
Non-Perturbative Aspects of Event Simulation

Merton Magpie
A big thank you to everyone for your
lovely feedback following the last
issue. 

As the new layout was so warmly
received, we have decided continue to
expand each edition, but move to
publishing once a term.

Please do share any stories as they
pop up throughout the term with this
handy form.

Happy Oxmas to you all!

Rebecca Wilson, Magpie Editor 

Issue #22 29 November 2023

Peter Skands — University of Oxford & Monash University

Set of 2 Lectures for Graduate Students in Particle Physics 

1. Non-Perturbative aspects of Event Simulation in  Collisions 

2. Non-Perturbative aspects of Event Simulation in  Collisions 

(+ optionally: PYTHIA tutorial)

ee

pp



The Problem
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๏Theory Goal: Use LHC measurements to test hypotheses about Nature 

P. Skands
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Elementary Fields, Symmetries, 
and Interactions

Tool #1: 
Perturbative 

QFT

“Fundamental” parameters

Problem #1: have no exact solutions to QFT for the SM or Beyond 
How to make predictions to form (reliable) conclusions?

“Real Life”

Problem #2: we are colliding —- and observing — hadrons 
Strongly bound states of quarks and gluons.
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From Partons to Pions
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๏Consider a parton emerging from a hard scattering (or decay) 
process

P. Skands

It showers 
(bremsstrahlung)

It ends up  
at a low effective 
factorization scale  

QHadronization ∼ mρ ∼ 1 GeV

Hard means:  
Large momentum transfer 

QHard ≫ 1 GeV

Q

QHard 1 GeV

How about I just call it a hadron?
→ “Local Parton-Hadron Duality”



Local Parton Hadron Duality  “Independent Fragmentation” ↔
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๏Late 70s MC models: Independent Fragmentation 
๏ E.g., PYTHIA (then called JETSET) anno 1978

P. Skands

Local 
Parton 
Hadron 
Duality QFactorization Momentum fractions {x}

Fπ/q(QF, x)“Fragmentation Function”

Fast parton Hadrons

LU TP 78-18                    November, 1978

A Monte Carlo Program for Quark Jet Generation

T. Sjöstrand, B. Söderberg

A Monte Carlo computer program is presented, 
that simulates the fragmentation of a fast 
parton into a jet of mesons. It uses an 
iterative scaling scheme and is compatible 
with the jet model of Field and Feynman.

Field-Feynman was an early fragmentation model.
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Colour Neutralization
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๏As a physical model, however, LPHD is a not a good starting point 
•The point of confinement is that partons are coloured. 

๏A physical hadronization model  
•Should involve at least two partons, with opposite colour charges

P. Skands

•A strong confining 
field emerges 
between the two 
when their 
separation ≳ 1fm



Two Partons: Linear Confinement
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๏In lattice QCD, one can compute the potential energy of a colour-
singlet  state, as a function of the distance, r, between the  and  

๏

qq̄ q q̄

P. Skands

P.  S k a n d s

Long Wavelengths > 10-15 m

๏Quark-Antiquark Potential 
•As function of separation distance

17
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FIG. 4. All potential data of the five lattices have been scaled to a universal curve by subtracting Vo and measuring energies and

distances in appropriate units of &E. The dashed curve correspond to V(R)=R —~/12R. Physical units are calculated by exploit-
ing the relation &cr =420 MeV.

AM~a=46. 1A~ &235(2)(13) MeV .

Needless to say, this value does not necessarily apply to
full QCD.
In addition to the long-range behavior of the confining

potential it is of considerable interest to investigate its ul-
traviolet structure. As we proceed into the weak cou-
pling regime lattice simulations are expected to meet per-

turbative results. Although we are aware that our lattice
resolution is not yet really suScient, we might dare to
previe~ the continuum behavior of the Coulomb-like
term from our results. In Fig. 6(a) [6(b)] we visualize the
confidence regions in the K-e plane from fits to various
on- and off-axis potentials on the 32 lattices at P=6.0
[6.4]. We observe that the impact of lattice discretization
on e decreases by a factor 2, as we step up from P=6.0 to
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FIG. 5. The on-axis string tension [in units of the quantity c =&E /(a AL ) ] as a function of P. Our results are combined with pre-
vious values obtained by the MTc collaboration [10]and Barkai, Moriarty, and Rebbi [11].

~ Force required to lift a 16-ton truck

LATTICE QCD SIMULATION. 
Bali and Schilling Phys Rev D46 (1992) 2636

What physical!
system has a !
linear potential?

Short Distances ~ “Coulomb”

“Free” Partons

Long Distances ~ Linear Potential

“Confined” Partons 
(a.k.a. Hadrons)

(in “quenched” approximation)

V (r) = �a

r
+ r
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“Cornell Potential” fit: with κ ∼ 1 GeV/fm

What physical system has a 
linear potential?

(→ could lift a 16-ton truck)



From Partons to Strings
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๏Linear Potential motivates a Model: 
•Let colour field between each pair of 
“colour-connected” partons collapse into 
a narrow flux tube  
•For : flux tube → much 
“longer" than “wide"  

๏Limit: infinitely narrow → Relativistic 
1+1 dimensional worldsheet — String 

๏Uniform energy density κ ~ 1 GeV / fm  
•(Neglecting Coulomb effects near 
endpoints)

|pz | ≫ ΛQCD

P. Skands



๏Between which partons should confining potentials form? 
•E.g., if we have events with lots of quarks and gluons

 
๏Complication:  

•Every quark-gluon vertex contains an SU(3) Gell-Mann matrix in colour space! 
๏ (And  vertices contain further complicated structures) 

•➤ Who ends up confined with whom?

d�̂0

g → gg

What does it mean that two partons are “colour connected”?

8P. Skands
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๏Colour Flow in Event Generators 
•Event Generators use simplified “colour flow” — to trace colour correlations through hard 
processes & showers ➤ determine which partons end up “colour connected”  
•Based on SU(N) group product:  

๏Thus, for large  (“leading colour”), we can approximate  
•LC: gluons  direct products of colour and anticolour; for SU(3) this is valid to ~  ~ 10% 
•➾ Rules for colour flow (= colour-space vertices) in MC Event Generators: 

•    
(Note: the “colour dipoles” in dipole and antenna showers are also based on these rules)

N ⊗ N̄ = (N2 − 1) ⊕ 1

N (N2 − 1) ∼ N ⊗ N̄
→ 1/N2

C

q ! qg

Figure 1.1: Color development of a shower in e+e� annihilation. Systems of color-connected
partons are indicated by the dashed lines.

1.1.5 Color information

Shower MC generators track large-Nc color information during the development of the
shower. In the large-Nc limit, a quark is represented by a color line, i.e. a line with an
arrow in the direction of the shower development, an antiquark by an anticolor line, with
the arrow in the opposite direction, and a gluon by a pair of color-anticolor lines. The rules
for color propagation are:

. (1.9)

At the end of the shower development, partons are connected by color lines. We can have
a quark directly connected by a color line to an antiquark, or via an arbitrary number of
intermediate gluons, as shown in fig 1.1. It is also possible for a set of gluons to be connected
cyclically in color, as e.g. in the decay �� ggg.

The color information is used in angular-ordered showers, where the angle of color-
connected partons determines the initial angle for the shower development, and in dipole
showers, where dipoles are always color-connected partons. It is also used in hadronization
models, where the initial strings or clusters used for hadronization are formed by systems of
color-connected partons.

1.1.6 Electromagnetic corrections

The physics of photon emission from light charged particles can also be treated with a shower
MC algorithm. A high-energy electron, for example, is accompanied by bremsstrahlung
photons, which considerably a⇥ect its dynamics. Also here, similarly to the QCD case,
electromagnetic corrections are of order �em ln Q/me, or even of order �em ln Q/me ln E�/E
in the region where soft photon emission is important, so that their inclusion in the simulation
process is mandatory. This can be done with a Monte Carlo algorithm. In case of photons
emitted by leptons, at variance with the QCD case, the shower can be continued down
to values of the lepton virtuality that are arbitrarily close to its mass shell. In practice,
photon radiation must be cut o⇥ below a certain energy, in order for the shower algorithm to
terminate. Therefore, there is always a minimum energy for emitted photons that depends
upon the implementations (and so does the MC truth for a charged lepton). In the case of
electrons, this energy is typically of the order of its mass. Electromagnetic radiation below
this scale is not enhanced by collinear singularities, and is thus bound to be soft, so that the
electron momentum is not a⇥ected by it.
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g ! gg

Colour Tracing

9P. Skands

Fundamental representation (quarks) 

Antifundamental representation (antiquarks) Adjoint Representation (gluons)
Singlet (becomes irrelevant for large ) N



LC Colour Flow in an  Collisionee

10P. Skands

“Les Houches Colour Tags”

•MCs:  limit formalised by 
letting each “colour line” be 
represented by a unique Les Houches 
colour tag† (no interference between 
different colour lines in this limit)

NC → ∞

†: hep-ph/0109068; hep-ph/0609017 

       #        id  name            status     mothers   daughters     colours      p_x        p_y        p_z         e          m
5 23 (Z0)            -22  3     4     6     7   0.000 0.000 0.000 91.188 91.188
6 3 (s)             -23  5     0    10     0   101     0    -12.368 16.523 40.655 45.594 0.000
7 -3 (sbar)          -23  5     0     8     9     0   101    12.368 -16.523 -40.655 45.594 0.000
8 21 (g)             -51  7     0    13     0   103   101    9.243 -9.146 -29.531 32.267 0.000
9 -3 sbar          51  7     0     0   103    3.084 -7.261 -10.973 13.514 0.000
10 3 (s)             -52  6     0    11    12   101     0    -12.327 16.406 40.505 45.406 0.000
11 21 g             -51 10     0   101   102    -2.834 -2.408 1.078 3.872 0.000
12 3 s             51 10     0   102     0    -10.246 17.034 38.106 42.979 0.000
13 21 g             52  8     0   103   101    9.996 -7.366 -28.211 30.823 0.000

A corresponding event record from PYTHIA, up to the second gluon emission



Colour Reconnections? (CR)
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๏Consider two (uncorrelated) parton systems   
•Textbook example:  

๏With a probability of 1/9, both options should be possible   (remaining 8/9 allow LC only) 
๏ Choose “lowest-energy” one (cf action principle) (assuming genuine quantum superpositions to be rare.) 

•➜ small shift in W mass (“string drag”) (➜ now important for top quark mass at LHC) 

๏LEP-2: No-CR excluded at 99.5% CL [Phys.Rept. 532 (2013) 119; arXiv:1302.3415]  
๏ Measurements consistent with ~  expectation but not much detailed information.

e+e− → W+W− → hadrons

1/N2
C

P. Skands

Probability for 
uncorrelated  

pair to 
accidentally be in 

colour-singlet 
state follows from  

 
 ☛ 1 in 9 ☚ 
= 1/NC2

qq̄

3 ⊗ 3̄ = 8 ⊕ 1

lengths). Broadly, one may distinguish between two classes of CR e↵ects; colour-space

ambiguities and dynamical reconfigurations.

Colour-space ambiguity allows for multiple partons to potentially carry identical

colours. As colour space is a finite gauge theory, there is thus a probability to have

“colour accidents”. These colour accidents occur when there are multiple partons car-

rying the same colour charge resulting in multiple possible string topologies.

(a) (b)

Figure 1.3. Two possible string topologies for the given colour configurations. (a) String

configuration before CR e↵ects. (b) Alternative topology allowed by CR.

(a) (b)

Figure 1.4. Feynman diagrams showing an ee ! WW process where each W boson decays

into a qq̄ pair. The green lines indicate colour flow, where colours are represented above the

feynman diagram lines, and anticolours are represented below them. (a) Before CR e↵ects,

with the string stretched between each quark-antiquark pair as they are created. (b) After

CR e↵ects are allowed, showing an alternative string configuration whilst still ensuring colour

singlet final states.

8

Leading Colour Alternative possibility

Illustrations from honours thesis by J. Altmann

string
 #1

string
 #2

string
 #1

string
 #2

NB: much more important in 
LHC collisions ➜ next lecture

https://arxiv.org/abs/1302.3415


From Partons to Strings
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๏Map: 

๏Physics then in terms of string worldsheet evolving in spacetime 
•“Nambu-Goto action”  Area Law. 
•(Classically equivalent to Polyakov Action)

⟹

P. Skands

• Quarks → String 
Endpoints

•Gluons → Transverse 
Excitations (kinks)

} Fundamental concepts in string theory. 
Beyond scope of these lectures.



The motion of strings
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๏In Spacetime:  
•String tension ≈ 1 GeV/fm  
•→ a 10-GeV quark can travel 10 fm before all    
its kinetic energy is transformed to potential 
energy in the string.   

๏ Then it must start moving the other way. 

๏For small kinetic energies (  1 GeV)              
•→ “yo-yo” model of mesons: 

๏For larger kinetic energies  
•String breaks → several mesons 
•→  String Fragmentation  

๏ (Note: formulated in momentum space, not spacetime) 
•

≲

P. Skands

t = 0

t =

√

s

2κ

t =

√

s

κ

t =
2
√

s

κ

t

x
P.  S k a n d s

Large System

Repeat for large system → Lund Model

14

String breaks are causally disconnected 
→ can proceed in arbitrary order (left-right, right-left, in-out, …)  
→ constrains possible form of fragmentation function 
→ Justifies iterative ansatz (useful for MC implementation)

Illustrations by T. Sjöstrand

P.  S k a n d s

Large System

Repeat for large system → Lund Model
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Illustrations by T. Sjöstrand



String Breaking

14

๏In “unquenched” QCD 
• The strings will “break” 
•Non-perturbative so can’t use  
•Our model: Schwinger mechanism 

•Assume probability of string break constant per unit world-sheet area

g → qq̄ ⟹
Pg→qq̄(z)

P. Skands

String Break

q

M

P.  S k a n d s

String Breaks

๏In QCD, strings can (and do) break! 
•(In superconductors, would require magnetic monopoles) 
•In QCD, the roles of electric and magnetic are reversed 
•Quarks (and antiquarks) are “chromoelectric monopoles” 
•There are at least two possible analogies ~ tunneling:

18

Schwinger Effect

+

÷
Non-perturbative creation 
of e+e- pairs in a strong 
external Electric field

~E

e-

e+

P / exp

✓
�m2 � p2?

/⇡

◆

Probability from 
Tunneling Factor

( is the string tension equivalent)

C
A

N
O

N
IC

A
L

Hawking Radiation

M

~g

Non-perturbative creation 
of radiation quanta in a 
strong gravitational field

HORIZONHORIZON

Thermal (Boltzmann) Factor

P / exp

✓
�E

kBTH

◆

Linear Energy Exponent

A
LT

ER
N

AT
IV

E?

→ Gaussian suppression of high m⊥ = m2
q + p2

⊥

J. Schwinger, Phys. Rev. 82 (1951) 664

Fragmentation starts in the middle and spreads outwards:

z

tqq m2
⊥

m2
⊥

1
2

but breakup vertices causally disconnected
⇒ can proceed in arbitrary order
⇒ left–right symmetry

P(1,2) = P(1) × P(1 → 2)

= P(2) × P(2 → 1)

⇒ Lund symmetric fragmentation function
f(z) ∝ (1 − z)a exp(−bm2

⊥/z)/z  0

 0.5

 1

 1.5

 2

 2.5

 3

 0  0.2  0.4  0.6  0.8  1

f(z), a = 0.5, b= 0.7

mT
2 = 0.25
mT

2 = 1
mT

2 = 4

time

spatial 
separation



The String Fragmentation Function (in momentum space)
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๏Consider a string break , producing a meson M, and a leftover string piece 
•The meson  takes a fraction  of the quark momentum,  
•Probability distribution in  parametrised by Fragmentation Function, 

M z
z ∈ [0,1] f(z, Q2

HAD)

P. Skands

String Break

q

M

Fragmentation starts in the middle and spreads outwards:

z

tqq m2
⊥

m2
⊥

1
2

but breakup vertices causally disconnected
⇒ can proceed in arbitrary order
⇒ left–right symmetry

P(1,2) = P(1) × P(1 → 2)

= P(2) × P(2 → 1)

⇒ Lund symmetric fragmentation function
f(z) ∝ (1 − z)a exp(−bm2

⊥/z)/z  0

 0.5

 1

 1.5

 2

 2.5

 3

 0  0.2  0.4  0.6  0.8  1

f(z), a = 0.5, b= 0.7

mT
2 = 0.25
mT

2 = 1
mT

2 = 4

time

spatial 
separation

leftover string, 
further string breaks 

Spacelike Separation from  

Observation: All string breaks are causally disconnected

Lorentz invariance  string breaks can be considered 
in any order. Imposes “left-right symmetry” on the FF

⟹

Timelike 
Separation from 

: no string

 FF constrained to a form with two free parameters,      
 & : constrained by fits to measured hadron spectra

⟹
a b

Lund Symmetric 
Fragmentation 

Function
f(z) ∝

1
z

(1 − z)aexp (−
b(m2

h + p2
⊥h)

z )
Supresses 

high-z hadrons
Supresses 

low-z hadronsWill return to illustrations of these parameters later (tuning)



0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

2.0 b=0.5

b=2

For fixed a=0.5, mT=1

z
Pr

ob
(z

)
0.2 0.4 0.6 0.8 1.0

0.5

1.0

1.5

a=0.9
a=0.1

For fixed  b=1, mT=1

The Lund Symmetric Fragmentation Function

16P. Skands

f(z) ∝
1
z

(1 − z)aexp (−
b(m2

h + p2
⊥h)

z )

String Break

q

z

Note: In principle, a can be flavour-dependent. In practice, we usually only distinguish between baryons and mesons

z

Pr
ob

(z
)



Demonstration

17

๏Example: Varying the  Parameter (Lund Symmetric FF)a

P. Skands

๏ [Reweighting MC Predictions & Automated Fragmentation Variations in Pythia 8, 2308.13459]   
๏

z

SciPost Physics Submission

samples. Finally, in section 4, we summarize our findings and draw conclusions.

2 Method

An event produced by an event generator, like Pythia 8, begins from a small number
of partons that evolve through various stages. At each stage the color quantum numbers
are tracked in the large color Nc limit, such that each new color is assigned a new color
index. In this limit, only planar color flows are retained, and colored partons can be
assigned a unique pair of integers to represent color and anticolor. After the perturbatively-
motivated evolution of the parton shower, one of the last stages in the event development
is hadronization. Prior to this step, the collection of quarks, antiquarks, and gluons can
be partitioned into color-singlet objects (strings) based on their color quantum numbers.
The Lund string model of hadronization [5,13,14] is then applied to reduce strings into the
observed hadrons. The string represents a flux tube of the non-perturbative strong force
between a quark and an antiquark that successively breaks into hadrons, represented by
stable oscillating string states characterized by their four-momentum ph and flavor. The
full probability of a given fragmentation can be split into a flavor selection, a transverse
momentum sampling, and a longitudinal momentum sampling, which are all combined to
ensure a physical emission. A detailed discussion of the Lund fragmentation function as
implemented in Pythia 8 can be found in ref. [15]. Here, we summarize those elements
needed for the uncertainty estimation of the hadronization.

The Lund fragmentation function, or scaling function, determines the probability for
a hadron to be emitted with longitudinal lightcone momentum fraction z related to the
z-component of the hadron momentum ph,z, hadron energy Eh, and total string energy
Estring via the relation z = (ph,z + Eh)/Estring, valid in the rest-frame of the string for
hadron emitted in the +z direction. The fragmentation function has the following form:

f(z) /
1

z1+rQbm2
Q

(1� z)a exp

✓
�
bm2

?
z

◆
, (1)

where Q is the quark flavor, mQ is the quark mass, m2
? ⌘ m2 + p2T is the square of the

transverse mass, m is the hadron mass, pT is the transverse momentum of the hadron,
and rQ, a, and b are constant parameters fixed by fits to experimental data.1 The Bowler
modification z�rQbm2

Q in eq. (1) is only included for heavy quarks, i.e., rQ = 0 unless
Q 2 {c, b} [16]. Pythia 8 also allows for modifications to the a-parameter to be used in
splittings involving strange quarks s or diquarks D, parameterized by the form a0i = a+�ai,
where �ai represents an adjustable parameter2 within Pythia 8 with i 2 {s,D} (the form
of f(z) is also modified from (1), accounting for the fact that the emitted quarks can be of
a different flavor than the endpoints of the original string). The maximum of f(z), denoted
fmax, can be determined analytically for a given set of input parameter values, denoted ci.
Sampling z from f(z) is done by selecting a pseudo-random number x until one satisfies
x < f(z)/fmax  1, a method known as the accept-reject algorithm, further described in
section 2.1.

The transverse momentum pT of each emitted hadron is sampled via the two compo-
nents, �px = phadron

x � pstring
x and �py = phadron

y � pstring
y . In the default model of Pythia

1The default parameter names and values as implemented in Pythia 8 are StringZ:aLund = 0.68,
StringZ:bLund = 0.98, StringZ:rFactC = 0, and StringZ:rFactB = 0.855 for a, b, rc, and rb, respec-
tively.

2The default parameter names and values as implemented in Pythia 8 are StringZ:aExtraSQuark =

0 and StringZ:aExtraDiquark = 0.97, for s and D respectively.

3

 ~ scaled light-cone hadron momentum fractionf(z)

SciPost Physics Submission

Figure 1: Comparison of the distributions, shown in arbitrary units, of the event
charge multiplicity when the parameter a is (top) explicitly set to different values,
or (bottom) when it is varied using different methods. In the top panel, the lower
row shows the ratios of the distributions generated with various values of a to
that generated with a = 0.68. In the bottom panel, the distributions labeled
e were generated with the value of the parameter a explicitly set to (left) 0.30,
(middle) 0.55, and (right) 0.76. The distributions labeled w0 are all taken from
the same sample generated with a = abase = 0.68, but with different sets of
alternative event weights, calculated using the accept-reject algorithm applied
according to the alternative values of a. The bottom row shows the ratios of the
latter distributions to the former.
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that generated with a = 0.68. In the bottom panel, the distributions labeled
e were generated with the value of the parameter a explicitly set to (left) 0.30,
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the same sample generated with a = abase = 0.68, but with different sets of
alternative event weights, calculated using the accept-reject algorithm applied
according to the alternative values of a. The bottom row shows the ratios of the
latter distributions to the former.
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Charged Multiplicity 
(= number of charged hadrons) 
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Question: 
Why small  

 fewer 
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a
⇒

Charged multiplicity

https://arxiv.org/abs/2308.13459


Iterative String Breaks (in momentum space)
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๏Recall: String breaks are causally disconnected → May iterate from outside-in

P. Skands

u(�p�0, p+)

dd̄

ss̄

�+(�p�0 � �p�1, z1p+)

K0(�p�1 � �p�2, z2(1� z1)p+)

...

QIR

shower

· · ·

QUV

Fig. 21: Illustration of the iterative selection of flavours and momenta in the Lund string fragmentation model.

practice this is only approximately true for B⇤/B. For lighter flavours, the difference in phase space
caused by the V –S mass splittings implies a suppression of vector production. Thus, for D⇤/D, the
effective ratio is already reduced to about ⇠ 1.0 – 2.0, while for K⇤/K and ⇢/⇡, extracted values
range from 0.3 – 1.0. Recall, as always, that these are production ratios of primary hadrons, hence
feed-down complicates the extraction of these parameters from experimental data, in particular for
the lighter hadron species. The production of higher meson resonances is assumed to be low in a
string framework23. For diquarks, separate parameters control the relative rates of spin-1 diquarks vs.
spin-0 ones and, likewise, have to extracted from data, with resulting values of order (qq)1/(qq)0 ⇠
0.075 – 0.15.

With p2

? and m2 now fixed, the final step is to select the fraction, z, of the fragmenting end-
point quark’s longitudinal momentum that is carried by the created hadron. In this respect, the string
picture is substantially more predictive than for the flavour selection. Firstly, the requirement that the
fragmentation be independent of the sequence in which breakups are considered (causality) imposes
a “left-right symmetry” on the possible form of the fragmentation function, f(z), with the solution

f(z) /
1
z
(1� z)a exp

✓
�

b (m2

h + p2

?h)
z

◆
, (68)

which is known as the Lund symmetric fragmentation function (normalized to unit integral). As a
by-product, the probability distribution in invariant time ⌧ of q0q̄ breakup vertices, or equivalently
� = (⌧)2, is also obtained, with dP/d� / �a exp(�b�) implying an area law for the colour flux,
and the average breakup time lying along a hyperbola of constant invariant time ⌧0 ⇠ 10�23s [68].
The a and b parameters are the only free parameters of the fragmentation function, though a may
in principle be flavour-dependent. Note that the explicit mass dependence in f(z) implies a harder
fragmentation function for heavier hadrons (in the rest frame of the string).

The iterative selection of flavours, p?, and z values is illustrated in figure 21. A parton produced
in a hard process at some high scale QUV emerges from the parton shower, at the hadronization scale
QIR, with 3-momentum ~p = (~p?0, p+), where the “+” on the third component denotes “light-cone”
momentum, p± = E ± pz . Next, an adjacent dd̄ pair from the vacuum is created, with relative
transverse momenta ±p?1. The fragmenting quark combines with the d̄ from the breakup to form a

23The four L = 1 multiplets are implemented in PYTHIA, but are disabled by default, largely because several states are
poorly known and thus may result in a worse overall description when included.

37

 Note: using light-cone momentum coordinates: p+ = E + pz

On average, expect energy* of nth “rank” hadron to scale like ~ 

En ∼ ⟨z⟩(1 − ⟨z⟩)n−1E0

*) more correctly, the p+ light-cone momentum coordinate

“First rank” 
hadron

“Second rank” 
hadron



Breakup of a String System (in spacetime)

19P. Skands

P.  S k a n d s

Large System

Repeat for large system → Lund Model

14

String breaks are causally disconnected 
→ can proceed in arbitrary order (left-right, right-left, in-out, …)  
→ constrains possible form of fragmentation function 
→ Justifies iterative ansatz (useful for MC implementation)

Illustrations by T. Sjöstrand



A simple prediction: constant rapidity density of hadrons along string

20

๏Rapidity 

•

       (in limit of small 

)  

๏Recall: expect energy of nth “rank” hadron  
•

  

๏Rapidity difference between two adjacent hadrons: 
•           Constant, independent of  (and of ) 

๏Predicts a flat (uniform) rapidity “plateau” (along the string axis):  
•Also called “Lightcone scaling”; this is exactly what is observed in practice.

y =
1
2

ln (
E + pz

E − pz ) =
1
2

ln (
(E + pz)2

E2 − p2
z ) → ln ( 2E

m⊥ ) m⊥ = m2 + p2
⊥

≪ E

En ∼ ⟨z⟩(1 − ⟨z⟩)n−1E0

⟹ yn ∼ y1 + (n − 1)ln(1 − ⟨z⟩)

Δy = yn+1 − yn ∼ ln (1 − ⟨z⟩) ⟵ n E0

P. Skands



The Rapidity Plateau 

21

๏Expect ~ flat Rapidity Plateau along 
string axis 

•Estimate of rapidity range for fixed : 

๏

 

๏ ~ 5 for 100 GeV,  <z> ~ 0.5, and  GeV 

๏Changing   logarithmic change in 
rapidity range:

Eq

⟨y⟩1 ∼ ln (
2 ⟨z⟩ Eq

⟨m⊥⟩ )
Eq ∼ ⟨m⊥⟩ ∼ 0.5

Eq ⟹

P. Skands

Rapidity with respect 
to “Sphericity Axis”



The Rapidity Plateau 
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Rapidity with respect 
to “Sphericity Axis”

91 GeVECM =

206 GeV

ln ( 206
91 ) = 0.8

Actual difference is smaller ∼ 0.5
(some energy also goes to increase particle 

production in the central region, 3-jet events)

๏Expect ~ flat Rapidity Plateau along 
string axis 

•Estimate of rapidity range for fixed : 

๏

 

๏ ~ 5 for 100 GeV,  <z> ~ 0.5, and  GeV 

๏Changing   logarithmic change in 
rapidity range:

Eq

⟨y⟩1 ∼ ln (
2 ⟨z⟩ Eq

⟨m⊥⟩ )
Eq ∼ ⟨m⊥⟩ ∼ 0.5

Eq ⟹



 [GeV]
T

Jet p
500 1000 1500

〉 
fo

rw
ar

d
ch

ar
ge

d
 - 

n
ce

nt
ra

l
ch

ar
ge

d
 n〈

-2

0

2
ATLAS

-1 = 20.3 fb
int

 = 8 TeV, Ls

 > 0.5 GeVtrack
T

p

Data (with stat. uncertainty)

 syst. uncert.⊕Data stat. 
.175 AU2 CT10Pythia 8

.186 A14 NNPDF2.3Pythia 8

 2.7.1 EE5 CTEQ6L1Herwig++

(a)

 [GeV]
T

Jet p
500 1000 1500

〉 
ch

ar
ge

d
 n〈

0

20

ATLAS
 = 8 TeVs
 = 20.3intL
 > 0.5 GeVtrack

T
p

Quark Jets (Data)
Gluon Jets (Data)
Quark Jets (Pythia 8 AU2)
Gluon Jets (Pythia 8 AU2)

LO pQCD3Quark Jets N
LO pQCD3Gluon Jets N

(b)

Figure 5: The jet pT dependence of (a) the di↵erence in the average charged-particle multiplicity (p
track
T > 0.5 GeV)

between the more forward and the more central jet. The band for the data is the sum in quadrature of the systematic
and statistical uncertainties and the error bars on the data points represent the statistical uncertainty. Bands on the
simulation include MC statistical uncertainty. The jet pT dependence of (b) the average charged-particle multiplicity
(p

track
T > 0.5 GeV) for quark- and gluon-initiated jets, extracted with the gluon fractions from Pythia 8.175 with the

CT10 PDF. In addition to the experimental uncertainties, the error bands include uncertainties in the gluon fractions
from both the PDF and ME uncertainties. The MC statistical uncertainties on the open markers are smaller than
the markers. The uncertainty band for the N3LO pQCD prediction is determined by varying the scale µ by a factor
of two up and down. The markers are truncated at the penultimate pT bin in the right because within statistical
uncertainty, the more forward and more central jet constituent charged-particle multiplicities are consistent with
each other in the last bin.
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Gluon Kinks: The Signature Feature of the Lund Model

23

๏Gluons are connected to two string pieces 

•Each quark connected to one string piece 
๏ Expect factor ~  more particles in gluon jets 

๏Important for discriminating new-physics signals  
•Decays to quarks vs decays to gluons,  
•vs composition of background and bremsstrahlung combinatorics

2 ∼ CA/CF

P. Skands

1980: string (colour coherence) e↵ect

quark

antiquark

gluon

string motion in the event plane
(without breakups)

Predicted unique event structure;
inside & between jets.
Confirmed first by JADE 1980.

Generator crucial
to sell physics!

(today: PS, M&M, MPI, . . . )

Torbjörn Sjöstrand Status and Developments of Event Generators slide 5/28

ATLAS, Eur.Phys.J. C76 (2016) no.6, 322 

See also 
Larkoski et al., JHEP 1411 (2014) 129 
Thaler et al., Les Houches, arXiv:1605.04692

Quark Jets

Gluon Jets



(Alternative: The Cluster Model — Used in Herwig and Sherpa)

24

๏In “unquenched” QCD 
• The strings will “break” 
•Non-perturbative so can’t use  
•Alternative: force  at end of shower

g → qq̄ ⟹
Pg→qq̄(z)

g → qq̄

P. Skands

Hard Process Parton 
Shower

“Clusters”
•Isotropic 
2-body 
decays to 
hadrons 
•According 
to phase 
space

The HERWIG Cluster Model

“Preconfinement”:
colour flow is local
in coherent shower evolution

●

subprocess

underlying
event

p

jet jet

p

hard

●

+

0Z

ee −

●

1) Introduce forced g → qq branchings
2) Form colour singlet clusters

3) Clusters decay isotropically to 2 hadrons according to
phase space weight ∼ (2s1 + 1)(2s2 + 1)(2p∗/m)

simple and clean, but . . .

Cluster mass 
spectra are 
universal 

“Pre-Confinement”

(but high-mass 
tail problematic)

๏ Large clusters → string-like splittings

Cluster mass spectra



B meson

D meson

B

D

b̄b

[Figure from arXiv:2203.11601]

Next Lecture: LHC collisions

Hard Interaction
Resonance Decays

MECs, Matching & Merging

FSR

ISR*
QED

Weak Showers

Hard Onium
Multiparton Interactions

Beam Remnants*
Strings

Ministrings / Clusters

Colour Reconnections
String Interactions

Bose-Einstein & Fermi-Dirac
Primary Hadrons

Secondary Hadrons

Hadronic Reinteractions
(*: incoming lines are crossed)

gg → tt̄

Hard Interaction
Resonance Decays

MECs, Matching & Merging

FSR

ISR*
QED

Weak Showers

Hard Onium
Multiparton Interactions

Beam Remnants*
Strings

Ministrings / Clusters

Colour Reconnections
String Interactions

Bose-Einstein & Fermi-Dirac
Primary Hadrons

Secondary Hadrons

Hadronic Reinteractions
(*: incoming lines are crossed)

Hard 
Process

Underlying 
Event

Hard Interaction
Resonance Decays

MECs, Matching & Merging

FSR

ISR*
QED

Weak Showers

Hard Onium
Multiparton Interactions

Beam Remnants*
Strings

Ministrings / Clusters

Colour Reconnections
String Interactions

Bose-Einstein & Fermi-Dirac
Primary Hadrons

Secondary Hadrons

Hadronic Reinteractions
(*: incoming lines are crossed)

Hadronization

Hard Interaction
Resonance Decays

MECs, Matching & Merging

FSR

ISR*
QED

Weak Showers

Hard Onium
Multiparton Interactions

Beam Remnants*
Strings

Ministrings / Clusters

Colour Reconnections
String Interactions

Bose-Einstein & Fermi-Dirac
Primary Hadrons

Secondary Hadrons

Hadronic Reinteractions
(*: incoming lines are crossed)

Hard Interaction
Resonance Decays

MECs, Matching & Merging

FSR

ISR*
QED

Weak Showers

Hard Onium
Multiparton Interactions

Beam Remnants*
Strings

Ministrings / Clusters

Colour Reconnections
String Interactions

Bose-Einstein & Fermi-Dirac
Primary Hadrons

Secondary Hadrons

Hadronic Reinteractions
(*: incoming lines are crossed)

Hadron (& τ) 
Decays

Hard Interaction
Resonance Decays

MECs, Matching & Merging

FSR

ISR*
QED

Weak Showers

Hard Onium
Multiparton Interactions

Beam Remnants*
Strings

Ministrings / Clusters

Colour Reconnections
String Interactions

Bose-Einstein & Fermi-Dirac
Primary Hadrons

Secondary Hadrons

Hadronic Reinteractions
(*: incoming lines are crossed)

Parton 
Showers

Hard Interaction
Resonance Decays

MECs, Matching & Merging

FSR

ISR*
QED

Weak Showers

Hard Onium
Multiparton Interactions

Beam Remnants*
Strings

Ministrings / Clusters

Colour Reconnections
String Interactions

Bose-Einstein & Fermi-Dirac
Primary Hadrons

Secondary Hadrons

Hadronic Reinteractions
(*: incoming lines are crossed)

QCD Final-State Radiation

QCD Initial-State Radiation*

Electroweak Radiation
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Parton Showers: Theory
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Mathematically, gauge amplitudes 
factorize in singular limits

a

b

Partons ab  
→ collinear:

|MF+1(. . . , a, b, . . . )|2
a||b! g2sC

P (z)

2(pa · pb)
|MF (. . . , a+ b, . . . )|2

 = DGLAP splitting kernels”, with P(z) z = Ea /(Ea + Eb)

/ 1

2(pa · pb) i

j

k

Gluon j 
→ soft: |MF+1(. . . , i, j, k. . . )|2

jg!0! g2sC
(pi · pk)

(pi · pj)(pj · pk)
|MF (. . . , i, k, . . . )|2

Coherence → Parton j really emitted by (i,k) “dipole” or “antenna” (eikonal factors)

see e.g PS, Introduction to QCD, TASI 2012, arXiv:1207.2389

Most bremsstrahlung is 
driven by divergent 
propagators → simple structure

These are the building blocks of parton showers (DGLAP, dipole, antenna, …) 
(+ running coupling, unitarity, and explicit energy-momentum conservation.)

http://arxiv.org/abs/arXiv:1207.2389
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    no         id  name            status     mothers   daughters     colours      p_x        p_y        p_z         e          m
0 90 (system)        -11 0.000 0.000 0.000 91.188 91.188

1 11 (e-)            -12   3     0   0.000 0.000 45.594 45.594 0.001

2 -11 (e+)            -12   4     0   0.000 0.000 -45.594 45.594 0.001

3 11 (e-)            -21  1     0     5     0   0.000 0.000 45.594 45.594 0.000

4 -11 (e+)            -21  2     0     5     0   0.000 0.000 -45.594 45.594 0.000

5 23 (Z0)            -22  3     4     6     7   0.000 0.000 0.000 91.188 91.188

6 3 (s)             -23  5     0    10     0   101     0    -12.368 16.523 40.655 45.594 0.000

7 -3 (sbar)          -23  5     0     8     9     0   101    12.368 -16.523 -40.655 45.594 0.000

8 21 (g)             -51  7     0    13     0   103   101    9.243 -9.146 -29.531 32.267 0.000

9 -3 sbar          51  7     0     0   103    3.084 -7.261 -10.973 13.514 0.000

10 3 (s)             -52  6     0    11    12   101     0    -12.327 16.406 40.505 45.406 0.000

11 21 (g)             -51 10     0    16     0   101   102    -2.834 -2.408 1.078 3.872 0.000

12 3 (s)             -51 10     0    19     0   102     0    -10.246 17.034 38.106 42.979 0.000

13 21 (g)             -52  8     0    14    15   103   101    9.996 -7.366 -28.211 30.823 0.000

14 21 g             51 13     0   122   101    0.503 0.347 -5.126 5.162 0.000

15 21 g             51 13     0   103   122    8.892 -7.272 -23.060 25.763 0.000

16 21 (g)             -52 11     0    17    18   101   102    -2.234 -2.848 1.053 3.769 0.000

17 -1 dbar         51 16     0     0   102    -0.471 -0.509 -0.471 0.839 0.000

18 1 d             51 16     0   101     0    -1.894 -2.119 2.015 3.484 0.000

19 3 s             52 12     0   102     0    -10.114 16.815 37.615 42.426 0.000

The same event, including all four branchings that were shown in the figure



Parameters (in PYTHIA): String Tuning

29

๏Fragmentation Function 
•The “Lund  and  parameters”  

๏ Or use  and  instead (less correlated)  

๏ +  for baryons 

๏Scale of string-breaking process 
•Shower cutoff and  in string breaks 

๏Mesons 
•Strangeness suppression, Vector/Pseudoscalar, η, η’, …  

๏Baryons  
•Baryon-to-meson ratios, Spin-3/2 vs Spin-1/2, 
“popcorn”, colour reconnections (junctions), … ?

a b
a ⟨z⟩

Δadiquark

⟨p⊥⟩

P. Skands

Hadron energy 
fractions

pT in string breaks

Meson Multiplets

Baryon Multiplets

A. Jueid et al., JCAP 05 (2019) 007

String Break

q

z



IR Safe Observables: Sensitivity to Hadronization Parameters
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Important point: These observables are IR safe ➜ minimal hadronisation corrections

Big differences in how sensitive each of these are to hadronisation & over what range

The shaded bins provide constraints for the non-perturbative tuning stage. 
You want your hadronization power corrections to do the “right thing” eg at low Thrust.
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See also Nason, Seymour, 
Nucl.Phys.B 454 (1995) 291-312



Momentum Distribution 
of Charged Particles (tracks) 

at LEP (Z→hadrons)

Hadronization Corrections: Fragmentation Tuning
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Multiplicity Distribution 
of Charged Particles (tracks) 

at LEP (Z→hadrons)

<Nch(MZ)> ~ 21 

Now use infrared sensitive observables - sensitive to hadronization  + 
first few bins of previous (IR safe) ones

ξp = ln ( 2 |p |
ECM )

How many hadrons 
do you get? 

And how much 
momentum do they carry?

Longitudinal FF 
parameters a and b. 

Transverse pT 
broadening in string 

breaks (curtails high-N 
tail, and significantly 
affects event shapes)

Further parameter 
adiquark requires 

looking at a baryon 
spectrum 
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Different species have different 
momentum distributions

Fragmentation Tuning — Know what Physics Goes In

32P. Skands

+ particle decays 
 effects of feed-down!  

 

 

 

→
ρ → ππ
K* → Kπ
η → πππ

…

Somewhat sensitive to particle composition: 
heavier hadrons are harder! f(z) ∝

1
z

(1 − z)aexp (−
b(m2

h + p2
⊥h)

z )

Kaons

Pions

Protons

(Mainly 
Leptons)
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Figure 5: Hadronic Z decays at
p
s = 91.2GeV. Identified-meson and -baryon rates, expressed as

fractions of the average charged-particle multiplicity.
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Figure 6: Hadronic Z decays at
p
s = 91.2GeV. K± and ⇤ momentum-fraction spectra.
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From PS et al., “Tuning PYTHIA 8.1: the Monash 2013 Tune”, Eur.Phys.J.C 74 (2014) 8
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