-back in the forward and backward regions of
the detector [24]. This allows for easier detection of the WBF jets compared to what one
would naively expect due to its smaller cross section. Furthermore, due to the colour-
singlet nature of weak boson exchange in WBF gluon radiation is suppressed in regions
of central rapidity, as opposed to background processes (and other channels of Higgs
production such as gluon-gluon fusion which induce stronger QCD radiative effects in
this region). These properties of WBF Higgs production can be used to extract its signal
from typically quite large QCD background processes. WBF also has the advantage that
there are simple “benchmark” processes that it can be compared to, that is, Z and W
boson production via WBF. Z andW boson production contain many of the same features
of Higgs Boson production, such as the forward and backward “tagging” jets and QCD
suppression in central rapidity regions - in particular single Z production via WBF is
very similar to Higgs production via WBF [25]. The production cross sections for WBF
Z and W production are higher than for Higgs production, and are thus well suited to
precision measurements to benchmark the Higgs production process. This is an active
area of study, with recent results from the ATLAS detector at the LHC being published
as recently as 2019 [26]. Important to note is that enhancements in WBF cross sections
are indicators of BSM physics [27], and as such are drivers for interest in the Higgs WBF
production channel.

Some mention should also be given to the sub-leading production processes at the
LHC. The most important of which is Higgs-strahlung. This process has the advantage
that it can be relatively “clean”, as the final W/Z boson can decay purely leptonically,
avoiding much of the complicated QCD jet structure other processes generate in final state
particle decays. In particular, Higgs-strahlung is well suited to studies of Higgs decays
into bb̄ quark pairs to detect the clear signal [28], however the relatively small production
cross section for this sub-leading process makes studying this process challenging.

11
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Higgs Boson Decay

The Higgs boson is an unstable particle with lifetime of O(10−22) seconds. As such we
can not detect the Higgs itself at the LHC and must rely on detecting the remnants of
Higgs decays.

Figure 2.7: Branching ratios for the Higgs boson with mass around 125 GeV [29].

As the Higgs couples to heavy particles more strongly it is not surprising that the
largest branching ratio is H → bb̄, with the bottom quark being the second heaviest
quark2. This decay can be detected by using b-tagging to detect jets generated via bottom
quarks; with the exception of Higgs-strahlung production, which has a small production
cross section at the LHC, this decay channel is difficult to detect due to very large QCD
backgrounds (such as gg → bb̄). So much so that it would take six years after the initial
discovery of the Higgs for the Higgs to be detected using this channel [30]. Lastly H → cc̄
decays are similar to H → bb̄, with c-tagging used for the jets instead [31].

One of the more important decay channels is the photon-photon decay. While it has
a very small branching ratio (the Higgs can not couple directly with photons as they
are massless, and must do so through virtual loop corrections) it also has a very clean,
identifiable signal. As such this channel was the first that the Higgs was identified in
[4, 5].

The other important decay channels to consider are the WW and ZZ channels. These
can also give a relativity clean signal, and as such were the next two channels the Higgs
was measured in, however these channels are suppressed due to the fact that at least one of
the W/Z pairs must be off-shell3. Furthermore, these decays only give “clean” detections
when both W or Z bosons decay leptonically, and as such the effective branching ratio of
these decays when only including leptonic decays are significantly lowered. Even so, these
decays give recognisable signals that make them prime candidates for Higgs studies.

2One might then ask “why is the top not preferred over the bottom quark, as the top quark has a
heavier mass?” The answer is that the mass of two top quarks is far greater then the Higgs mass, at 346
GeV, and as such can not produce an on-shell Higgs.

3Since mH < 2mW and mH < 2mZ
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2.2.3 A closer look at Weak Boson Fusion
Before discussing the simulation of these events with Monte Carlo Event generators (dis-
cussed in chapter 3) special attention should be brought to the Weak Boson Fusion pro-
duction channel, which as the focus of this thesis deserves special attention.

As stated in section 2.2.1 in Higgs Boson production we see coherent suppression in
the central rapidity region where the Higgs is located. This can understood intuitively by
considering the QCD colour flow in the process as per figure 2.8.

Figure 2.8: QCD colour flow superimposed on Feynman (left) and kinematic (right)
diagrams of the LO process [32].

From here it can be seen why we arrive at a coherent suppression in this central region;
the incoming/outgoing quarks, which produce QCD bremßtralung when kicked, produce
soft radiation in the direction away from the Higgs Boson and towards the beam axis (z
direction). All other vertices of the Born level diagram contain no QCD colour and as such
do not produce QCD radiation. This leads to no QCD radiation in this central region,
while the forwards regions close to the beam axis of the detector contain two noticeable
jets; located as such due to the kinematics of the interaction.

This is particularly important for studying the Higgs Boson as the Higgs and its
decay products are located in the low rapidity/pseudorapidity regions of the detector.
For general purpose detectors such as ATLAS or CMS (both detectors where the Higgs
was first discovered) these regions are where the detector is most precise, with individual
charged particle tracking abilities within |η| < 2.5 for ATLAS and |η| < 2.4 for CMS
[33, 34]. Compare this to gluon-gluon fusion in 2.5. In gluon gluon fusion all LO vertices
contain QCD colour charge, as such we expect QCD radiation to dominate throughout
phase space. That isn’t to say that the radiation pattern is directionless, but at the very
least it can be said that we do not generate the characteristic QCD coherent suppression
that a process such as WBF generates.

It is evident from here then that coherence is vitally important if one wished to de-
scribe the features of Weak Boson Fusion. When considering the important experimental
features of WBF the most prominent are:

13
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• Tagging jets: The most prominent features of this production channel are the two
“tagging”/“forward” jets. These are the two QCD jet structures produced by the
two scatterd quarks from the LO processes and as such have high jet-jet invariant
mass; furthermore as their name suggests are located close to the beam axis, and as
such leave a wide range of pseudorapidity for detection of the Higgs decay products.

• Third jet: These are any additional jets produced in the pseudorapidity region
between the two tagging jets. Since this is the region that QCD coherent suppression
occurs we expect this third jet to be particularly sensitive to coherence, and as such
is a interesting observable to study if one wishes to study the effects of coherence
on WBF, as is the case in this thesis.

• Higgs decays: This is a broad category for the decay products of the Higgs, for
the case of this thesis I will be considering the Higgs decaying to two photons,
as this decay channel produces two hard photons that are easily detected. Other
more common decay channels exist however, such as bottom qq̄ pairs which can be
identified using b-tagging on the resultant QCD jets.

Lastly a discussion of Higgs boson detection via Weak Boson Fusion would be amiss if
we did not also mention the background processes for WBF detection. These are processes
that mimic the behavior of WBF and are not distinguishable without strategic cuts in
phase space.

For example for a Higgs decaying into to two photons a preliminary (and, without any
cuts on phase space, naive) analysis with PYTHIA4 at default settings with ŝ = 13 TeV
gives us relative cross sections for WBF, gluon-gluon fusion and other proton-proton to
photon channels of:

σwbf = (6.1± 0.1)× 10−12 mb
σgg = (5.7± 0.1)× 10−11 mb
σpp = (1.15± 0.02)× 10−4 mb

(2.15)

As can be seen, gluon-gluon fusion has a cross section on the order of 10 times higher
than WBF, while background noise from pp collisions are an impressive order of ≈ 108

times higher. Even for more common decay channels of the Higgs the cross section for
WBF will always be lower than that of the background processes, and as such we will
have to make use of significant cuts to the phase space of the process.

These cuts typically come in the form of cuts to the tagging jets, the third jet and the
decay products of the Higgs [35]. For my research see chapter 4 for the specific cuts I will
be using for WBF, however in general: for the tagging jets typical cuts include a high
jet-jet invariant mass, large separation in pseudorapidity and jets detected in opposite
hemispheres. For decay products of the Higgs this is largely specific to the decay channel
we are interested in, however a reasonable starting point is to consider events where the
decay products have a total invariant mass close to the Higgs mass of 125 GeV. Lastly,
we have the third jet veto: this is a condition that, due to the coherent QCD suppression
between the two tagging jets, we expect little activity between the two tagging jets (bar
decay products of the Higgs) and as such can make a veto on any events containing a
third jet while still retaining the majority of our WBF events (while removing a large
amount of background events which are not sensitive to any suppression in this region).

4See chapter 3 on event generators for more information on PYTHIA and other event generators
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Implementing these cuts allows us to analyze our WBF data without being over-
whelmed by background noise, however this comes at a cost: These cuts significantly
reduce the phase space of our event and consequently we are forced to reject some amount
of true positives, that is, data that genuinely came from WBF events. This is a necessary
evil, as LHC data would be unusable if we did not make these cuts, however any improve-
ments to the efficiency of these cuts allows us to make use of more of our potential data,
with no changes to our (expensive) experimental apparatuses. A possible corollary we
hope is that by studying the theoretical coherent behavior of WBF is that it may possibly
lead to smarter cuts in phase space, as a coherent treatment of the simulated process may
show characteristic properties of WBF not prominent in more incoherent representations.

15



Chapter 3

Event generators

Particle physics is expensive. As an example, during its first run the Large Hadron Collider
had running costs of almost 300 million Swiss Francs per year [36]. This creates a problem,
as there are many more experiments we would like to run than we can. In particular a
way to make predictions for, as well as comparisons against, experimental results would
be of imperative value. As such, the need for event generators is naturally created. In
particular event generators can be run completely within the Standard Model, as to look
for discrepancies between theory and experiment, or they can be modified to simulate
BSM physics. The event generators such as PYTHIA [37], HERWIG [38], SHERPA [39]
are commonly used in the theoretical and experimental particle physics community for
the simulation of these events at particle colliders, and for the case of this research they
are used to simulate WBF events to LO+LL accuracy, for which we will be using the
PYTHIA event generator.

3.1 Basic Event Structure
The general structure of how event generators calculate collider events can essentially be
broken down into three main components. The Hard Process, the Shower Process and
Hadronisation; with other intermediate steps also present.

• The Hard Process: This is where we calculate the scattering amplitude of our
process to fixed order in perturbation theory. This is know as a “hard” process as
we can use a factorization Ansatz [40], so long as the process involves a large (hard)
momentum transfer� O(1GeV ). For LO processes event generators typically store
the matrix elements for the majority of LO processes (typically at least most 2→ 2
and 2 → 1 processes, along with other common processes), while NLO processes
need to be generated before hand in dedicated matrix element generators such as
Powheg-Box [41] and MadGraph5_aMC@NLO [42]. As of 2020, the generation of
NNLO has not been fully automated, with these calculations only able to be done
on a case by case basis [43].

• Parton Shower: The parton shower calculates radiation corrections to the hard
process of all orders in perturbation theory to a leading logarithmic (LL) accuracy.
This is where we we arrive at the convention of stating our generator to NnLO + LL
accuracy, where the NnLO is the order of the hard process and LL is the shower
on top of the hard process. The parton shower is a necessary process as, by nature
of the high momentum transfers, colour charged particles are strongly accelerated

16



3.1. BASIC EVENT STRUCTURE CHAPTER 3. EVENT GENERATORS

producing QCD radiation. This radiation is eventually seen in the form of objects
such as QCD jets, and thus for a full picture of the event these radiative corrections
need to be simulated.

• Multiple Parton Interactions (MPI): This takes into account effects due to
multiple parton interactions, that is, the fact that multiple partons within a hadron
can interact in an event, which are modeled by secondary parton showers [44]. In
practical terms MPI can be considered a “noise” term that will smear out effects
present in a shower.

• Matching/Merging: These (optional) techniques extends the shower treatment
with an accurate treatment of extra high pT jets, with special attention needed to
avoid double counting.

• Hadronisation: The last step for the event generator is hadronisation. By the
principle of colour confinement we know that all out coming particles must be over-
all colour neutral, leading to hadronisation of left over quarks and gluons produced
by the shower process. Since hadronisation occurs in the non perturbative regime
of QCD it is currently beyond the scope of our theories to provide a complete de-
scription of the process1. As such we must use a posteriori knowledge, we know
that hadronisation must occur, since it does, and as such base models around ex-
perimental evidence we have gathered about the process as well as general features
of QCD. The two main competing models for hadronisation are the string model
[45, 46] and the cluster model [47], which use different use different post-perturbative
observations to model this behavior.

While fundamentally based on similar techniques, the exact implementation of MC
generators can vary between different generators. Even then this does not capture the
full picture, as each generator contains their own variants for the shower process (see
section 3.2); for example as of version 8.303 PYTHIA contains many fundamentally dif-
ferent parton showers such as: the default shower (known as the simple shower), VINCIA
and DIRE (along with a dipole recoil scheme which introduces a fundamentally different
shower for IF radiation to the default shower).

In terms of coherence arguably the most interesting and important component of an
MC event generator is the shower process. The hard process, by it’s nature, captures
all of the coherence in a process for a given order. Hadronisation, by contrast, captures
coherence as a consequence of the models we use to capture the physics of colour confine-
ment. In contrast as we’ll see the treatment of coherence in the shower process is highly
dependent on the exact models we choose. As such if one wishes to explore the coherent
behavior of Weak Boson Fusion events the key stage to focus on is the shower process,
which is what I shall be focusing on for my thesis.

1Lattice QCD does provide us a method of solving non perturbation QCD, however at this stage the
problem of hadronisation has not been solved using this formalism.

17



3.2. PARTON SHOWERS CHAPTER 3. EVENT GENERATORS

Figure 3.1: Pictorial representation of a hadron-hadron collision as simulated by a Monte
Carlo event generator. The red centre is the hard process, the purple blob is a secondary
scattering events (such as via MPI). The red, blue and purple lines are the parton shower.
The light green and dark green are hadron clustering and hadron decays respectively,
while the yellow lines are soft photon radiation. From [39]

3.2 Parton Showers
As discussed previously a parton shower, also called the shower process, calculates the
higher-order QCD radiative corrections to the hard process by considering consecutive
splittings of 1 particle into 2 particle (or, as we will soon see, the radiation of three
particles from a 2 particle colour dipole). The parton shower exists to solve a seemingly
simple problem, how can we add radiative corrections to the hard process? That is, how
can we add successive gluon emissions to our hard process? The simplest answer would
be to calculate our hard process to higher and higher orders, however this approach is
not feasible as can been seen in table 3.1 the number of Feynman diagrams required to
calculate the QCD radiation corrections quickly becomes insurmountable.
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Number of External Gluons Number of Feynman Diagrams
3 1
4 4
5 25
6 220
7 2485
8 34300
9 559405
10 10525900

Table 3.1: Number of tree-level Feynmann diagrams for the gluon scattering process
gg → (n−2)gg [48]. The number of Feynman diagrams grows faster than n! and it quickly
becomes impossible to sum all diagrams. Currently the practical limit for calculating
most collision cross sections is NNLO (though some N3LO results exist, for example
N3LO corrections for Higgs production via WBF [49]), though the process has only been
automated to NLO.

Another approach would be to factorize the corrections in terms of the hard process
matrix element. What do I mean by this? By this I mean being able to write the born
matrix element and the matrix element of the new gluon emission as:

|Mn+1|2 ∝ α|Mn|2, (3.1)

for some splitting factor α. If this can be done then the matrix element corrections can
be iterated using a Monte Carlo Markov Chain, capturing the radiative corrections to all
orders. It turns out two important limits of this spectrum are factorizeable: the soft and
collinear limits, that is, the limits at which gluons are completely soft (when the outgoing
gluon has infinitely long wavelength, hence no energy) and the limit at which gluons
are fully collinear (where the angle between the gluon and mother particle is 0◦). Since
radiative corrections are dominated by soft and collinear gluons due to the divergence of
these propagators we only need consider these two limits, along with process-dependent
non-singular terms, to have a full description of the radiative corrections to the hard
process to a leading logarithmic accuracy.

Figure 3.2: Feynman diagrams for the collinear (left) and soft (right) limits for gluon
radiation. [10]
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In the collinear limit we find that the matrix element squared of the emission of a
gluon b from original particle a+ b factorizes as:

|Mn+1(. . . , a, b, . . .)|2 → g2
sC

P̂ (z)
2(pa · pb)

|Mn(. . . , a+ b, . . .)|2, (3.2)

where gs is the strong coupling factor, C is the colour factor and P̂ (z) is the DGLAP2

splitting kernel, which is the derived from the DGLAP equation and captures the collinear
poles as a function of momentum fraction z [50–52].

Similarly the soft limit for a gluon j emitted from (I,K) colour antenna is:

|Mn+1(. . . , i, j, k, . . .)|2 → g2
sC

(pi · pk)
(pi · pj)(pj · pk)

|Mn(. . . , I,K, . . .)|2, (3.3)

where (pi·pk)
(pi·pj)(pj ·pk) is known as the soft eikonal factor, which captures the poles of the soft

limit.
The collinear and soft limits for QCD radiation are factorisable, universal - they apply

in any context, and are only dependent on the previous state. As such a simple guess
would be that it would be possible to apply these gluon splittings, one after another, as
a Markov chain defined by some "splitting probability" up to a point where perturbative
QCD is no longer valid and we must consider the hadronisation process. This is exactly
what happens, with the main difference between methods being whether we only use the
collinear limits or whether we include the soft limits as well.

There is one question we have left before moving on, that is what order of perturbation
theory are we working in? The answer is all of them; the parton shower captures all
fixed orders of perturbation theory, but importantly it captures then up to what’s known
as the leading logarithm (LL). As such we have an approximation for all orders, but
only the hard process is known beyond the LL. This LL shower can be improved by
matching/merging, which involves replacing some of the shower process with exact QCD
results in perturbation theory. See [53] for more information of this process.

2Dokshitzer-Gribov-Lipatov-Altarelli-Parisi
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Figure 3.3: Coefficents of the perturbative series with a LO hard process and LL shower
process; green represents full perturbative coefficients and yellow represents LL approxi-
mations. As can be seen the shower process captures the LL of all orders, while the hard
process captures the full coefficients only for a fixed peturbative order [54].

3.2.1 Sudakov factor
At the core of the shower process is the the so called Sudakov factor [55], which charac-
terises the probability for no branching to occur between two “time” scales. It takes the
form:

∆(t0, t1) = exp(−
∫ t0

t1
dtf(t)), (3.4)

where t0 and t1 are the initial and final “times”.

There are a few subtleties when it comes to the Sudakov factor. Firstly the “time”:
while it can be, and often is intuitively thought of as a time, in practice this is usually
calculated in terms of some energy scale t ∼ Q2 or t ∼ ln(Q2), with the Markov chain
beginning at Q2

Hard and ending at Q2
Had ∼ 1GeV 2.

Secondly there is the analytical form of f(t). The form of this function has been
intentionally left vague as its form depends highly on the formalism used for the particular
event generator. For example PYTHIA by default uses the form:

f(t) =
∫
dz
αs(t)
2π

P̂ (z)
t

, (3.5)

for transverse momentum-ordered showers [56]; where P̂ (z) is the DGLAP splitting kernel.

From here we can simulate the event branching using what is known as the Sudakov al-
gorithm. First we set the Sudakov factor to some random number Rt uniformly generated
on Rt ∈ [0, 1] and solve the equation:

Rt = exp(−
∫ t0

t1
dtf(t)), (3.6)

for t1. Here we have t1 as our time where our gluon branches. From here we apply the
algorithm again staring at t1 until our we reach t = Q2

had.
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While this equation can be solved, in practice this is cumbersome as f(t) is often a
difficult function to integrate. As such the so called Sudakov Veto algorithm is used to
calculate the integrals instead. In the sudakov veto algorithm we replace our f(t) by a
simpler “trial” function f̂(t) that satisfies f̂(t) > f(t) for all t. The new trial branchings
are then accepted with probability:

Pacc(t) = f(t)
f̂(t)

, (3.7)

and rejected with probability:

Prej(t) = 1− f(t)
f̂(t)

, (3.8)

As f̂(t) > f(t) it is guaranteed that Pacc < 1 and Prej > 0, hence probability is conserved.
If we accept, done by generating another random number on Racc ∈ [0, 1] and accepting
when Pacc > Racc, the Sudakov veto algorithm continues on in the same manner as the
normal sudakov algorithm. If we reject we assume take that the branching does not occur
but still continue on from out new t0 generated from this simulation.

Using this sudakov factor we can generate our radiation corrections to the hard process
by iterating it over a Monte Carlo Markov Chain. For showers based on this collinear
limit (DGLAP-based), the radiation generated falls into two main groups, initial state
radiation (ISR) and final state radiation (FSR). ISR is the collinear radiation generated
by kicked partons before the hard parocess, it results in a spacelike shower which uses a
backwards evolution scheme to create a shower. By contrast FSR uses a timelike shower
which is forward evolved. Exactly how these two forms of radiation are treated in the
limit of the hard process is generator specific, but they both must agree in some way in
this limit, and as we’ll see this classification of radiation is not appropriate for the soft
limit for antenna showers.

3.2.2 Coherence in Parton Showers
An important property of MC event generators is capturing coherence in the shower pro-
cess. The simplest showers only use the collinear bremßlung limit and hence are based
off the DGLAP splitting kernels. DGLAP kernels are incoherent a priori, they do not
consider a coherent sum of colour partons and therefore can’t be expected to reproduce
coherent behaviour3. Hints as to how this problem could be solved can be seen earlier in
this review when discussing the Chudakov effect. There we can see that the coherent emis-
sion of photons obeys some angular ordering property, that is, soft photons are suppressed
as a function of their opening angle. One could wonder whether this coherent property
could be extended to QCD and indeed, an early attempt to reproduce coherent behaviour
while still using the DGLAP formalism is known as angular ordering [57] - which takes
advantage of the fact that we can veto soft radiation with angular separation, θij, from
the mother parton greater than between the angular separation between the two parent
partons, θik. This reproduces the coherent pattern, but azimuthally averaged. There are

3The DGLAP kernels are actually soft enhanced at z → 1, however this enhancement double counts
the soft gluon radiation leading to an excess of soft gluons in the incoherent treatment of parton showers
[53]
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other incoherent problems with the DGLAP formalism, for example there are ambiguities
with recoiler partons. It turns our that the 1→ 2 kinematics of the DGLAP showers does
not conserve energy-momentum in the system. This is a problem, and as such we must
chose some kind of recoiler parton to conserve energy-momentum. The exact technique
used for this is generator specific, but regardless this is an incoherent process. We also
have ambiguities with ISR and FSR, as many DGLAP based showers produce these two
different forms of radiation separately, meaning that ISR and FSR are incoherent with
respect to each over.

3.2.3 Antenna showers
An alternative approach for the shower is instead based off the 2 → 3 kinematics of the
soft gluon limit instead. It turns out we can incorporate the collinear limit as well while
using these kinematics, the resulting formalism derived from this approach is known as
the antenna formalism - with the resulting shower called an antenna shower.

Analogous to the DGLAP splitting kernel, the antenna shower is based on what’s
known as the antenna function, which can be schematically expressed as:

a = |Mn+1|2

|Mn|2
, (3.9)

evaluated in the soft and collinear limits, with the exact form depending on whether we are
considering initial-initial (II), initial-final (IF) or final-final (FF) radiation. The antenna
function can be separated into three parts: the soft eikonal factor, which captures the
soft poles; the collinear terms, which capture the collinear poles; and a process dependent
finite term, typically denoted by F . Important to note is that this antenna function will
reduce to the DGLAP splitting kernel in the strictly collinear limits.

The general form of the Sudakov factor in the antenna shower is thus given by:

∆(t1, t2) = exp(−
∫ t2

t1
dΦant4παsCā), (3.10)

where C is the colour factor of the given n → n + 1 branching process and ā is called
the colour-stripped antenna function - the antenna function without colour or coupling
factors. The sudakov factor is evaluated in a similar manner to that of DGLAP based
parton showers, though we are required to evaluate the antenna phase space, dΦant. This
phase space factorises, and has a different form depending on whether we are considering
II, IF or FF radiation.

Like in DGLAP based shower antenna showers break down radiation into three groups,
initial-initial, initial-final and final-final, all of which have slightly different conventions
to how they treat the antenna function. The type of radiation depends on whether the
colour antenna in question spans two initial state partons, two final state partons or an
initial and a final state parton. While II and FF can generally be modeled by ISR and
FSR in DGLAP showers IF is a challenge, as it embodies elements of both ISR and FSR.
It becomes more clear now exactly why the ISR/FSR separation in collinear showers was
a source of incoherence, as that formalism can not coherently model IF radiation. For
processes such as WBF where IF radiation is the dominant form this can lead to large
discrepancies between different showers when modeling the coherent radiation pattern.

Furthermore unlike using angular ordering with a DGLAP shower this formalism is
inherently coherent, with coherence being derived point by point in phase space as opposed
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to azimuthally averaged. There is also the advantage that by using 2→ 3 kinematics all
partons in the antenna shower can be on-shell, while DGLAP based showers are not
and require other methods to compute partons as on-shell. As such another source of
incoherence in conventional showers is rectified in antenna showers.

3.2.4 Specific showers: Coherence in PYTHIA and VINCIA
Before continuing on to the results of my analysis let’s consider some of the specific
differences in how PYTHIA and VINCIA simulate coherence in their showers.

To start VINCIA uses the antennae formalism to simulate coherent radiation. As
such we expect it to reproduce a coherent radiation pattern. PYTHIA by contrast is
a DGLAP based shower and reproduces coherent behavior using other methods. Inter-
estingly PYTHIA does not use angular ordering to generate coherence, instead uses an
interesting technique by generating incoherent radiation in the rest frame of a radiating
parton dipole, which is then Lorentz boosted to the lab frame which simulates the coher-
ence. As such we get back coherent radiation using a kinematic model, as well as cutting
off hard radiation with transverse momentum greater than that of the radiating dipole.
This works well for FF radiation, as well as II radiation (which since the partons are
located 180 degree from each over coherence is not a large factor in II radiation) however
this formalism breaks down for IF radiation. As discussed in 3.2.2 this IF radiation will
have to be incoherently separated into ISR and FSR, which will inarticulately simulate
the coherence for IF radiation. For processes where IR radiation is not prominent this is a
good approximation, however for a process such as WBF as we can see in figure 3.4 where
IR radiation is the dominant form produced we would expect PYTHIA to not correctly
simulate the coherent radiation pattern.

Figure 3.4: Radiation pattern for WBF at LO. The two ovals represent the colour dipoles
formed by the initial and final scattered quarks while the arrows represent the IR radiation
generated. As can be seen the LO process is dominated by IR radiation.
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Chapter 4

Observables, event parameters and
Cuts

Before discussing the Monte Carlo results some time should be taken to discuss both some
of the common observables used throughout the analysis, the parameters used for the
events (particularly for the sake of reproducibility) and the exact WBF cuts implemented
in the event analysis.

4.1 Observables
While by no means an exhaustive list, some common observables used throughout this
analysis include:

• Rapidity (y): Rapidity is a Lorentz invariant measure of relative velocity related
to the hyperbolic angle between two inertial frames of reference. Unlike conven-
tional measures of relative velocity in special relativity rapidity is additive, hence
calculations using this obversable are made significantly simpler. Typically in col-
lider physics we are only intereseted in the rapidity relative to the beam axis (z
direction), which can be written in terms of a particles energy and momentum as:

y = 1
2 ln

 E + pz√
m2 + p2

T

 , (4.1)

which is Lorentz invariant in the z direction.

• Pseudorapidity (η): This is a measure of the longitudinal angle θ, given by:

η = − ln(tan(θ2)). (4.2)

Pseudorapidity and rapidity are equivalent for massless particles, and approximately
the same when m � |p|, which is often a good approximation in collider contexts.
Since particle production is roughly a constant as a function of rapidity, pseudora-
pidity is a more logical choice for measuring the angular distribution of outcoming
particles compared to using the longitudinal angle θ; furthermore pseudorapidity
only depends on θ while rapidity requires knowing a particles energy, making it a
far easier measure to use in practice. High values of |η| are close to the beam axis
and are often referred to as “forward”.

25



4.2. CUTS CHAPTER 4. OBSERVABLES, EVENT PARAMETERS AND CUTS

• Transverse momentum (pT ): Transverse momentum is simply the x and y com-
ponents of momentum i.e. p2

T = p2
x + p2

y. In each event at a collider a significant
amount of the beam energy, which is along the z direction, is lost down the beam
pipe [58]. As such the net z component of momentum can not be constrained, while
the while the x and y components are known to be have net zero momentum each.
As such it becomes much simpler to only consider the contributions from the x and
y components of momentum.

• Scalar sum of transverse momentum (HT ): HT (sometimes referred to as∑ |pT |) is simply the scalar sum of the transverse momentum of particles withing
a given region, which can be modified to only include charged particles with small
pseudorapidities (to simulate the tracking limitations at the ATLAS/CMS detec-
tors). This is a reasonable measure of the activity of particles in a given region as
it will always increase when there are more particles present, unlike the vector sum
which may not. Furthermore this quantity can be used as the pT of a jet (though
we do not cluster our jets using this method in this thesis) and as such it is a useful
observable to compare to in Monte Carlo studies, particularly if one is interested in
soft behavior over an arbitrary region.

Figure 4.1: The relationship between pseudorapidity and longitudinal angle θ. Differences
in rapidity close to 90 degrees of the beam axis are exaggerated, while high values of η
correspond to angles close to the beam axis.

4.2 WBF cuts and event parameters:
For the analysis conducted here we have used the following jet definitions/cuts: For all
jets we have that:
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• pT > 20 GeV

• Jet radius R = 0.4, where the jet radius is defined as R2 = y2 + φ2

• Only consider the region |η| < 5 - based on the detector range of the ATLAS and
CMS detectors at the LHC

• Jets clustered using FASTJET analysis package [59] with anti-kt algorithm [60]

• Jets do not cluster Higgs decay products

For the two tagging jets (j1, j2):

• mj1,j2 > 600 GeV

• |∆ηj1,j2| > 4

• ηj1 · ηj2 < 0

These simply ensure that the jets are sufficiently hard, have a large separation in pseudo-
rapidity and are located in opposite hemispheres.

Finally we have the third jet (j3) veto. Here we veto events containing jets that are
located within the pseudorapidity between the two tagging jets. This third jet veto comes
from the expected coherent suppression between the two tagging jets. Of course this is
merely an experimental cut. We can, and do, generate actual WBF events containing
these third jets and since they are particularly sensitive to coherence we will be studying
this third jet. However unless otherwise specified we will be implementing the third jet
veto to all other events where the third jet is not the focus of the analysis.

Lastly for my analysis unless otherwise specified we will be using the default settings
for PYTHIA/VINCIA with the following exceptions:

• Only considering the Higgs→ γγ decay channel: What the Higgs specifically
decays into is not of interest to us, as the coherent behavior of weak boson fusion is
not dictated by the Higgs decay products. As such the only consideration for what
Higgs decay channel to use is simply by what is the simplest to implement/analysis;
which since the photon decay channel is the cleanest decay channel (no QCD jets
from decay products, only two easily identifiable hard photons to detect) this is the
natural choice for this analysis

• Hard photons do not branch: The photons generated from the hard process
have a chance to split into ll̄ pairs. Once again since we are only interested in the
coherent behavior we simplify our analysis by only considering events where the two
photons from our LO event do not decay.

• Multiple parton interactions (MPI) and Hadronisation off : MPI in practice
defines other shower processes that occur due to scatting off multiple partons. These
showers occour at lower scales and hence in practice mannifest as “noise” on top
of the base results from the shower process. Hadronisation, by contrast, is fully
coherent; it can thought of as the non-perturbative dual of the colour dipoles we see
in perturbative QCD1. Since hadronisation occours at might lower scales then the

1To be more precise it is the hadron strings, from the string model, are the non-perturbative dual
of perturbative colour dipoles. Of course there is the cluster model, a competing hadronisation model,
however it is typically believed that the string model is the more “physical” model of hadronisation;
though these discussions of hadronisation model and their merits are well beyond the scope of this thesis.
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hard process starts at we can’t expect it to be able to create new jets per se, but
some shifting behavior due to hadronisation can be expected. Regardless, MPI and
hadronisatio both obscure effects we wish to see at the parton shower level, and as
such for the majority of this analysis are switched off.

• Run at 1,000,000 events with ŝ = 13 TeV: All runs will be calculated with
1,000,000 events, with error bands quantifying the statistical uncertainty of the
histograms presented. To simulate events at the LHC we will use a centre-of-mass
energy of 13 TeV.
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Chapter 5

Weak Boson fusion event generation

In this section I present the results from running the WBF analysis using the PYTHIA
and VINCIA showers. Each section focuses around a different parameter we wish to
observe, beginning with analysis of observables we predicts to be sensitive to coherence
within the WBF analysis and ending with a preliminary analysis of other extensions to
the main analysis such as hadronisation and factorisation effects. All histograms are
presented with error-bands which represent the statistical fluctuation of values within the
histogram bins.

5.1 Third Jet Transverse Momentum
As discussed earlier coherence in weak boson fusion manifests itself in the form of coherent
suppression of radiation in regions of small rapidity/pseudorapidity and small pT for WBF.
As such if we believe there are noticeable differences between how PYTHIA and VINCIA
are simulating coherence in WBF then it is this region of phase space that we should
bring our attention to. Given this a good observable to focus on is the third jet j3. The
third jet should be very sensitive to coherence as it is located purely within this small
pseudorapidity region of phase space, as such the third jet makes a good candidate for an
observable in the context of coherent analysis of WBF.

A reasonable unit to plot the third jet against is transverse momentum. Since we
expect QCD radiation to be suppressed between the two tagging jets we would expect if
VINCIA reproduces coherence more accurately than PYTHIA then transverse momentum
spectrum of the third jet should be suppressed. In particular we should expect that
PYTHIA produces more soft (low-pT ) jets, as the coherent suppression is also a function
of transverse momentum.
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Figure 5.1: Transverse momentum of the third jet for PYTHIA and VINCIA. PYTHIA
produces third jets a factor of up to 3.5 times more than VINCIA does. This difference
appears to decrease as a function of pT .

Looking at figure 5.1 we can see that this assumption of a coherent difference in the
third jet holds true. Here we see a factor 2-3 difference in the rate of third jets produced
by PYTHIA and VINCIA. As we know by nature the antenna functions used in VINCIA
are coherent from the ground up, and as such we can interpret this histogram as PYTHIA
placing more radiation in this third jet region of phase space, which leads to a nonphysical
inflation of the number of third jets present. The trend seems to also correlate with the
third jets transverse momentum, with low pT jets seeming to be more over-represented
in PYTHIA while high pT jets being described with a smaller disagreement - though this
argument is best saved for the following section where it is shown more conclusively. Even
so, relatively hard jets of pT ≈ 200 GeV are still over-represented by a factor of 2. These
differences alone already are cause for doubt on the ability of DGLAP based showers
to accurately describe the coherence radiative physics of processes such as WBF which
heavily depend on an accurate description of IF QCD radiation.
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5.2 Third jet pseudorapidity
Another unit we can compare the third-jet observable to is pseudorapidity. We know
that the coherent suppression of radiation in WBF is enhanced for low values of |η|, as
such if PYTHIA is not reproducing the coherent radiation pattern we would expect it to
break down for low values of η. Furthermore if we want to show that this should be more
pronounced for low pT jets we can split up our distributions depending on their transverse
momentum. Only plotting the pseudorapidity distributions of third jets over a range of
25± 5 GeV, 50± 5 GeV and 80± 5 GeV to see how these distributions vary.
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Figure 5.2: Pseudorapidity of the third jet values in the range of pT , j3 ∈ [20, 30] GeV

Looking at the distribution for low pT jets centered on 25 GeV in figure 5.3 we can see
a large difference between the number of jets PYTHIA and VINCIA predict for this small
pseudorapidity region. Around η = 0 we reach a factor of 8 difference between these two
models, this difference diminishing to a factor 2 close to the edge of the calorimeter region
(|η| ≈ 5) at the ATLAS/CMS detectors. Once again we arrive at the same conclusions
we had previously, that the coherent suppression for small pseudorapidities is not being
captured in PYTHIA when compared to VINCIA, in essence PYTHIA is placing more
low-pT particles in this region then there should be.
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As alluded to before, we expect the coherence effects to be dampened for higher pT ,
and as such we would expect PYTHIA and VINCIA to begin to converge for higher
transverse momentum.
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Figure 5.3: (Left) Pseudorapidity of the third jet values in the range of pT , j3 ∈ [45, 55]
GeV. (Right) Pseudorapidity of the third jet values in the range of pT , j3 ∈ [75, 85] GeV

Looking at 5.3 this certainly appears to be the case. As we consider larger values
for the transverse momentum of the third jet appear to converge for higher values of pT .
By the time we reach a transverse momentum of 80 GeV coherence in pseudorapidity
appears to vanish, while we still are left with some coherence with respect to transverse
momentum, leading to a uniform factor of 3 increase of jets in PYTHIA compared to
VINCIA.

These plots, along with that of the third jet pT spectrum evince that coherence sup-
pression of the third jet that simply is not captured in PYTHIA. This is of particular
concern not just to the theoretical community but also to the experimental, as if one
were to implement the third jet veto in PYTHIA as opposed to VINCIA, due to the
over-representation of third jets in PYTHIA we would be left with a smaller proportion
of useful data that survives the third jet veto.

5.3 HT in regions of pseudorapidity
Another observable to consider is the scalar pT sum, HT . It can be used as an indicator
of the amount of jet activity in a given region - as unlike the vectorial sum of pT , HT

always increases when we have more particles in a given area. A good region to check
coherent suppression would be the region between the two tagging jets, specifically around
the midpoint between the tagging jets. We know from studying the third jet that this
region is where the bulk of coherent suppression in phase space is occurring, as such we
would once again expect suppression for low pT , and hence low HT . Given the range of
the charged particle trackers at the ATLAS detectors are |η| < 2.5 we also limit ourselves
to charged particles within this region.
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Figure 5.4: HT of charged particles in the region η±0.5 around the midpoint of the tagging
jets. This region can not be larger than |η| = 2.5, which simulates the experimental limits
of the ATLAS and CMS detectors.

Figure 5.4 tells a similar story to what we found in section 5.2, PYTHIA appears to
be producing low pT radiation in abundance in this region, while VINCIA is saying that
this excess radiation in nonphysical. Around 45 GeV this swaps around and PYTHIA
produces less high pT radiation than VINCIA, and simillarly we have another cross-over
point at the end on the first bin in our histogram. In terms of how to think about what
is occurring at the first bin: in the beginning both PYTHIA and VINCIA start with the
same amount of events (as both generators are run 1M times) all in the 0 bin. As events
are simulated the generators pluck the data from this zero bin out towards whichever bin
the simulation predicts it should go, as such there must always be some cross over point
between our two generators if we want to preserve the number of events produced in our
histograms. The other cross-over point is also interesting; the fact that this other point
occurs as early as it does in pT demonstrates how strongly the suppression is correlated
with soft radiation, as opposed to hard radiation.
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Figure 5.5: (Left) HT of particles in the “mirror” jet region (Right) HT of particles the
“mirror” jet region, this time with a larger jet radius 4 times the original

Another interesting region to test the HT observable on is the “mirror” jet region. This
is the region directly mirrored in pseudorapidity and azimuthal angle to the tagging jets.
Given that these are completely opposite the two tagging jets, which contain the bulk of
QCD radiation in this process, we would once again expect coherent suppression in this
region. As we will see the amount of radiation in this region of phase space is so small
that the statistical uncertainties become large even for 1M events, as such a reasonable
solution is to also consider a larger region of phase space with a radius 4 times larger
than the original jets. This will include more radiation, and as a result contain more
statistically significant results, however will contain radiation that is less susceptible to
coherence; possibly making the effects of coherence less pronounced in our histograms.
As such a good compromise to to consider the behavior of both scenarios, and compare
their effects together.

As seen in figure 5.5 these coherent effects appear to mirror what we found for the
HT sum in the region between the tagging jets. We see significant suppression of HT in
VINCIA that is not reproduced in PYTHIA. Furthermore these effects appear to continue
on beyond the original jet radius, with significant differences in HT appearing event at
the 4R radius mark. Interestingly the coherence in the mirror jet region appears to not
be as dependent on pT compared to suppression of radiation between the tagging jets.
As can be seen for HT< 10 GeV PYTHIA and VINCIA appear to agree more than for
harder radiation, which is an effect not seen in figure 5.4.

5.4 PYTHIA Dipole recoil
One interesting setting that is worth considering for the PYTHIA simple shower is the
dipole recoil setting [61]. At first glance the dipole recoil setting changes how PYTHIA
treated the recoiler parton needed for energy-momentum conservation which by default
uses a global recoil scheme instead. If this was all it did the dipole recoil setting would not
be particularly interesting with respect to coherence, however this setting some something
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rather interesting - it treats IF radiation (typically split into incoherent ISR and FSR
parts) with an antenna/dipole like formalism. As such, we would expect that WBF,
dominated by this form of coherent radiation, would match well with PYTHIA with the
Dipole setting. Let’s test this by considering the third jet pT spectrum again along with
the HT between the tagging jets.
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Figure 5.6: Transverse momentum of the third jet for PYTHIA, PYTHIA with dipole
recoil on and VINCIA. PYTHIA produces third jets a factor of up to 3.5 times more than
VINCIA does, however by turning on the dipole recoil the differences between the two
models vanish, with PYTHIA now reproducing the correct spectrum for IF radiation.

As we can see with the correct treatment of IF radiation PYTHIA and VINCIA now
agree. Let’s also check the HT histogram to see if these results are consistent.
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Figure 5.7: HT of charged particles between the tagging jets. Once again differences
between PYTHIA and VINCIA vanish between with the dipole recoil turned on.

Figure 5.7 we can see that this convergence is not a one off - with an antenna treatment
for IF radiation the differences between PYTHIA and VINCIA do converge. It is impor-
tant to note that this required the use of, at the very least, an antenna-like formalism to
solve, and as such gives us further indication that the inherently coherence formalism of
the antenna shower appears to be needed to capture the coherent physics for WBF.

5.5 Factorisation Scale
While not an effect of coherence per se the differences we see between PYTHIA and VIN-
CIA when considering different factorization scales deserves mention. The factorisation
scale of a process can be thought of as a measure of the characteristic wavelength λ of the
process. For proton-proton collisions this can be thought of as parameterising the scale
at which we are probing the proton itself. The structure of a proton is parameterised by
what’s known as a Parton Distribution Functions (PDF), which at Leading Order (LO)
can be thought of as functions that parametrise the probability density of partons within
a proton. These PDF’s are a function of the facorisation scale, which mimics the behavior
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we obverse in proton collisions: at low energies the proton appears to consist of a few
“valence-like” partons, and at larger energies the proton appears to be made up of a large
amount of constituent elements - quarks and gluons.

This scale is closely related to another important scale we use, namely the shower
starting scale. This is the scale at which we begin our Sudakov algorithm, and while
the choice for this scale is also arbitrary, typically it is chosen to match the factorisation
scale. As such variations of the factorisation scale not only change how the hard process
is determined but also the shower process, and as such is of interest to us while studying
properties of the shower process in WBF.

There is no “one correct” factorisation scale for a given process, and its choice is
somewhat arbitrary. For a t-channel (scattering) processes a reasonable guess is the
transverse momentum transfer of the process. For massless particles this captures well
the scale at which we are probing the protons, however WBF involves the transfer of rather
massive Z0/W± bosons with masses of approximately 91 GeV and 80 GeV respectively,
as such for weak boson fusion the boson masses exchanged also need to be taken into
consideration.

This leads us to the factorisation scale PYTHIA uses by default, which is the “geo-
metric mean of the two propagator virtuality estimates”; or in other words the geometric
mean of the transverse momenta of the scattered quark with the mass of the transferred
weak boson1. We can also consider two other choices for factoirsation scales, both of which
are larger than our original choice. One possible route is to also consider the generated
Higgs transverse mass in the factorisaiton scale, which gives us the geometric mean as
above but including the Higgs transvese mass. The second, even larger, option is to use
the centre-of-mass energy, ŝ of the process. This is the largest factorisation scale that
would still be considered somewhat sensible. With all of this in mind considering how
factorisaion scale variations would change the showers in both PYTHIA and Vinca is of
possible interest, since both showers are built in different ways this may lead to a difference
in how the factorisation scale variance presents itself, which in turn may indicate which
shower model is more physical with respect to WBF. Let’s consider these factorisation
scale variations for the pseudorapidity of the tagging jets, which should not show much
variation between the two showers.

1PYTHIA documentation represents this by the transverse mass, m2
T = m2 + p2

T for the scattered
quarks, but replaces the quark mass with the mass of the weak boson. This substitution is written as
m2

T Vi
for the ith quark.
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Figure 5.8: (Left) Factorisaion scale effects for PYTHIA, with three variations: the default
scale, default scale with higgs transverse mass and ŝ. (Right) Same, for VINCIA.

As we can see, the factorisation scale affects PYTHIA significantly, with the largest
ŝ scale producing tagging jets a factor of two times greater in the region around η = 0.
Meanwhile VINCIA is not nearly as affected, the behavior around η = 0 is almost identical
to that of the default factorisation scale choice. This can be explained by considering what
is occurring in terms of the colour dipoles present in the shower. Physically the invariant
mass (or, for an IF dipole the momentum transfer between the initial and final parton) of
a colour dipole system can be considered to be an upper limit of the hardness of radiation
being produced by the colour dipole; we can not produce radiation of a higher energy
than this invariant mass of our system. VINCIA knows about colour dipoles, this sets
an upper bound on the radiation is can produce, limiting us to a smaller phase space
available which it will not access even if the factorisation scale is increase. PYTHIA
meanwhile does not know anything about these colour dipoles, and as such has access
to a much larger (and un-physical) phase space which will generate radiation above the
mass of these colour dipoles. This hints to us that VINCIA is reproducing the physics
more accurately for WBF, while PYTHIA is not. Varying factorisation scale parameters
from the norm breaks some of the techniques PYTHIA uses to mimic coherence, while
VINCIA is left relatively unchanged.

5.6 Preliminary MPI and Hadronisation effects
So far in our studies we have only considered the coherent effects from the shower process.
This has been done by turning off MPI and Hadronisation in our analysis, so that the
effects of the shower process are not obscured by any “noise” or other unwanted effects
from these two processes. This does, however, leave us with the question as to whether
these effects can still be seen with MPI and Hadronisation on? This is interesting to
consider, particularly from an experimental perspective - as if these coherence effects are
not visible with MPI and Hadronisation on the differences between PYTHIA and VINCIA
would be considered trivial in this context.
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As discussed previously MPI and Hadronisation will affect our analysis in different
ways. MPI adds “noise” to our spectrum which can wash-out our signal, while Hadro-
nisation is inherently coherent by design, and can add small coherent corrections to our
distributions. Nevertheless, we do not expect significant changes to our distributions - we
expect to obtain histograms with much more “noise” due to MPI in particular.

To see the impact of these settings turned on for WBF coherence, we should look at
distributions where coherence effects are most prominent to see if it is still visible after
switching MPI and Hadronisation on. As such two reasonable choices to analyse are the
third jet transverse momentum and the soft third jet pseudorapidity spectrum, where we
have seen clear coherent radiative suppression previously.
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Figure 5.9: (Left) Transverse Momentum spectrum of the third jet with MPI and Hadro-
nisation on (Right) Pseudorapidity spectrum of the third jet with MPI and Hadronisaiton
on.

As can be seen in figure 5.9 the differences between PYTHIA and VINCIA are sig-
nificantly reduced, though they do not vanish. We can see the effects of MPI filling
up our distributions with somewhat incoherent radiation. Interestingly, the region of
pseudorapidity closest to zero is most in agreement in terms of coherence with MPI and
Hadronisation on, possibly indicating that we have hit the noise floor in this region - with
a similar effect being present around 100 GeV for the transverse momentum histogram.
Though these phenomenon are beyond the scope of this thesis the preliminary results
are interesting and surprising, certainly not an effect we would expect to see; especially
given that we appear to be reducing the cross section of our process for our the pseu-
dorapidity histogram, an effect we would almost never expect to see from either MPI or
Hadronisation.
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Chapter 6

Final thoughts and Future work

My thesis has compared the PYTHIA and VINCIA showers extensively to determine the
merits of generating coherent radiation using the DGLAP based, or inherently coherent
antenna based, showers for WBF. By comparing the effects of observables such as pt,
η and HT , on known coherent sensitive phenomena, such as the third jet, we find that
the observed differences between these showers are substantial. PYTHIA greatly over-
represents the amount of soft radiation in these events, particularly in low pseudorapidity
regions of phase space where we expect the soft suppression to be at its greatest. Instead
PYTHIA is predicting a large (and hence unphysical) amount of radiation - with up to
a ≈ 10 times difference between it PYTHIA and VINCIA. By contrast VINCIA appears
to be capturing the correct physics for WBF, with PYTHIAs under performance being
in line with previous studies indicating that PYTHIAs treatment of radiation for WBF
being inadequate [62].

As such we recommend an antenna or antenna-like treatment to simulate WBF, in
particular such that the IF radiation from the born level of WBF is treated by a coherent
formalism. VINCIA or PYTHIA with a dipole recoil appear to correctly capture the
coherent physics of the process, while PYTHIAs simple shower by default does not. These
effects also appear to be present in some form when considering Hadronisation and MPI
effects, though we caution the reader to keep in context that these are merely preliminary
results - and that stronger conclusions warrant further study.

On that remark, we believe our results point to interesting physics regarding the
shower process for WBF in Monte Carlo Event Generators. If one wished to collect the
main results of this thesis into a publishable state we would recommend replicating the
analysis at the NLO+LL level, as opposed to LO+LL as is done here - as well as including
further analysis into both the Hadronisation and MPI effects we see in our preliminary
results. While the results from the LO+LL analysis are useful, as they point to interesting
phenomenon, a typical analysis in the field would likely be done with the hard processes
set at least at NLO (if not possibly NNLO). Since a larger portion of the phase space
is covered by the NLO hard process we would expect that the PYTHIA and VINCIA
showers would have smaller (or possibly even convergent) coherent differences compared
to each over. Though we believe that these coherence effects go beyond NLO and as such
will still be present to that level, albeit diminished.
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Appendix A

Monte Carlo Integration

The reader may be interested what the so called "Monte Carlo" (MC) method actually is,
of which this appendix hopes to address. The MC method is a name given to any process
that utilities MC integration. This technique of integration utilities random numbers1

to perform a numerical integration (see appendix B for a basic proof of this method of
integration). This is done by sampling, either flatly or by some functional dependence, a
random distribution of numbers in the volume of integration, which leads to a numerical
solution of the integral. This solution becomes more accurate for a larger number of
samplings, with the caveat that there is some probability, P , that this convergence will
fail.

One might ask why we would want to use Monte Carlo integration with its risk of
failure, when other techniques for numerical integration, such as the trapezoid rule, which
do not have this flaw. The answer comes down to the rate of convergence (which is
related to the uncertainty) in high dimensions. For a small number of dimensions MC
integration converges slower than most numerical methods on integration, however the
convergence of MC integration is independent of the dimensionality of the integral, while
other numerical methods generally have better convergence rate for additional dimensions.
This relationship is demonstrated in the table below:

Relative uncertainty
after n evaluations

Convergence rate in
one dimensions

Convergence rate in d
dimensions

Monte Carlo n−1/2 n−1/2

Trapezoidal rule n−2 n−2/d

Simpson’s rule n−4 n−4/d

Gauss rule n−2m+1 n(−2m+1)/d

Table A.1: The relative uncertainty (proportional to the convergence rate) of various
numerical integration techniques in 1 and d dimensions. As can be seen, for small d
Monte Carlo is an inefficient method of numerical integration, while for large d the Monte
Carlo method is much faster then other numerical methods [63].

In experiments at the LHC typically create on the order of O(100)−O(1000) particles
[53]. Each of these particles adds with it three dimensions to the phase space of the
process. As such we quickly enter the regime where MC integration is far superior than

1Or in practice pseudrandom numbers
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APPENDIX A. MONTE CARLO INTEGRATION

other numerical methods, even including the possibility of the failure of convergence. This
is true even when calculating just the hard sub-process, where the number of outgoing
particles is far smaller the dimensionality of the phase space still leads us to use MC
integration. Furthermore MC integration of the hard process can be used to start a
Monte Carlo Markov Chain (MCMC), which is the bases of the shower process, which is
discussed further in section 3.2.
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Appendix B

Proof for the Monte Carlo Method
of Integration

To begin we have the numerical integral of some n-dimensional function f(x) of:

I =
∫
V
f(x)dnx, (B.1)

where V is some arbitrary n-dimensional volume in real space. Sampling N uniformly
randomly distributed points in V by the law of large numbers and the central limit theorem
we have:

I ' Qn = V

N

N∑
i=1

f(xi) = 〈f〉, (B.2)

where by the law of large numbers we have that:

limN→∞QN = I (B.3)

Now the estimated error of our integral is summarised by the square root of it’s variance,
namely:

σQn =
√
V ar(Qn) =

√
〈Q2

n〉 − 〈Qn〉2. (B.4)
Which in terms of the variance of our original function f(x) is:

σQn =

√√√√V 2

N2

N∑
i=1

V ar(f). (B.5)

Which becomes:

σQn =
√
V 2

N
V ar(f). (B.6)

Which finally simplifies to:

σQn = V

√
V ar(f)
N

. (B.7)

As can be seen in the limit as N → ∞ the error in our approximation goes to 0; most
importantly this error is independent of the number of dimensions of our integral.

This subtlety here is that while in calculus we have that {A} will converge to B if n
exists for which |Ai>n−B| < ε for any ε > 0, we must treat the Monte Carlo convergence
statistically. As such instead we have that {A} converges to B if n exists for which the
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probability for |Ai>n − B| < ε is greater than P for any P ∈ [0, 1] and for any ε > 0. As
such we always have the chance of our convergence failing [63].

The second subtlety is that we have chosen a flat distribution to randomly sample from.
While the proof still applies to a non-flat random distribution a careful examination of
different possible distributions can lead to a low error/faster convergence rate (see [64]
for more insight into this).
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Appendix C

Sudakov Veto Algorithm

For the Sudakov veto Algorithm we have that:

R = exp(−
∫ t0

t1
dtf̂(t)) = ∆̂(t0, t1), (C.1)

for some f̂(t) > f(t) for all t and some uniformly distributed random number R ∈ [0, 1],
which is accepted with probability:

Pacc(t) = f(t)
f̂(t)

. (C.2)

Now we want to prove that this is equivalent to R = δ(t0, t1) = exp(−
∫ t0
t1
dtf(t)). To do

this let’s consider the probability that a branching will occur at time t1. If there have
been no rejected trials before this time the probability is given by:

P0 = ∆̂(t0, t1)f̂(t1)Pacc(t1), (C.3)

which since Pacc(t) = f(t)
f̂(t) we can simplify to:

P0 = ∆̂(t0, t1)f(t1). (C.4)

What about the case if one intermediate time has been rejected? If we have rejected one
trial at time t1, with the next accepted trail now being t2 the probability then becomes:

P1 =
∫ t1

t2
dt1f̂(t1)(1− Pacc(t1))∆̂(t0, t1)∆̂(t1, t2). (C.5)

Which can be simplified to:

P1 = P0

∫ t0

t2
dt1(f̂(t1)− f(t1)). (C.6)

What about the case where two rejected branchings have occurred before? In this case
we have:

P2 = P0

∫ t0

t3
dt1(f̂(t1)− f(t1))

∫ t1

t3
dt2(f̂(t2)− f(t2)) (C.7)

Here we can use the fact that
∫ b
a dxf(x)

∫ c
a dyf(y) = 1

2(
∫ b
a f(x))2 to simplify this to:

P2 = 1
2P0(

∫ t0

t3
dt1(f̂(t1)− f(t1)))2 (C.8)
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The identity just used is due to the fact that the double integral is a triangular integral
with factorised integrand which is symmetric under the interchange of the integration
variables. For n higher terms we thus have a n-dimensional hyper-triangle, we can reduce
these n-dimensional hyper triangles just as with the regular triangle, with a pre-factor of
1
n! . Thus the probability to accept time t in any step becomes:

P(t) =
∞∑
n=0
Pn(t) = P0(t)

∞∑
n=1

1
n! (

∫ t0

t
dt′(f̂(t′)− f(t′)))n. (C.9)

Which using exp(x) = ∑∞
i=0

1
i!x

i we have:

P(t) = f(t)exp(−
∫ t0

t
dt′f(t′)) (C.10)

Which is the probability to generate an event at time t with no emission between t0 and
t. This is identical to the form if we had not used the veto algorithm, and as such proves
the correctness of the veto algorithm.
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Appendix D

Angular Ordering

We can prove why the angular ordering approach reconstructs azimuthally averaged be-
haviour with DGLAP splitting kernels by first considering the soft Eikonal factor multi-
plied by E2

j :

E2
j

(pi · pk)
(pi · pj)(pj · pk)

, (D.1)

where i is the mother parton, j is the radiated gluon and k is the recoiled parton. We can
write out our 4-products in terms of the angles between the particles in the high energy
limit (where E � m) as:

1− cosθik
(1− cosθij)(1− cosθjk)

= 1− cosθik
(1− cosθij)(1− cosθjk)

± 1
2(1− cosθij)

∓ 1
2(1− cosθjk)

,

(D.2)
where on the right hand side we have isolated the ij and ik collinear pieces. Now consid-
ering only the ij piece let’s integrate over the azimuthal angle φij:∫ 2π

0

dφij
4π

1− cosθik
(1− cosθij)(1− cosθjk)

+ 1
1− cosθij

− 1
1− cosθjk

= 1
2(1− cosθij)

(1+ cosθij − cosθik
|cosθij − cosθik|

).

(D.3)
Looking closely we see that the fraction 1 + cosθij−cosθik

|cosθij−cosθik|
equals 2 if θij > θik and 0 if

θij < θik. As such by setting soft gluon radiation to be 1
1−cosθij

for θij > θik and 0 for
θij < θik we reconstruct the azimuthally averaged soft coherence previously lost.
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