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Recap of (applied) QFT

2

๏Want to: 
•Start from assumed field content & Lagrangian (e.g., SM).
•Compute scattering cross sections and decay rates.

๏ Total and differential
•Compare to experimental measurements.

๏Recipe in perturbative QFT:
•Set up (relativistically normalised) in- and outgoing states.

๏ Interaction picture: plane-wave states (eigenstates of free theory)
•Compute (Lorentz-invariant) transition amplitudes.

๏ QFT under the hood: Dyson’s Formula, Wick Contractions
๏ ➨ For practical calculations: Feynman rules & diagrams
๏ Sum over amplitudes, square, and keep terms to given perturbative order.

•Integrate over the relevant (Lorentz-invariant) phase space(s).
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Recap: Decay Rates
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4 47. Kinematics
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Figure 47.2: Definitions of variables for three-body decays.

Defining pij = pi + pj and m2
ij = p2ij , then m2

12 +m2
23 +m2

13 = M2 +m2
1 +m2

2 +m2
3

and m2
12 = (P − p3)

2 = M2 +m2
3 − 2ME3, where E3 is the energy of particle 3 in the

rest frame of M . In that frame, the momenta of the three decay particles lie in a plane.
The relative orientation of these three momenta is fixed if their energies are known. The
momenta can therefore be specified in space by giving three Euler angles (α, β, γ) that
specify the orientation of the final system relative to the initial particle. The direction
of any one of the particles relative to the frame in which the initial particle is described
can be specified in space by two angles (α, β) while a third angle, γ, can be set as the
azimuthal angle of a second particle around the first [1]. Then

dΓ =
1

(2π)5
1

16M
|M |2 dE1 dE3 dα d(cosβ) dγ . (47.19)

Alternatively

dΓ =
1

(2π)5
1

16M2 |M |2 |p∗1| |p3| dm12 dΩ∗
1 dΩ3 , (47.20)

where (|p∗1|, Ω
∗
1) is the momentum of particle 1 in the rest frame of 1 and 2, and Ω3 is the

angle of particle 3 in the rest frame of the decaying particle. |p∗1| and |p3| are given by

|p∗1| =
[(

m2
12 − (m1 +m2)

2
) (

m2
12 − (m1 −m2)

2
)]

2m12

1/2

, (47.21a)

and

|p3| =
[(

M2 − (m12 +m3)
2
) (

M2 − (m12 −m3)
2
)]1/2

2M
. (47.21b)

[Compare with Eq. (47.17).]

If the decaying particle is a scalar or we average over its spin states, then integration
over the angles in Eq. (47.19) gives

dΓ =
1

(2π)3
1

8M
|M |2 dE1 dE3

=
1

(2π)3
1

32M3 |M |2 dm2
12 dm2

23 . (47.22)

This is the standard form for the Dalitz plot.
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Example: 

Lorentz-invariant Matrix Element

2 47. Kinematics

47.3. Lorentz-invariant amplitudes

The matrix elements for a scattering or decay process are written in terms of an
invariant amplitude −iM . As an example, the S-matrix for 2 → 2 scattering is related
to M by

⟨p′1p
′
2 |S| p1p2⟩ = I − i(2π)4 δ4(p1 + p2 − p′1 − p′2)

×
M (p1, p2; p

′
1, p

′
2)

(2E1)1/2 (2E2)1/2 (2E′
1)

1/2 (2E′
2)

1/2
. (47.8)

The state normalization is such that

⟨p′|p⟩ = (2π)3δ3(p− p′) . (47.9)

For a 2 → 2 scattering process producing unstable particles 1′ and 2′ decaying via
1′ → 3′4′ and 2′ → 5′6′ the matrix element for the complete process can be written in the
narrow width approximation as:

M (12 → 3′4′5′6′) =
∑

h1′ ,h2′

M (12 → 1′2′)M (1′ → 3′4′)M (2′ → 5′6′)

(m2
3′4′

−m2
1′
+ im1′Γ1′)(m

2
5′6′

−m2
2′
+ im2′Γ2′)

. (47.10)

Here, mij is the invariant mass of particles i and j, mk and Γk are the mass and total
width of particle k, and the sum runs over the helicities of the intermediate particles.
This enables the cross section for such a process to be written as the product of the cross
section for the initial 2 → 2 scattering process with the branching ratios (relative partial
decay rates) of the subsequent decays.

47.4. Particle decays

The partial decay rate of a particle of mass M into n bodies in its rest frame is given
in terms of the Lorentz-invariant matrix element M by

dΓ =
(2π)4

2M
|M |2 dΦn (P ; p1, . . . , pn), (47.11)

where dΦn is an element of n-body phase space given by

dΦn(P ; p1, . . . , pn) = δ4 (P −
n
∑

i=1

pi)
n
∏

i=1

d3pi
(2π)32Ei

. (47.12)

This phase space can be generated recursively, viz.

dΦn(P ; p1, . . . , pn) = dΦj(q; p1, . . . , pj)

× dΦn−j+1 (P ; q, pj+1, . . . , pn)(2π)
3dq2 , (47.13)

where q2 = (
∑j

i=1Ei)
2 −

∣

∣

∣

∑j
i=1 pi

∣

∣

∣

2
. This form is particularly useful in the case where a

particle decays into another particle that subsequently decays.
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a.k.a. : dLIPS = d4pi with on-shell 
condition (L.I.)

Lorentz-invariant phase-space element:

Partial decay rate (a.k.a., 
“partial width”) of particle of 

mass M into n bodies, in its CM:

See, e.g., PDG review (pdg.lbl.gov) section 47: kinematics

Γi→f = ∫ dΓi→f =
(2π)4

2M ∫ |ℳ |2 dΦn(P; p1, …, pn)

http://pdg.lbl.gov
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Example: 

Total Width = sum over partial widths

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018) and 2019 update

LIGHT UNFLAVORED MESONSLIGHT UNFLAVORED MESONSLIGHT UNFLAVORED MESONSLIGHT UNFLAVORED MESONS
(S = C = B = 0)(S = C = B = 0)(S = C = B = 0)(S = C = B = 0)

For I = 1 (π, b, ρ, a): ud , (uu−dd)/
√

2, du;
for I = 0 (η, η′, h, h′, ω, φ, f , f ′): c1(uu + d d) + c2(s s)

π±π±π±π± IG (JP ) = 1−(0−)

Mass m = 139.57061 ± 0.00024 MeV (S = 1.6)
Mean life τ = (2.6033 ± 0.0005) × 10−8 s (S = 1.2)

cτ = 7.8045 m

π± → ℓ± ν γ form factorsπ± → ℓ± ν γ form factorsπ± → ℓ± ν γ form factorsπ± → ℓ± ν γ form factors [a]

FV = 0.0254 ± 0.0017
FA = 0.0119 ± 0.0001
FV slope parameter a = 0.10 ± 0.06
R = 0.059+0.009

−0.008

π− modes are charge conjugates of the modes below.

For decay limits to particles which are not established, see the section on
Searches for Axions and Other Very Light Bosons.

p

π+ DECAY MODESπ+ DECAY MODESπ+ DECAY MODESπ+ DECAY MODES Fraction (Γi /Γ) Confidence level (MeV/c)

µ+ νµ [b] (99.98770±0.00004) % 30

µ+ νµ γ [c] ( 2.00 ±0.25 ) × 10−4 30

e+ νe [b] ( 1.230 ±0.004 ) × 10−4 70

e+ νe γ [c] ( 7.39 ±0.05 ) × 10−7 70

e+ νe π0 ( 1.036 ±0.006 ) × 10−8 4

e+ νe e+ e− ( 3.2 ±0.5 ) × 10−9 70

e+ νe ν ν < 5 × 10−6 90% 70

Lepton Family number (LF) or Lepton number (L) violating modesLepton Family number (LF) or Lepton number (L) violating modesLepton Family number (LF) or Lepton number (L) violating modesLepton Family number (LF) or Lepton number (L) violating modes

µ+ νe L [d] < 1.5 × 10−3 90% 30

µ+ νe LF [d] < 8.0 × 10−3 90% 30

µ− e+ e+ ν LF < 1.6 × 10−6 90% 30

π0π0π0π0 IG (JPC ) = 1−(0 − +)

Mass m = 134.9770 ± 0.0005 MeV (S = 1.1)
mπ± − mπ0 = 4.5936 ± 0.0005 MeV
Mean life τ = (8.52 ± 0.18) × 10−17 s (S = 1.2)

cτ = 25.5 nm

HTTP://PDG.LBL.GOV Page 1 Created: 5/22/2019 10:04
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Branching fractions = Γj/Γ
Example: π+ decays (see, e.g., pdg.lbl.gov)

Average Lifetime

⌧ = 1/�
<latexit sha1_base64="AfWJwId7WSOTxVgr1+v4rpCDKC8=">AAAB+nicdVDJSgNBEO1xjXGb6NFLYxA8jT1qtoMQ9KDHCGaBJISaTkebdM8M3T1KiPkULx4U8eqXePNv7CyCij4oeLxXRVW9IBZcG0I+nLn5hcWl5dRKenVtfWPTzWzVdJQoyqo0EpFqBKCZ4CGrGm4Ea8SKgQwEqwf9s7Ffv2VK8yi8MoOYtSVch7zHKRgrddxMy0CCT7CPD3DrHKSEjpslHimUSCGHiZf383mfWFIgpFjKYd8jE2TRDJWO+97qRjSRLDRUgNZNn8SmPQRlOBVslG4lmsVA+3DNmpaGIJluDyenj/CeVbq4FylbocET9fvEEKTWAxnYTgnmRv/2xuJfXjMxvWJ7yMM4MSyk00W9RGAT4XEOuMsVo0YMLAGquL0V0xtQQI1NK21D+PoU/09qh55/5B1eHmfLp7M4UmgH7aJ95KMCKqMLVEFVRNEdekBP6Nm5dx6dF+d12jrnzGa20Q84b58nF5Ko</latexit>

= ℏ/Γ if not using natural units
This agrees with the SM prediction. 

Our first application: weak leptonic decays of hadrons

BR(⇡+ ! µ+⌫µ)

<latexit sha1_base64="xFO50REUgwcW6wg2AH8i8R+qT58=">AAACAXicbZDLSsNAFIYn9VbrLepGcDNYhIpQEqnosujGZRV7gSaGyXTSDp1MwlyEEurGV3HjQhG3voU738Zpm4VWDwzz8f/nMHP+MGVUKsf5sgoLi0vLK8XV0tr6xuaWvb3TkokWmDRxwhLRCZEkjHLSVFQx0kkFQXHISDscXk789j0Rkib8Vo1S4seoz2lEMVJGCuy9i5uKl9K7Y08lXqzNzXVg4Ciwy07VmRb8C24OZZBXI7A/vV6CdUy4wgxJ2XWdVPkZEopiRsYlT0uSIjxEfdI1yFFMpJ9NNxjDQ6P0YJQIc7iCU/XnRIZiKUdxaDpjpAZy3puI/3ldraJzP6M81YpwPHso0gyqBE7igD0qCFZsZABhQc1fIR4ggbAyoZVMCO78yn+hdVJ1a9XT61q5XsvjKIJ9cAAqwAVnoA6uQAM0AQYP4Am8gFfr0Xq23qz3WWvBymd2wa+yPr4BQ3iWGg==</latexit>

BR(⇡+ ! e+⌫e)

<latexit sha1_base64="DxiVFPgwJV9bn9P3sFN0+zhqplM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxCRSiJVHRZdOOyin1AE8NketMOnUzCzEQooeCvuHGhiFu/w51/47TNQlsPDHM4517uvSdIGJXKtr+NwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHQCLIFRDk1FFYNOIgBHAYN2MLye+O1HEJLG/F6NEvAi3Oc0pAQrLfnmwdVdxU3ow6mrYgv0x1MfTnyzbFftKaxF4uSkjHI0fPPL7cUkjYArwrCUXcdOlJdhoShhMC65qYQEkyHuQ1dTjiOQXjZdf2wda6VnhbHQjytrqv7uyHAk5SgKdGWE1UDOexPxP6+bqvDSyyhPUgWczAaFKbP0qZMsrB4VQBQbaYKJoHpXiwywwETpxEo6BGf+5EXSOqs6ter5ba1cr+VxFNEhOkIV5KALVEc3qIGaiKAMPaNX9GY8GS/Gu/ExKy0Yec8++gPj8wdXvJRq</latexit>

Γi = ∑
j

Γi→j

Γi→f = ∫ dΓi→f =
(2π)4

2M ∫ |ℳ |2 dΦn(P; p1, …, pn)

Partial decay rate (a.k.a., 
“partial width”) of particle of 

mass M into n bodies, in its CM:

http://pdg.lbl.gov


๏In 2-body decays, the kinematics are fully constrained (up to 
an overall solid angle)

๏

Recap: Master Formula for 2-body decays
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VALID FOR ALL  
2-BODY DECAYS

with p* the 3-momentum of either of the decay products in the rest frame of M: 

M
m1

m2

Question: why does it not matter 
which 3-momentum we use?

⇒

Exercise problem E1b: derive this formula for p*

Γi→f =
|p* |

32π2M2 ∫ |ℳfi |
2 dΩ

Exercise problem E1a: derive this formula 
from the one on the previous page.

p* =
1

2M
[M2 − (m1 + m2)2][M2 − (m1 − m2)2]



๏Want to calculate M for: ⇡�(q) ! µ�(p) + ⌫̄µ(k)

<latexit sha1_base64="xhmb6MZ13ppN73CfLqgNOuEvAq0=">AAACEXicbVDNS8MwHE3n15xfVY9egkPoEEcrEz0OvXic4D5grSXN0i0sTWuSCqPsX/Div+LFgyJevXnzvzHbetDNB4GX934/kveChFGpbPvbKCwtr6yuFddLG5tb2zvm7l5LxqnApIljFotOgCRhlJOmooqRTiIIigJG2sHwauK3H4iQNOa3apQQL0J9TkOKkdKSb1puQu9OrPsKdFUM3SjVl6QCj6EbIJG5PB37WrSGFd8s21V7CrhInJyUQY6Gb365vRinEeEKMyRl17ET5WVIKIoZGZfcVJIE4SHqk66mHEVEetk00RgeaaUHw1jowxWcqr83MhRJOYoCPRkhNZDz3kT8z+umKrzwMsqTVBGOZw+FKYM6/KQe2KOCYMVGmiAsqP4rxAMkEFa6xJIuwZmPvEhap1WnVj27qZXrl3kdRXAADoEFHHAO6uAaNEATYPAInsEreDOejBfj3fiYjRaMfGcf/IHx+QMiQ5ta</latexit>

Pion Decay

6Peter Skands UniversityMonash

q
p

k

First problem: the SM Lagrangian 
does not include a “pion”

How are we supposed to apply 
Feynman rules without a π-μ-ν vertex?

W propagator: 

−i(gρσ − qρqσ /M2
W)

q2 − M2
W

mπ = 0.13 GeV
q = (mπ,0,0,0)

mW = 80.4 GeV

igρσ

M2
W

(how) familiar is this?

What is really going on?

It’s the weak force: W exchange 
between quark and lepton currents

q
p

k
ρ σ



๏Want to calculate M for: 
•What is really going on?

⇡�(q) ! µ�(p) + ⌫̄µ(k)

<latexit sha1_base64="xhmb6MZ13ppN73CfLqgNOuEvAq0=">AAACEXicbVDNS8MwHE3n15xfVY9egkPoEEcrEz0OvXic4D5grSXN0i0sTWuSCqPsX/Div+LFgyJevXnzvzHbetDNB4GX934/kveChFGpbPvbKCwtr6yuFddLG5tb2zvm7l5LxqnApIljFotOgCRhlJOmooqRTiIIigJG2sHwauK3H4iQNOa3apQQL0J9TkOKkdKSb1puQu9OrPsKdFUM3SjVl6QCj6EbIJG5PB37WrSGFd8s21V7CrhInJyUQY6Gb365vRinEeEKMyRl17ET5WVIKIoZGZfcVJIE4SHqk66mHEVEetk00RgeaaUHw1jowxWcqr83MhRJOYoCPRkhNZDz3kT8z+umKrzwMsqTVBGOZw+FKYM6/KQe2KOCYMVGmiAsqP4rxAMkEFa6xJIuwZmPvEhap1WnVj27qZXrl3kdRXAADoEFHHAO6uAaNEATYPAInsEreDOejBfj3fiYjRaMfGcf/IHx+QMiQ5ta</latexit>

Application to Pion Decay
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Lepton current: −i
gw

2 2
ū(p)γσ(1 − γ5)v(k)

W propagator: 

mπ = 0.13 GeV
q = (mπ,0,0,0)

mW = 80.4 GeV

igρσ

M2
W

(how) familiar is this?

Quark current: −i
gw

2 2
v̄ū γρ (1 − γ5) ud Why not?

q p

k
ρ σ

Lσ(p, k) =



๏The quark-antiquark pair 
•Bouncing around inside the pion ➜ not free plane-wave states.

๏What do we know about the quark current?
•Must be proportional to gw
•Carries a 4-vector index, ρ
•Since the pion has spin 0 (no spin 
vector), the only 4-vector is: q

The Quark Current

8Peter Skands UniversityMonash

−igρσ

M2
W

q p

k
ρ σ

⟹ Qρ(q) =
gw

2 2
qρ f(q2)

igρσ

M2
W

Qρ(q) Lσ(p, k)ℳ(π → μν̄) =

 q2 = mπ2 = const.

=
gw

2 2
qρ fπ

fπ : “Pion decay constant”



M and the (spin-summed*) |M|2
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๏So the matrix element for                                                 is:

•Use the Dirac eqs. for the neutrino and muon:

๏ ➤ Only a term proportional to the muon mass survives

⇡�(q) ! µ�(p) + ⌫̄µ(k)

<latexit sha1_base64="xhmb6MZ13ppN73CfLqgNOuEvAq0=">AAACEXicbVDNS8MwHE3n15xfVY9egkPoEEcrEz0OvXic4D5grSXN0i0sTWuSCqPsX/Div+LFgyJevXnzvzHbetDNB4GX934/kveChFGpbPvbKCwtr6yuFddLG5tb2zvm7l5LxqnApIljFotOgCRhlJOmooqRTiIIigJG2sHwauK3H4iQNOa3apQQL0J9TkOKkdKSb1puQu9OrPsKdFUM3SjVl6QCj6EbIJG5PB37WrSGFd8s21V7CrhInJyUQY6Gb365vRinEeEKMyRl17ET5WVIKIoZGZfcVJIE4SHqk66mHEVEetk00RgeaaUHw1jowxWcqr83MhRJOYoCPRkhNZDz3kT8z+umKrzwMsqTVBGOZw+FKYM6/KQe2KOCYMVGmiAsqP4rxAMkEFa6xJIuwZmPvEhap1WnVj27qZXrl3kdRXAADoEFHHAO6uAaNEATYPAInsEreDOejBfj3fiYjRaMfGcf/IHx+QMiQ5ta</latexit>

ℳ =
GF

2
(pρ + kρ) fπ [ū(p)γρ(1 − γ5)v(k)]

kv(k) = 0/ ū(p)(p − mμ) = 0/

ℳ =
GF

2
fπ mμ ū(p)(1 − γ5)v(k)

⟹ |ℳ |2 =
G2

F

2
f 2
π m2

μ Tr [(p + mμ)(1 − γ5)k(1 + γ5)]

Exercise problem
 E2: fill in the d

etails/ /

GF =
2g2

w

8M2
W

= 8(p ⋅ k) (how) familiar is this?

*: actually, initial state is spin 0 and final state only has a single non-zero helicity configuration



Putting it Together
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|ℳ |2 = 4G2
F f 2

π m2
μ (p ⋅ k)From previous slide:

We also have the master 
formula for 1→2 decays

q

Γi→f =
|p* |

32π2M2 ∫ |ℳfi |
2 dΩ

with

and

⟹ (k ⋅ p) = (k ⋅ (q − k))

p* =
mπ

2 (1 −
m2

μ

m2
π ) cf. your derivation of p*

q = (mπ,0,0,0)k = (p*,-p*)

p = (Eμ, p*)

= mπ |p* |



Γ(π→μν)
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Γ(π → μν̄) =
G2

F

8π
f 2
π mπ m2

μ (1 −
m2

μ

m2
π )

2

Can get GF from muon decay (no hadrons ➤ no decay constant).
But cannot compute fπ (perturbatively), so cannot “predict” pion lifetime.
Instead, we can use the pion lifetime to extract fπ.

Independently of fπ however, 
we can now account for: 

Citation: M. Tanabashi et al. (Particle Data Group), Phys. Rev. D 98, 030001 (2018) and 2019 update

LIGHT UNFLAVORED MESONSLIGHT UNFLAVORED MESONSLIGHT UNFLAVORED MESONSLIGHT UNFLAVORED MESONS
(S = C = B = 0)(S = C = B = 0)(S = C = B = 0)(S = C = B = 0)

For I = 1 (π, b, ρ, a): ud , (uu−dd)/
√

2, du;
for I = 0 (η, η′, h, h′, ω, φ, f , f ′): c1(uu + d d) + c2(s s)

π±π±π±π± IG (JP ) = 1−(0−)

Mass m = 139.57061 ± 0.00024 MeV (S = 1.6)
Mean life τ = (2.6033 ± 0.0005) × 10−8 s (S = 1.2)

cτ = 7.8045 m

π± → ℓ± ν γ form factorsπ± → ℓ± ν γ form factorsπ± → ℓ± ν γ form factorsπ± → ℓ± ν γ form factors [a]

FV = 0.0254 ± 0.0017
FA = 0.0119 ± 0.0001
FV slope parameter a = 0.10 ± 0.06
R = 0.059+0.009

−0.008

π− modes are charge conjugates of the modes below.

For decay limits to particles which are not established, see the section on
Searches for Axions and Other Very Light Bosons.

p

π+ DECAY MODESπ+ DECAY MODESπ+ DECAY MODESπ+ DECAY MODES Fraction (Γi /Γ) Confidence level (MeV/c)

µ+ νµ [b] (99.98770±0.00004) % 30

µ+ νµ γ [c] ( 2.00 ±0.25 ) × 10−4 30

e+ νe [b] ( 1.230 ±0.004 ) × 10−4 70

e+ νe γ [c] ( 7.39 ±0.05 ) × 10−7 70

e+ νe π0 ( 1.036 ±0.006 ) × 10−8 4

e+ νe e+ e− ( 3.2 ±0.5 ) × 10−9 70

e+ νe ν ν < 5 × 10−6 90% 70

Lepton Family number (LF) or Lepton number (L) violating modesLepton Family number (LF) or Lepton number (L) violating modesLepton Family number (LF) or Lepton number (L) violating modesLepton Family number (LF) or Lepton number (L) violating modes

µ+ νe L [d] < 1.5 × 10−3 90% 30

µ+ νe LF [d] < 8.0 × 10−3 90% 30

µ− e+ e+ ν LF < 1.6 × 10−6 90% 30

π0π0π0π0 IG (JPC ) = 1−(0 − +)

Mass m = 134.9770 ± 0.0005 MeV (S = 1.1)
mπ± − mπ0 = 4.5936 ± 0.0005 MeV
Mean life τ = (8.52 ± 0.18) × 10−17 s (S = 1.2)

cτ = 25.5 nm

HTTP://PDG.LBL.GOV Page 1 Created: 5/22/2019 10:04
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BR(⇡+ ! µ+⌫µ)
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BR(⇡+ ! e+⌫e)

<latexit sha1_base64="DxiVFPgwJV9bn9P3sFN0+zhqplM=">AAAB/nicbVDLSsNAFJ3UV62vqLhyEyxCRSiJVHRZdOOyin1AE8NketMOnUzCzEQooeCvuHGhiFu/w51/47TNQlsPDHM4517uvSdIGJXKtr+NwtLyyupacb20sbm1vWPu7rVknAoCTRKzWHQCLIFRDk1FFYNOIgBHAYN2MLye+O1HEJLG/F6NEvAi3Oc0pAQrLfnmwdVdxU3ow6mrYgv0x1MfTnyzbFftKaxF4uSkjHI0fPPL7cUkjYArwrCUXcdOlJdhoShhMC65qYQEkyHuQ1dTjiOQXjZdf2wda6VnhbHQjytrqv7uyHAk5SgKdGWE1UDOexPxP6+bqvDSyyhPUgWczAaFKbP0qZMsrB4VQBQbaYKJoHpXiwywwETpxEo6BGf+5EXSOqs6ter5ba1cr+VxFNEhOkIV5KALVEc3qIGaiKAMPaNX9GY8GS/Gu/ExKy0Yec8++gPj8wdXvJRq</latexit>

π μν̄μ

Spin 0

In SM,     is massless 
and right-handed 
⇒ positive helicity

⇒ Muon must also have positive helicity, 
but W couples to left-handed chirality.

ν̄

⟨uL |u+⟩ ∝ m ⇔ Helicity Suppression

Physics = Angular 
momentum cons.: (how) familiar is this?

⇒

m(π,µ,e,ν) = (135, 105, 0.5, 0) MeV

Question: could we use same 
GF for Γ(π→eν)? Same fπ?



B+ → τ+ ν and B+ → μ+ ν

๏A very similar treatment applies to B+ → τ+ ν and B+ → μ+ ν
•Some reasons why those might be interesting:

Peter Skands UniversityMonash

3

We report the result for a search for the leptonic decay of B+ ! µ+ ⌫µ using the full Belle data

set of 711 fb�1 of integrated luminosity at the ⌥(4S) resonance. In the Standard Model leptonic
B-meson decays are helicity and CKM suppressed. To maximize sensitivity an inclusive tagging
approach is used to reconstruct the second B meson produced in the collision. The directional
information from this second B meson is used to boost the observed µ into the signal B meson
rest-frame, in which the µ has a monochromatic momentum spectrum. Though its momentum is
smeared by the experimental resolution, this technique improves the analysis sensitivity considerably.
Analyzing the µ momentum spectrum in this frame we find B(B+ ! µ+ ⌫µ) = (5.3± 2.0± 0.9) ⇥
10�7 with a one-sided significance of 2.8 standard deviations over the background-only hypothesis.
This translates to a frequentist upper limit of B(B+ ! µ+ ⌫µ) < 8.6 ⇥ 10�7 at 90% CL. The

experimental spectrum is then used to search for a massive sterile neutrino, B+ ! µ+ N , but no
evidence is observed for a sterile neutrino with a mass in a range of 0 - 1.5 GeV. The determined
B+ ! µ+ ⌫µ branching fraction limit is further used to constrain the mass and coupling space of
the type II and type III two-Higgs-doublet models.

PACS numbers: 12.15.Hh, 12.38.Gc, 13.20.-v, 14.40.Nd, 14.60.St

I. INTRODUCTION

Precision measurements of leptonic decays of B mesons
o↵er a unique tool to test the validity of the Standard
Model of particle physics (SM). Produced by the anni-
hilation of the b̄-u quark-pair and the subsequent emis-
sion of a virtual W+-boson decaying into a antilepton
and neutrino, this process is both Cabibbo-Kobayashi-
Maskawa (CKM) and helicity suppressed in the SM. The
branching fraction of the B+ ! `+ ⌫` [1] process is given
by

B(B+ ! `+ ⌫`) =
G2

F mB m2
`

8⇡

 
1� m2

`

m2
B

!2

f2
B |Vub|

2 ⌧B ,

(1)
with GF denoting Fermi’s constant, mB and m` the B
meson and lepton masses, respectively, and |Vub| the rel-
evant CKM matrix element of the process. Further, ⌧B
denotes the B meson lifetime and the decay constant fB
parametrizes the b-u annihilation process,

h0|Aµ|B(p)i = i pµ fB , (2)

with Aµ = b̄�µ �5 u the corresponding axial-vector cur-
rent and pµ the B meson four-momentum. The value of
fB has to be determined using non-perturbative meth-
ods, such as lattice QCD [2] or QCD sum-rule calcula-
tions [3, 4].

In this paper an improved search for B+ ! µ+ ⌫µ us-
ing the full Belle data set is presented. Using the results
of fB = 184± 4 MeV [2] and either inclusive or exclusive
world averages for |Vub| [5] one finds an expected SM
branching fraction of B(B+ ! µ+ ⌫µ) = (4.3± 0.8) ⇥
10�7 or B(B+ ! µ+ ⌫µ) = (3.8± 0.4) ⇥ 10�7, respec-
tively. This implies an expected total of approximately
300 signal events in the entirety of the Belle data set of
711 fb�1 of integrated luminosity recorded at the ⌥(4S)
resonance. Thus it is imperative to maximize the overall
selection e�ciency, which rules out the use of exclusive
tagging algorithms, as even advanced machine learning

based implementations such as Ref. [6] only achieve e�-
ciencies of a few percent. Events containing a high mo-
mentum muon candidate are identified as potential signal
events, and the additional charged particles and neutral
energy depositions in the rest of the event (ROE) are used
to reconstruct the second B meson produced in the col-
lision process. With such an inclusive reconstruction one
reduces the background due to non-resonant e+e� ! qq
(q = u, d , s , c) continuum processes, and, after a dedi-
cated calibration, it is possible to deduce the direction of
the signal B meson. This is used to carry out the search
in the signal B rest frame, in which the B+ ! µ+ ⌫µ
decay produces a muon with a monochromatic momen-
tum of pBµ = 2.64 GeV. The experimental resolution on
the boost vector reconstructed from ROE information
broadens this signal signature. The use of this frame,
which enhances the expected sensitivity of the search, is
the main improvement over the preceding analysis, pub-
lished in Ref. [7]. Further, the modeling of the crucial
b ! u ` ⌫` semileptonic and continuum backgrounds has
been improved with respect to the preceding analysis. In
Ref. [7] a 90% confidence interval of [2.9, 10.7] ⇥ 10�7

for the B+ ! µ+ ⌫µ branching fraction was determined,
while the most stringent 90% upper limit for this quan-
tity that has been determined is 1⇥ 10�6 [8].

b

u

µ

⌫
µ

W+

B+

b

u

µ

N

H+

B+

b

u

µ

⌫
µ

H+

B+

b

u

N

µ

LQB+

FIG. 1. The SM leptonic B+ ! µ+ ⌫µ decay process and
possible BSM processes with and without a sterile neutrino
N in the final state are shown.

(illustration from arXiv:1911.03186 )

SM
Charged Higgs 

+ Sterile Neutrino N

Charged Higgs

Leptoquark 
+ Sterile Neutrino N

BSM diagrams not helicity suppressed! (why?) ⇒ Potentially large BSM effects.

Exercise problem E3: give reason(s) why B decays might be more interesting than pion decays?

https://arxiv.org/abs/1911.03186


Research Problems for Assignment
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๏R1. Provide an elaborate derivation of   M   ➭   |M|2   ➭   Γ   
➭ Branching Fraction for B+→τ+ντ in the SM and compare 
with measurements

•Use the lattice determination of fB from https://arxiv.org/abs/1607.00299  
•Use the Heavy-Flavour Averaging Group (HFLAV) value for Vub from 
https://arxiv.org/abs/1909.12524 
•Find measured values for the lifetime of the B+ meson and BR(B+→τ+ντ) 
in the Particle Data Group (PDG) summary for the B+ meson: pdg.lbl.gov
•(You will also need the masses of the involved particles, and the value of 
the Fermi constant, GF)

๏R2. What is BR(B+→μ+νμ)/BR(B+→τ+ντ) in the SM?
•Belle has reported a measurement of BR(B+→μ+νμ), see https://arxiv.org/
abs/1911.03186: study it, and does it agree with your expectation?
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https://arxiv.org/abs/1607.00299
https://arxiv.org/abs/1909.12524
http://pdg.lbl.gov
https://arxiv.org/abs/1911.03186
https://arxiv.org/abs/1911.03186
https://arxiv.org/abs/1911.03186
https://arxiv.org/abs/1911.03186


Summary of Problems and Exercises for Self Study
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๏E1. Derive the formulae for Γ1→2 & p* on p.5. 
๏E2. Perform the detailed steps in the derivation on p.9
๏E3. Give reason(s) why B decays may be more interesting than π ones?
๏

Peter Skands UniversityMonash

You will present your progress on these in the next lesson (Wednesday) 
and we will discuss any questions / issues you encounter.

You may use standard textbooks 
such as Thomson / Griffiths / 

Halzen & Martin / …

๏Assignment Problems 1&2 : the B physics research problems on p.13


