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P.  S k a n d s

Modeling Hadronic Final States

HEP Monte Carlo Event Generators: 

Explicit Dynamical Modeling → complete events (can evaluate any observable) 

Factorization → Split the problem into many (nested) pieces 

+ Quantum mechanics → Probabilities → Random Numbers (MC)

Calculate Everything ≈ solve QCD → requires compromise!

Reality is more complicated

2

Pevent = Phard ⌦ Pdec ⌦ PISR ⌦ PFSR ⌦ PMPI ⌦ PHad ⌦ . . .

Matrix Elements 
(+ Sudakov Corrections)

Shower Kernels 
(+ ME corrections)

Multiple Parton Interactions 
Hard + Soft → INEL & UE

Hadronization, Decays, Soft 
Diffraction, Beam Remnants
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Soft Physics : Theory Models
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Regge Theory

E.g.,  QGSJET, SIBYLL

+ “Mixed” 
E.g.,  PHOJET, EPOS, 

SHERPA-KMR

See e.g. Reviews by MCnet [arXiv:1101.2599] and KMR [arXiv:1102.2844]

Optical Theorem 
+ Eikonal multi-Pomeron exchanges

σtot,inel ∝ sε  or  log2(s)

Cut Pomerons → Flux Tubes (strings) 
Uncut Pomerons → Elastic (& eikonalization) 

Cuts unify treatment of all soft processes 
EL, SD, DD, … , ND

Perturbative contributions added above Q0 

A Parton Based

to additional reconstructible jets is, however, quite small. Soft interactions that do not give
rise to observable jets are much more plentiful, and can give significant corrections to the
color flow and total scattered energy of the event. This a↵ects the final-state activity in a
more global way, increasing multiplicity and summed E

T

distributions, and contributing to
the break-up of the beam remnants in the forward direction.

The first detailed Monte Carlo model for perturbative MPI was proposed in [62], and
with some variation this still forms the basis for most modern implementations. Some useful
additional references can be found in [15]. The first crucial observation is that the t-channel
propagators appearing in perturbative QCD 2 ! 2 scattering almost go on shell at low p?,
causing the di↵erential cross sections to become very large, behaving roughly as

d�
2!2
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t2
⇠ dp2

?
p4

?
. (1.13)

This cross section is an inclusive number. Thus, if a single hadron-hadron event contains
two parton-parton interactions, it will “count” twice in �

2!2

but only once in �
tot

, and so
on. In the limit that all the interactions are independent and equivalent, one would have
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with hni(p?min

) giving the average of a Poisson distribution in the number of parton-parton
interactions above p?min

per hadron-hadron collision,
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This simple argument in fact expresses unitarity; instead of the total interaction cross section
diverging as p?min

! 0 (which would violate unitarity), we have restated the problem so that
it is now the number of MPI per collision that diverges, with the total cross section remaining
finite. At LHC energies, the 2 ! 2 scattering cross sections computed using the full LO
QCD cross section folded with modern PDFs becomes larger than the total pp one for p?
values of order 4–5 GeV [74]. One therefore expects the average number of perturbative MPI
to exceed unity at around that scale.

Two important ingredients remain to fully regulate the remaining divergence. Firstly,
the interactions cannot use up more momentum than is available in the parent hadron.
This suppresses the large-n tail of the estimate above. In PYTHIA-based models, the MPI
are ordered in p?, and the parton densities for each successive interaction are explicitly
constructed so that the sum of x fractions can never be greater than unity. In the HERWIG
models, instead the uncorrelated estimate of hni above is used as an initial guess, but the
generation of actual MPI is stopped once the energy-momentum conservation limit is reached.

The second ingredient invoked to suppress the number of interactions, at low p? and
x, is color screening; if the wavelength ⇠ 1/p? of an exchanged colored parton becomes
larger than a typical color-anticolor separation distance, it will only see an average color
charge that vanishes in the limit p? ! 0, hence leading to suppressed interactions. This
provides an infrared cuto↵ for MPI similar to that provided by the hadronization scale for
parton showers. A first estimate of the color-screening cuto↵ would be the proton size,
p?min

⇡ ~/r
p

⇡ 0.3 GeV ⇡ ⇤
QCD

, but empirically this appears to be far too low. In current
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+ Unitarity & Saturation

→ Multi-parton interactions (MPI) 
+ Parton Showers & Hadronization 
Regulate dσ at low pT0  ~ few GeV 

Screening/Saturation → energy-dependent pT0

Total cross sections from Regge Theory  
(Donnachie-Landshoff + Parametrizations)

E.g.,  PYTHIA, 
HERWIG, SHERPA

B

⊗ PDFs

http://arxiv.org/abs/arXiv:1101.2599
http://arxiv.org/abs/arXiv:1102.2844


P.  S k a n d s

Parton-Based Models : MPI

Consider the inclusive di-jet cross section in QCD
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Figure 34: pp collisions at 4 different CM energies. Integrated QCD 2 ! 2 cross section above p
Tmin

,
as a function of p

Tmin

. Top Left: 200 GeV; Top Right: 900 GeV; Bottom Left: 13 TeV; Bottom Right:

100 TeV.
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Figure 34: pp collisions at 4 different CM energies. Integrated QCD 2 ! 2 cross section above p
Tmin

,
as a function of p

Tmin

. Top Left: 200 GeV; Top Right: 900 GeV; Bottom Left: 13 TeV; Bottom Right:

100 TeV.
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4

σ2→2 > σpp interpreted as consequence of each pp containing several 2→2 interactions: MPI

ECM = 200 GeV ECM = 100 TeV
(fit)

hadron-hadron

parton-parton

parton-parton

hadron-hadron

single parton interaction 
= good approximation

single parton interaction 
= bad approximation

B
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Soft MPI
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to additional reconstructible jets is, however, quite small. Soft interactions that do not give
rise to observable jets are much more plentiful, and can give significant corrections to the
color flow and total scattered energy of the event. This a↵ects the final-state activity in a
more global way, increasing multiplicity and summed E

T

distributions, and contributing to
the break-up of the beam remnants in the forward direction.

The first detailed Monte Carlo model for perturbative MPI was proposed in [62], and
with some variation this still forms the basis for most modern implementations. Some useful
additional references can be found in [15]. The first crucial observation is that the t-channel
propagators appearing in perturbative QCD 2 ! 2 scattering almost go on shell at low p?,
causing the di↵erential cross sections to become very large, behaving roughly as
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This cross section is an inclusive number. Thus, if a single hadron-hadron event contains
two parton-parton interactions, it will “count” twice in �
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This simple argument in fact expresses unitarity; instead of the total interaction cross section
diverging as p?min

! 0 (which would violate unitarity), we have restated the problem so that
it is now the number of MPI per collision that diverges, with the total cross section remaining
finite. At LHC energies, the 2 ! 2 scattering cross sections computed using the full LO
QCD cross section folded with modern PDFs becomes larger than the total pp one for p?
values of order 4–5 GeV [74]. One therefore expects the average number of perturbative MPI
to exceed unity at around that scale.

Two important ingredients remain to fully regulate the remaining divergence. Firstly,
the interactions cannot use up more momentum than is available in the parent hadron.
This suppresses the large-n tail of the estimate above. In PYTHIA-based models, the MPI
are ordered in p?, and the parton densities for each successive interaction are explicitly
constructed so that the sum of x fractions can never be greater than unity. In the HERWIG
models, instead the uncorrelated estimate of hni above is used as an initial guess, but the
generation of actual MPI is stopped once the energy-momentum conservation limit is reached.

The second ingredient invoked to suppress the number of interactions, at low p? and
x, is color screening; if the wavelength ⇠ 1/p? of an exchanged colored parton becomes
larger than a typical color-anticolor separation distance, it will only see an average color
charge that vanishes in the limit p? ! 0, hence leading to suppressed interactions. This
provides an infrared cuto↵ for MPI similar to that provided by the hadronization scale for
parton showers. A first estimate of the color-screening cuto↵ would be the proton size,
p?min

⇡ ~/r
p

⇡ 0.3 GeV ⇡ ⇤
QCD

, but empirically this appears to be far too low. In current
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⊗ PDFs

Starting Point: Perturbative QCD 2 → 2

Good at 
High Q2 

and 
finite x

Extrapolation to soft scales delicate. 
Impressive successes with MPI-based 
models but still far from a solved problem

Form of PDFs at small x and Q2 

Form and Ecm (and/or x) dependence of pT0 regulator 
Modeling of the diffractive component 
Proton transverse mass distribution 
Colour Reconnections, Collective Effects

Saturation

See also Connecting hard to soft: KMR, EPJ C71 (2011) 1617   +   PYTHIA “Perugia Tunes”: PS, PRD82 (2010) 074018
       x  
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Poor Man’s Saturation

See also Skands, Rojo, Carrazza EPJ C74 (2014) 3024: arXiv:1404.5630

Gluon PDF 
at low Q2: 
Drives MPI

http://arxiv.org/abs/arXiv:1102.2844
http://arxiv.org/abs/arXiv:1005.3457
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MPI models and Low x
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EXAMPLE: PYTHIA 8 
Range of x values probed by 

different MPI tunes

Controlling these issues will require an improved understanding of the interplay 
between low-x PDFs, saturation / screening, and MPI in MC context.   

(+ Clean model-independent experimental constraints!)
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Expect consequences for event 
structure, especialy in FWD region

See also Skands, Rojo, Carrazza 
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Warning: Not automatic: difficult cross-community communication (+ low visibility)

What range of X values are actually probed?

http://arxiv.org/abs/arXiv:1404.5630
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Hadronization and Colour
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Example: Z0 → qq

Figure 1.1: Color development of a shower in e+e� annihilation. Systems of color-connected
partons are indicated by the dashed lines.

1.1.5 Color information

Shower MC generators track large-Nc color information during the development of the
shower. In the large-Nc limit, a quark is represented by a color line, i.e. a line with an
arrow in the direction of the shower development, an antiquark by an anticolor line, with
the arrow in the opposite direction, and a gluon by a pair of color-anticolor lines. The rules
for color propagation are:

. (1.9)

At the end of the shower development, partons are connected by color lines. We can have
a quark directly connected by a color line to an antiquark, or via an arbitrary number of
intermediate gluons, as shown in fig 1.1. It is also possible for a set of gluons to be connected
cyclically in color, as e.g. in the decay �� ggg.

The color information is used in angular-ordered showers, where the angle of color-
connected partons determines the initial angle for the shower development, and in dipole
showers, where dipoles are always color-connected partons. It is also used in hadronization
models, where the initial strings or clusters used for hadronization are formed by systems of
color-connected partons.

1.1.6 Electromagnetic corrections

The physics of photon emission from light charged particles can also be treated with a shower
MC algorithm. A high-energy electron, for example, is accompanied by bremsstrahlung
photons, which considerably a⇥ect its dynamics. Also here, similarly to the QCD case,
electromagnetic corrections are of order �em ln Q/me, or even of order �em ln Q/me ln E�/E
in the region where soft photon emission is important, so that their inclusion in the simulation
process is mandatory. This can be done with a Monte Carlo algorithm. In case of photons
emitted by leptons, at variance with the QCD case, the shower can be continued down
to values of the lepton virtuality that are arbitrarily close to its mass shell. In practice,
photon radiation must be cut o⇥ below a certain energy, in order for the shower algorithm to
terminate. Therefore, there is always a minimum energy for emitted photons that depends
upon the implementations (and so does the MC truth for a charged lepton). In the case of
electrons, this energy is typically of the order of its mass. Electromagnetic radiation below
this scale is not enhanced by collinear singularities, and is thus bound to be soft, so that the
electron momentum is not a⇥ected by it.

7

Singlet #1 Singlet #2 Singlet #3

Coherence of pQCD cascades → not much “overlap” between singlet subsystems  
→ Leading-colour approximation pretty good 

!
LEP measurements in WW confirm this (at least to order 10% ~ 1/Nc2 )

1 1

11

2

2 2

4

4 4

3

3 3

5

5 5 6

7
7

Note: (much) more color getting kicked around in hadron collisions

Example of  Color  F low in  a  Par ton Cascade
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MPI and Colour
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Rapidity

Standard “Leading-Color” Approximation 
(NC → ∞)

Multiplicity ∝ NMPI

Better theory models needed

MPI
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Color Reconnections?

9

Do the systems really form 
and hadronize independently?

E.g., 
Generalized Area Law (Rathsman: Phys. Lett. B452 (1999) 364) 
Color Annealing (Skands, Wicke: Eur. Phys. J. C52 (2007) 133) 
Herwig++ model (Gieseke, Rohr, Siodmok : Eur.Phys.J. C72 (2012) 2225) 

MPI

New:	  Building	  a	  new	  
model	  for	  PYTHIA	  8,	  	  
based	  on	  SU(3)	  weights	  
[with	  J.	  Chris,ansen	  (Lund	  U)]

P. Skands Introduction to QCD
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Figure 2: Illustration of a qqg vertex in QCD, before summing/averaging over colors: a gluon
in a state represented by �1 interacts with quarks in the states  qR and  qG.

These generators are just the SU(3) analogs of the Pauli matrices in SU(2). By convention, the
constant of proportionality is normally taken to be

taij =
1

2

�a
ij . (6)

This choice in turn determines the normalization of the coupling gs, via equation (4), and
fixes the values of the SU(3) Casimirs and structure constants, to which we return below.

An example of the color flow for a quark-gluon interaction in color space is given in fig-
ure 2.

A final example of the application of the underlying SU(3) group theory to QCD is given
by considering which color states we can obtain by combinations of quarks and gluons. The
simplest example of this is the combination of a quark and antiquark, which in color space
corresponds to

3 ⌦ 3 = 8 � 1 . (7)

That is, a random (color-uncorrelated) quark-antiquark pair has a 1/N2
= 1/9 chance to be in

an overall singlet state, corresponding to the symmetric wave function 1p
3

���R ¯R
↵
+

��G ¯G
↵
+

��B ¯B
↵�

;
otherwise it is in an overall octet state. Similarly, if we combine two uncorrelated quarks, we
get

3 ⌦ 3 = 6 � 3 , (8)

corresponding to a 1/3 chance to add coherently to an overall anti-triplet state3, which carries
only a single total unit of color charge; otherwise it is in an overall sextet state, carrying two
units of color charge. Note that the emphasis on the quark-(anti)quark pair being uncorre-
lated is important; correlated production processes like Z ! qq̄ or g ! qq̄ will project out
specific components (here the singlet and octet, respectively). Note also that, if the quark and
(anti)quark are on opposite sides of the universe (i.e., living in two different hadrons), the
QCD dynamics will not care what overall color state they are in, so for the formation of multi-
partonic states in QCD, obviously the spatial part of the wave functions (causality at the very
least) will also play a role. Here, we are considering only the color part of the wave functions.

3In the context of hadronization models, this coherent superposition of two quarks in an overall antitriplet state
is sometimes called a “diquark” (at low mqq) or a “string junction” (at high mqq), see section 5.1; it corresponds
to the antisymmatric “red + green = antiblue” combination needed to create a baryon wavefunction.
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lated is important; correlated production processes like Z ! qq̄ or g ! qq̄ will project out
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(anti)quark are on opposite sides of the universe (i.e., living in two different hadrons), the
QCD dynamics will not care what overall color state they are in, so for the formation of multi-
partonic states in QCD, obviously the spatial part of the wave functions (causality at the very
least) will also play a role. Here, we are considering only the color part of the wave functions.

3In the context of hadronization models, this coherent superposition of two quarks in an overall antitriplet state
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P. Skands Introduction to QCD

Some additional examples are

8 ⌦ 8 = 27 � 10 � 10 � 8 � 8 � 1 , (9)
3 ⌦ 8 = 15 � 6 � 3 , (10)
3 ⌦ 6 = 10 � 8 , (11)

3 ⌦ 3 ⌦ 3 = (6 � 3) ⌦ 3 = 10 � 8 � 8 � 1 . (12)

Physically, the 27 in the first line corresponds to a completely incoherent addition of the color
charges of the two gluons (each octet carries two “units” of color charge, and the 27 carries
four units); the decuplets are slightly more coherent, carrying three units of color charge each,
the octets two, and the singlet none. The latter corresponds to the gluons precisely cancelling
each others’ charges. Further extensions and generalizations of these combination rules can
be obtained, e.g., using the method of Young tableaux [5, 6].

1.3 Color Factors

Typically, we do not measure color in the final state — instead we average over all possible in-
coming colors and sum over all possible outgoing ones, wherefore QCD scattering amplitudes
(squared) in practice always contain sums over quark fields contracted with Gell-Mann matri-
ces. These contractions in turn produce traces which yield the color factors that are associated
to each QCD process, and which basically count the number of “paths through color space”
that the process at hand can take4.

A very simple example of a color factor is given by the decay process Z ! qq̄. This vertex
contains a simple �ij in color space; the outgoing quark and antiquark must have identical
(anti-)colours. Squaring the corresponding matrix element and summing over final-state col-
ors yields a color factor of

e+e� ! Z ! qq̄ :

X

colors

|M |2 / �ij�
⇤
ji = Tr{�} = NC = 3 , (13)

since i and j are quark (i.e., 3-dimensional fundamental-representation) indices.
A next-to-simplest example is given by qq̄ ! �⇤/Z ! `+`� (usually referred to as the

Drell-Yan process [7]), which is just a crossing of the previous one. By crossing symmetry, the
squared matrix element, including the color factor, is exactly the same as before, but since the
quarks are here incoming, we must average rather than sum over their colors, leading to

qq̄ ! Z ! e+e� :

1

9

X

colors

|M |2 / 1

9

�ij�
⇤
ji =

1

9

Tr{�} =

1

3

, (14)

where the color factor now expresses a suppression which can be interpreted as due to the fact
that only quarks of matching colors are able to collide and produce a Z boson. The chance
that a quark and an antiquark picked at random from the colliding hadrons have matching
colors is 1/NC .

4The convention choice represented by equation (6) introduces a “spurious” factor of 2 for each power of the
coupling ↵s. Although one could in principle absorb that factor into a redefinition of the coupling, effectively
redefining the normalization of “unit color charge”, the standard definition of ↵s is now so entrenched that alter-
native choices would be counter-productive, at least in the context of a pedagogical review.
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Consequences of CR: 
Fewer Hadrons per MPI (& more baryons?) 

 Multiplicity grows slower than NMPI

“tradiBonal	  CR”	  
“new”	  sources	  of	  baryons	  	  
	   	   (&	  anBbaryons)

Better theory models needed

also	  indicated	  by	  LHC	  data!
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The Effects of CR

10

Fewer  par t ic les … wi th  h igher  pT

(Showing default (old) Pythia 8 CR model here; new one still in progress)
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The Effects of CR

11

Fewer  par t ic les … wi th  h igher  pT

Strong 
dependence 

on Nch

(Showing default (old) Pythia 8 CR model here; new one still in progress)

Strong mass 
dependence
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Collective Flow?

12

Beam Di rect ion
MPI

Without Colour Reconnections 
Each MPI hadronizes independently of all others

Outgoing parton
String Piece

See also Ortiz et al., Phys.Rev.Lett. 111 (2013) 4, 042001 
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… from boosted strings?

13

Beam Di rect ion
MPI

With Colour Reconnections 
MPI hadronize collectively

Outgoing parton
String Piece

See also Ortiz et al., Phys.Rev.Lett. 111 (2013) 4, 042001 

comoving hadrons

FORWARD	

How do the MPI ‘hook up’ 	

 with the beam remnant?

or ?

Highly important theory question now 
Is there collective flow in pp? Or not?	

Is it stringy, or hydrodynamic ? (or …?)
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Central vs Forward

Take an extremely simple case of just 2 MPI

14

1) Add final-state radiation

Small overlaps between different jets 
: main CR questions are  
  inter-jet and jet-beam 
: boosted strings etc.

2) Add intial-state radiation
All the ISR radiation overlaps! 
(each MPI scattering centre must reside 
within one proton radius of all others) 
: expect significant ‘colour confusion’ 
: intra-jet CR (unlike central and LEP) 
: Strong effects in FWD region 
(in addition to low-x gluon / saturation)

2

1
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Recent Models/Tunes

15

Charged Particle Multiplicities - ATLAS  
• 2011 New J. Phys. 13 053033 Models under-predict production 

when faced with  low energy / 
particle multiplicity cuts 

ISVHECRI 14 10 

CR	  community	  may	  not	  be	  as	  up-‐to-‐date	  as	  LHC	  community	  (not	  a	  criticism)

But	  be	  aware	  that	  LHC	  is	  ongoing,	  with	  very	  active	  interpretations	  &	  MC	  modeling	  efforts

MC models  ≥  5 YEARS OLD

This was indeed an interesting lesson 3-4 years ago.	

But not very well representative of current state of the art.

Check e.g.: 
mcplots.cern.ch

http://mcplots.cern.ch
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P e t e r  S k a n d s  ( C E R N )

The  Monash  2013  Tune  o f  
PYTHIA  8

C M S  G e n e r a t o r  P h y s i c s  a n d  Va l i d a t i o n  M e e t i n g  
C E R N ,  M a y  2 0 1 4

Current Default = 4C (from 2010) 
LEP tuning undocumented (from 2009) 
LHC tuning only used very early data 
   based on CTEQ6L1

Revise (and document) constraints from e+e- measurements 
In particular in light of possible interplays with LHC measurements 

!
Test drive the new NNPDF 2.3 LO PDF set (with αs (mZ) = 0.13) for pp & ppbar 

Update min-bias and UE tuning + energy scaling → 2013 
Follow “Perugia” tunes for PYTHIA 6: use same αs for ISR and FSR 
Use the PDF value of αs  for both hard processes and MPI

Aims for the Monash 2013 Tune

In Pythia 8.185  
Tune:ee = 7; Tune:pp = 14 

+ complete writeup (Apr 22 2014): arXiv:1404.5630
Monash University 

Melbourne

Monash 2013 Tune: e-Print: arXiv:1404.5630

Tunes 2C & 4C: e-Print: arXiv:1011.1759

PYTHIA 8.1

Recent PYTHIA Models/Tunes
Note: I focus on default / author tunes here 

(Important complementary efforts undertaken by LHC experiments)

16

PYTHIA 6.4 (warning: no longer actively developed)
Default: still rather old Q2-ordered tune ~ Tevatron Tune A  

Most recent: Perugia 2012 set of pT-ordered tunes (370 - 382) + Innsbruck (IBK) Tunes (G. Rudolph)

Perugia Tunes: e-Print: arXiv:1005.3457  
(+ 2011 & 2012 updates added as appendices)

Tune:ee = 7 
Tune:pp = 14

Set M13 Tune:

in PYTHIA 8

http://arxiv.org/abs/arXiv:1005.3457
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Monash 2013 Tune Highlights

17

10% more s t rangeness
Better agreement with ee 

identified-strange 
measurements across all 
LEP energies, and with 

Kaons at LHC
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More forward 
act iv i ty

Better agreement with 
TOTEM Nch and with 

forward E and ET flows. 
(Note: diffraction still 

needs tuning, and 
saturation not explicit)

Tune:ee = 7 
Tune:pp = 14

Set M13 Tune:

in PYTHIA 8

Monash 2013 Tune: Skands, Rojo, Carrazza EPJ C74 (2014) 3024: arXiv:1404.5630

Better  CM-energy Scal ing

P.  S k a n d s
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Central Charged-Track Multiplicity

Tevatron tunes were ~ 10-20% low on MB and UE

A VERY SENSITIVE E-SCALING PROBE: relative increase in 
the central charged-track multiplicity from 0.9 to 2.36 and 7 TeV 

The updated models (as represented here by the Perugia 2012 and Monash 2013 tunes):
Agree with the LHC min-bias and UE data at each energy
And, non-trivially, they exhibit a more consistent energy scaling between energies

So we may have some hope that we can use these models to do extrapolations

Caveat: still not fully understood why Tevatron tunes were low.

Min/Max
Range

Discovery at LHC: things are larger and scale faster than we thought they did
See also: Schulz & Skands, 

arXiv:1103.3649

Pythia 8 (Monash 2013)
pr

e-L
HC

po
st-

LHC

LHC

LHC

http://arxiv.org/abs/arXiv:1404.5630
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Summary & Puzzles
HEP MC Models mainly target (and rooted in) high-pT perturbative 
scattering processes 
 Jets and Jet Structure (ISR & FSR: parton showers) + hadronization (strings/clusters) 

Lesson from Tevatron (Rick Field): Underlying Event mandates MPI 
 Already hinted at from AFS, SPS. No doubt after LHC 

PYTHIA, HERWIG, and SHERPA all include MPI models 
 Under quite active development, mainly in response to LHC 
 Also used as basis to model (nondiffractive) minimum-bias 

Lessons from LHC 
 Energy scaling is somewhat faster than we thought (larger UE) 
 More strangeness (?) and more baryons 
 Flow-like spectra? Nch and Mass dependencies. Correlations? (cf RHIC, Tevatron) 
 Forward measurements: baryon transport, low-x, forward E, ET, and jets 
 The role and modeling of diffraction, from low to high masses? Gap fractions. 

Quo Vadis? 
 Understand process of color neutralization (CR) vs hydro flow? 
 Spacetime picture of MPI 
 Understand connection with initial state: saturation, color-glass condensates?

18

Check e.g.:	

mcplots.cern.ch

http://mcplots.cern.ch
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ISR & FSR: Jets ≈ Fractals

Most bremsstrahlung is 
driven by divergent 
propagators → simple 
structure  

Amplitudes factorize in 
singular limits (→ universal 
“conformal” or “fractal” structure)

i

j

k

a

b

Partons ab → 
“collinear”:

|MF+1(. . . , a, b, . . . )|2
a||b! g2sC

P (z)

2(pa · pb)
|MF (. . . , a+ b, . . . )|2

P(z) = DGLAP splitting kernels, with z = energy fraction = Ea/(Ea+Eb)

/ 1

2(pa · pb)

+ scaling violation: gs2 → 4παs(Q2)

Gluon j → “soft”:

|MF+1(. . . , i, j, k. . . )|2
jg!0! g2sC

(pi · pk)
(pi · pj)(pj · pk)

|MF (. . . , i, k, . . . )|2
Coherence → Parton j really emitted by (i,k) “colour antenna” 

See: PS, Introduction to QCD, TASI 2012, arXiv:1207.2389

Can apply this many times 
→ nested factorizations 

19

http://arxiv.org/abs/arXiv:1207.2389
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Bootstrapped Perturbation Theory

20

Start from an arbitrary lowest-order process (green = QFT amplitude squared) 

Parton showers generate the bremsstrahlung terms of the rest of the 
perturbative series (approximate infinite-order resummation)
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(real corrections)

Universality (scaling)

Jet-within-a-jet-within-a-jet-...

Exponentiation

Unitarity

Cancellation of real & virtual singularities

fluctuations within fluctuations
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Colour Neutralization

A physical hadronization model  
Should involve at least 2 partons, with opposite color 
charges (e.g., R and anti-R) 

21

Space

Ti
m

e

Early times 
(perturbative)

Late times 
(non-perturbative)

Strong “confining” field emerges between the two 
charges when their separation > ~ 1fm

an
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R m
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neR m
oving along left lightcone

pQCD

non-perturbative
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Linear Confinement → Strings

22

Illustrations by  
T. Sjöstrand

(simplified colour representation)

Lund Model 
+ string breaks via 
Quantum Tunneling

P / exp

 
�m2

q � p2?
/⇡

!

→ Gaussian pT spectrum (string tension = tuning parameter)	

→ Heavier quarks suppressed. Prob(q=d,u,s,c) ≈ 1 : 1 : 0.2 : 10-11 

~ Force required to lift a 16-ton truck

Lattice QCD 
Linear potential (without string breaks)
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Fig. 21: Illustration of the iterative selection of flavours and momenta in the Lund string fragmentation model.

practice this is only approximately true for B

⇤
/B. For lighter flavours, the difference in phase space

caused by the V –S mass splittings implies a suppression of vector production. Thus, for D

⇤
/D, the

effective ratio is already reduced to about ⇠ 1.0 – 2.0, while for K

⇤
/K and ⇢/⇡, extracted values

range from 0.3 – 1.0. Recall, as always, that these are production ratios of primary hadrons, hence
feed-down complicates the extraction of these parameters from experimental data, in particular for
the lighter hadron species. The production of higher meson resonances is assumed to be low in a
string framework23. For diquarks, separate parameters control the relative rates of spin-1 diquarks vs.
spin-0 ones and, likewise, have to extracted from data, with resulting values of order (qq)1/(qq)0 ⇠
0.075 – 0.15.

With p

2
? and m

2 now fixed, the final step is to select the fraction, z, of the fragmenting end-
point quark’s longitudinal momentum that is carried by the created hadron. In this respect, the string
picture is substantially more predictive than for the flavour selection. Firstly, the requirement that the
fragmentation be independent of the sequence in which breakups are considered (causality) imposes
a “left-right symmetry” on the possible form of the fragmentation function, f(z), with the solution

f(z) / 1

z

(1� z)

a
exp

✓
�b (m

2
h + p

2
?h)

z

◆
, (68)

which is known as the Lund symmetric fragmentation function (normalized to unit integral). As a
by-product, the probability distribution in invariant time ⌧ of q

0
q̄ breakup vertices, or equivalently

� = (⌧)

2, is also obtained, with dP/d� / �

a
exp(�b�) implying an area law for the colour flux,

and the average breakup time lying along a hyperbola of constant invariant time ⌧0 ⇠ 10

�23
s [68].

The a and b parameters are the only free parameters of the fragmentation function, though a may
in principle be flavour-dependent. Note that the explicit mass dependence in f(z) implies a harder
fragmentation function for heavier hadrons (in the rest frame of the string).

The iterative selection of flavours, p?, and z values is illustrated in figure 21. A parton produced
in a hard process at some high scale QUV emerges from the parton shower, at the hadronization scale
QIR, with 3-momentum ~p = (~p?0, p+), where the “+” on the third component denotes “light-cone”
momentum, p± = E ± pz . Next, an adjacent d

¯

d pair from the vacuum is created, with relative
transverse momenta ±p?1. The fragmenting quark combines with the ¯

d from the breakup to form a
23The four L = 1 multiplets are implemented in PYTHIA, but are disabled by default, largely because several states are

poorly known and thus may result in a worse overall description when included.
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Iterative String Breaks
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Iterate String → Hadron + String’ 

Causality + Left-Right Symmmetry: 

… the fragmentation of a 
fast parton into a jet …

cuto↵ Q
had

, may be larger than the purely non-perturbative /⇡ above, to account for e↵ects
of additional unresolved soft-gluon radiation below Q

had

. In principle, the magnitude of this
additional component should scale with the cuto↵, but in practice it is up to the user to
enforce this by retuning the relevant parameter when changing the hadronization scale.

Since quark masses are di�cult to define for light quarks, the value of the strangeness
suppression is determined from experimental observables, such as the K/⇡ and K⇤/⇢ ratios.
The parton-shower evolution generates a small amount of strangeness as well, through per-
turbative g ! ss̄ splittings. The optimal value for the non-perturbative 2s/(u + d) ratio
should therefore exhibit a mild anticorrelation with the amount of quarks produced in the
perturbative stage.

Baryon production can also be incorporated, by allowing string breaks to produce pairs
of diquarks, loosely bound states of two quarks in an overall 3̄ representation. Again, since
diquark masses are di�cult to define, the relative rate of diquark to quark production is
extracted, e.g. from the p/⇡ ratio, and since the perturbative shower splittings do not produce
diquarks, the e↵ective value for this parameter is mildly correlated with the amount of g ! qq̄
splittings occurring on the shower side. More advanced scenarios for baryon production have
also been proposed, see [48]. Within the PYTHIA framework, a fragmentation model including
baryon string junctions [49] is also available.

The next step of the algorithm is the assignment of the produced quarks within hadron
multiplets. Using a nonrelativistic classification of spin states, the fragmenting q may com-
bine with the q̄0 from a newly created breakup to produce a meson — or baryon, if diquarks
are involved — of a given valence quark spin S and angular momentum L. The lowest-lying
pseudoscalar and vector meson multiplets, and spin-1/2 and -3/2 baryons, are assumed to
dominate in a string framework1, but individual rates are not predicted by the model. This
is therefore the sector that contains the largest amount of free parameters.

From spin counting, the ratio V/P of vectors to pseudoscalars is expected to be 3, but in
practice this is only approximately true for B mesons. For lighter flavors, the di↵erence in
phase space caused by the V –P mass splittings implies a suppression of vector production.
When extracting the corresponding parameters from data, it is advisable to begin with
the heaviest states, since so-called feed-down from the decays of higher-lying hadron states
complicates the extraction for lighter particles, see section 1.2.3. For diquarks, separate
parameters control the relative rates of spin-1 diquarks vs. spin-0 ones and, likewise, have
to be extracted from data.

With p2

? and m2 now fixed, the final step is to select the fraction, z, of the fragmenting
endpoint quark’s longitudinal momentum that is carried by the created hadron, an aspect
for which the string model is highly predictive. The requirement that the fragmentation be
independent of the sequence in which breakups are considered (causality) imposes a “left-
right symmetry” on the possible form of the fragmentation function, f(z), with the solution

f(z) / 1

z
(1� z)a exp

✓
�b (m2

h

+ p2

?h

)

z

◆
, (1.11)

1
The PYTHIA implementation includes the lightest pseudoscalar and vector mesons, with the four L = 1

multiplets (scalar, tensor, and 2 pseudovectors) available but disabled by default, largely because several

states are poorly known and thus may result in a worse overall description when included. For baryons, the

lightest spin-1/2 and -3/2 multiplets are included.
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P.  S k a n d s

Low-x Issues (in MC/PDF context)

Low x : parton carries tiny fraction of beam energy. 
!

!
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x⇤ =
2⇤QCD

ECM
x?0 =

2p?0

ECM

7 TeV:  
100 TeV:  

x ~ 10-5 - 10-4 

x ~ 10-6 - 10-4

x
-610 -510 -410 -310 -210 -110 1

0

5

10

15

20
 = 0.119sαNNPDF2.3QED LO, 

 = 0.119sαNNPDF2.3QED NLO, 

 = 0.119sαNNPDF2.3QED NNLO, 

)2 = 2 GeV2xg(x,QHigher x :  momenta > ΛQCD  
→  pQCD ~ OK 

Smaller x : strong non-perturbative / 
colour-screening / saturation effects 
expected  

What does a PDF even mean? 
Highly relevant for MPI (& ISR) 
PDF must be a probability 
density → can only use LO PDFs 

(+ Constraints below x ~ 10-4 essentially just 
momentum conservation + flavour sum rules)

E.g.: 

arXiv:1404.5630

http://arxiv.org/abs/arXiv:1404.5630
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Examples: Nch and E Flow
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